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Symmetry of static susceptibilities

I H(λ) = H −
∑

r λrVr

I F (β, λ) = −(1/β) ln tr e
−βH(λ)

I <Vr >λ= −∂F (β, λ)/∂λr = . . .

I . . . = <Vr > +
∑

s λs ∂ <Vr >λ /∂λs |λ=0

I This says

χrs(0) =

∫ ∞
0

dτ Γrs(τ) = − ∂2F (β, λ)

∂λr∂λs
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λ=0

I Static susceptibilities are symmetric
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Time reversal

I Time reversed operator A?

I (Aφ)∗ = A?φ∗ where φ = φ(x1, x2, . . . )

I A + B → A? + B?, but zA→ z∗A?

I x? = x and p? = −p

I motion inversion

I Aφ = λφ implies A?φ∗ = λ∗φ∗

I time reversed observable is an observable

I time reversed state is a state

I tr WM = tr W ?M?

I parity M? = ηM, η = ±1

I position/momentum operators have even/odd parity

I angular momenta have odd parity, magnetic moments as well
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Time reversal (ctd.)

I Static magnetic induction B̄

I H(B̄) = H(0)−
∑

i µi B̄i

I H(B̄)? = H(−B̄) for the Hamiltonian

I G (B̄)? = G (−B̄) for the Gibbs state

I Ut(H̄)? = U−t(−B̄)

I therefore time reversal, however B̄ → −B̄

I Maxwell’s equations

I ε0∇ · E = ρ and (1/µ0)∇× B− ε0Ė = j

I ∇ · B = 0 and ∇× E + Ḃ = 0

I t, x, ρ, j,E,B go to −t, x, ρ,−j,E,−B

I time reversal is a symmetry

I ṗ = q{E + v × B}
I interaction with charged particles as well
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I t, x, ρ, j,E,B go to −t, x, ρ,−j,E,−B

I time reversal is a symmetry
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Onsager Theorem

I Ht = H(B̄)−
∑

s λs(t)Vs

I tr WtVr = tr G (B̄)Vr +
∫∞
0 dτ Γrs(B̄; τ)λs(t − τ)

I Γrs(B̄; τ) = tr G (B̄) i
~ [U−τ (B̄)VrUτ (B̄),Vs ]

I can be rewritten as tr G (B̄)?{ i
~ [U−τ (B̄)VrUτ (B̄),Vs ]}?

I = − tr G (−B̄) i
~ [Uτ (−B̄)V ?

r U−τ (−B̄),V ?
s ]

I = −ηrηs tr G (−B̄) i
~ [Uτ (−B̄)VrU−τ (−B̄),Vs ]

I = −ηrηs tr G (−B̄) i
~ [Vr ,U−τ (−B̄)Vs ]Uτ (−B̄)]

I Γrs(B̄; τ) = ηrηsΓsr (−B̄; τ)

I Fourier transformation results in Onsager relations:

χrs(B̄;ω) = ηrηsχsr (−B̄;ω)
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Lars Onsager, Nobel prize 1968



Onsager relations for kinetic coefficients

I Flux of V is J = V̇ = i
~ [H,V ]

I For electric polarization J(x) = Ṗ(x) =
∑

a qaẋaδ
3(xa − x)

I . . . this is just the electric current density.

I V̇r (τ) = dVr (τ)/dτ

I We conclude

Jr (t) =<Jr >t=
∑

s

∫ ∞
0

dτ Γ̇rs(τ)λs(t − τ)

I Fourier tansform Ĵr (ω) =
∑

s σrs(ω)λ̂s(ω)

I . . . where σrs is the Fourier transform of θ(τ) Γ̇rs(τ)

I Onsger relations for kinetic coefficients

σrs(B̄;ω) = σsr (−B̄;ω)
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∑

s σrs(ω)λ̂s(ω)

I . . . where σrs is the Fourier transform of θ(τ) Γ̇rs(τ)

I Onsger relations for kinetic coefficients

σrs(B̄;ω) = σsr (−B̄;ω)



Onsager relations for kinetic coefficients

I Flux of V is J = V̇ = i
~ [H,V ]

I For electric polarization J(x) = Ṗ(x) =
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∑

s σrs(ω)λ̂s(ω)

I . . . where σrs is the Fourier transform of θ(τ) Γ̇rs(τ)

I Onsger relations for kinetic coefficients

σrs(B̄;ω) = σsr (−B̄;ω)



Onsager relations for kinetic coefficients

I Flux of V is J = V̇ = i
~ [H,V ]

I For electric polarization J(x) = Ṗ(x) =
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3(xa − x)

I . . . this is just the electric current density.

I V̇r (τ) = dVr (τ)/dτ

I We conclude

Jr (t) =<Jr >t=
∑

s

∫ ∞
0

dτ Γ̇rs(τ)λs(t − τ)

I Fourier tansform Ĵr (ω) =
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∑

a qaẋaδ
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Ohm’s law and Hall effect

I If the equilibrium state of matter is disturbed by an oscillating
electric field, there will be an electric current

I Ji (ω) =
∑

j σij(B̄;ω) Ej(ω)

I This is Ohm’s law

I σij(B̄;ω) = σij(ω) +
∑

k Hijk(ω)Bk + . . .

I σij is symmetric

I Hijk is antisymmetric for i ↔ j

I Hijk(ω) = H(ω)εijk
I Additional term describes the Hall effect:

I J(ω) = H(ω) E(ω)× B̄
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