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Observables

I A system is represented by its Hilbert space H

I Linear space with scalar product (φ, χ)

I Linear operators A : H → H
I Adjoint operator A† defined by (A†φ, χ) = (φ,Aχ)

I Observables are represented by self-adjoint linear operators,
M = M†

I Mφi = miφi

I mi are real, possible result of a measurement

I φ1, φ2 . . . form a CONS

I if mi was found, system is in (pure) state φi
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States

I (Normalized) φ ∈ H represent pure states

I For large systems, they cannot be prepared

I instead (φ1,w1), (φ2,w2), . . .

I φ1, φ2, . . . form a CONS and w1,w2, . . . are probabilities

I There is a linear operator W with Wφi = wiφi

I W ≥ 0 and tr W = 1

I W is a mixed state

I The expectation value of M is
∑

i wi (φi ,Mφi )

I <M>W = tr WM

I e.g. internal energy U = tr WH mit Energy H

I δU = tr δW H + tr W δH = δQ + δA

I First law of Thermodynamics
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Equilibrium State

I An experiment is a long sequence of independent
measurements with identical preparation of the state W

I Information gain per measurement is -
∑

i wi ld wi

I Entropy S(W ) = −kB tr W ln W

I S(G ) ≥ S(W ) where U =<H>W is constant

I Gibbs state G = e
(F − H)/kBT

I tr G = 1 implies F = −kBT ln tr e
−H/kBT

I U = tr GH = tr H e
−H/kBT

tr e
−H/kBT

increases with T

I Lagrange parameters F and T are free energy and
temperature, respectively
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External Parameters

I H = H(λ) (external parameters), hence G = G (T , λ)

I dF = −S dT −
∑

r Vr dλr

I S = S(G )

I Vr = − tr G ∂H/∂λr

I reversible process: Wt ≈ G (Tt , λt)

I only possible if λt varies slowly with time

I otherwise irreversible process
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Heisenberg Picture

I prepare W | wait time t | measure M

I Heisenberg picture: prepare W | measure Mt

I eigenvalues of Mt do not depend on time

I Mt = Ut
†MUt where Ut is unitary

I Ut2Ut1 = Ut2+t1

I Ut = e
− i

~ t H

I H is a self-adjoint operator, the energy observable

I Heisenberg equation d
dt Mt = i

~ [H,Mt ]

I energy is conserved because d
dt Ht = 0
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Werner Heisenberg



Schrödinger picture

I tr WU−tMUt = tr UtWU−tM

I Wt = UtWU−t

I Schrödinger picture: prepare Wt | measure M

I Schrödinger equation d
dt Wt = i

~ [Wt ,H]

I for pure states: ~
i

d
dtφt = Hφt

I note [G ,H] = 0

I i.e. the Gibbs state is stationary,

I unless the external parameters change with time,

I but then Wt 6= G
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Interaction Picture

I Assume Ht = H + Vt where Vt is a small time-dependent
perturbation (interaction)

I In the Schrödinger picture we have to solve
d
dt Wt = i

~ [Wt ,H + Vt ]

I Use the Heisenberg picture with respect to H only

I Define A(t) = U−tAUt

I Now d
dt Wt(t) = i

~ [Wt(t),Vt(t)] has to be solved

I Time development is driven by the perturbation only,

I which is small.

I Power series with respect to perturbation

I We shall work out the linear response of the system to small
perturbations



Interaction Picture

I Assume Ht = H + Vt where Vt is a small time-dependent
perturbation (interaction)

I In the Schrödinger picture we have to solve
d
dt Wt = i

~ [Wt ,H + Vt ]

I Use the Heisenberg picture with respect to H only

I Define A(t) = U−tAUt

I Now d
dt Wt(t) = i

~ [Wt(t),Vt(t)] has to be solved

I Time development is driven by the perturbation only,

I which is small.

I Power series with respect to perturbation

I We shall work out the linear response of the system to small
perturbations



Interaction Picture

I Assume Ht = H + Vt where Vt is a small time-dependent
perturbation (interaction)

I In the Schrödinger picture we have to solve
d
dt Wt = i

~ [Wt ,H + Vt ]

I Use the Heisenberg picture with respect to H only

I Define A(t) = U−tAUt

I Now d
dt Wt(t) = i

~ [Wt(t),Vt(t)] has to be solved

I Time development is driven by the perturbation only,

I which is small.

I Power series with respect to perturbation

I We shall work out the linear response of the system to small
perturbations



Interaction Picture

I Assume Ht = H + Vt where Vt is a small time-dependent
perturbation (interaction)

I In the Schrödinger picture we have to solve
d
dt Wt = i

~ [Wt ,H + Vt ]

I Use the Heisenberg picture with respect to H only

I Define A(t) = U−tAUt

I Now d
dt Wt(t) = i

~ [Wt(t),Vt(t)] has to be solved

I Time development is driven by the perturbation only,

I which is small.

I Power series with respect to perturbation

I We shall work out the linear response of the system to small
perturbations



Interaction Picture

I Assume Ht = H + Vt where Vt is a small time-dependent
perturbation (interaction)

I In the Schrödinger picture we have to solve
d
dt Wt = i

~ [Wt ,H + Vt ]

I Use the Heisenberg picture with respect to H only

I Define A(t) = U−tAUt

I Now d
dt Wt(t) = i

~ [Wt(t),Vt(t)] has to be solved

I Time development is driven by the perturbation only,

I which is small.

I Power series with respect to perturbation

I We shall work out the linear response of the system to small
perturbations



Interaction Picture

I Assume Ht = H + Vt where Vt is a small time-dependent
perturbation (interaction)

I In the Schrödinger picture we have to solve
d
dt Wt = i

~ [Wt ,H + Vt ]

I Use the Heisenberg picture with respect to H only

I Define A(t) = U−tAUt

I Now d
dt Wt(t) = i

~ [Wt(t),Vt(t)] has to be solved

I Time development is driven by the perturbation only,

I which is small.

I Power series with respect to perturbation

I We shall work out the linear response of the system to small
perturbations



Interaction Picture

I Assume Ht = H + Vt where Vt is a small time-dependent
perturbation (interaction)

I In the Schrödinger picture we have to solve
d
dt Wt = i

~ [Wt ,H + Vt ]

I Use the Heisenberg picture with respect to H only

I Define A(t) = U−tAUt

I Now d
dt Wt(t) = i

~ [Wt(t),Vt(t)] has to be solved

I Time development is driven by the perturbation only,

I which is small.

I Power series with respect to perturbation

I We shall work out the linear response of the system to small
perturbations



Interaction Picture

I Assume Ht = H + Vt where Vt is a small time-dependent
perturbation (interaction)

I In the Schrödinger picture we have to solve
d
dt Wt = i

~ [Wt ,H + Vt ]

I Use the Heisenberg picture with respect to H only

I Define A(t) = U−tAUt

I Now d
dt Wt(t) = i

~ [Wt(t),Vt(t)] has to be solved

I Time development is driven by the perturbation only,

I which is small.

I Power series with respect to perturbation

I We shall work out the linear response of the system to small
perturbations



Interaction Picture

I Assume Ht = H + Vt where Vt is a small time-dependent
perturbation (interaction)

I In the Schrödinger picture we have to solve
d
dt Wt = i

~ [Wt ,H + Vt ]

I Use the Heisenberg picture with respect to H only

I Define A(t) = U−tAUt

I Now d
dt Wt(t) = i

~ [Wt(t),Vt(t)] has to be solved

I Time development is driven by the perturbation only,

I which is small.

I Power series with respect to perturbation

I We shall work out the linear response of the system to small
perturbations



Stating the Problem

I An equilibrium state G is perturbed

I i. e. Wt → G with t → −∞
I d

dt Wt = i
~ [Wt ,H + Vt ] must be solved

I where Vt is small

I work out Wt and calculate <M>t= tr WtM

I Please note

I equivalent: Wt(t)→ G with t → −∞
I equivalent: d

dt Wt(t) = i
~ [Wt(t),Vt(t)]
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Rewriting the Problem into an Integral Equation

I Wt(t)→ G with t → −∞

I d
dt Wt(t) = i

~ [Wt(t),Vt(t)]

I Integrate this from −∞ to time t

I Wt(t) = G + i
~

∫ t
−∞ ds [Ws(s),Vs(s)]

I Note that the operator function t →Wt(t) appears on the
left hand and on the right hand side

I Note that all players are involved: the Hamiltonian H of the
unperturbed system, the equilibrium state G which is
perturbed, time t, and the perturbation Vt .
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Solve by iteration

I lowest order: Wt(t) = G

I next order: insert this into the right hand side

I Wt(t) = G + i
~

∫ t
−∞ ds [G ,Vs(s)] + . . .

I undo change to interaction picture

I A(t) = U−tAUt or A = UtA(t)U−t

I Wt = G + i
~

∫ t
−∞ ds [G ,Vs(s − t)] + . . .

I work out expectation value of an observable M

I <M>t= tr WtM and <M>= tr GM

I <M>t=<M> − i
~

∫ t
−∞ ds tr G [M,Vs(s − t)] + . . .

I <M>t=<M> − i
~

∫ t
−∞ ds tr G [M(t − s),Vs ] + . . .

I <M>t=<M> − i
~

∫∞
0 dτ tr G [M(τ),Vt−τ ] + . . .
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Time dependent external parameters

I We specialize to Vt = −λ(t)V

I V is a generalized forces, λ an external parameter which
depends on time

I <M>t=<M> + i
~

∫∞
0 dτ λ(t − τ) tr G [M(τ),V ]

I Define Γ(M,V ; τ) = i
~ tr G [M(τ),V ]

I Recall M(τ) = U−τMUτ and Uτ = e
− i

~τ H

I <M>t=<M> +
∫∞
0 dτ Γ(M,V ; τ)λ(t − τ)

I V causes the perturbation

I the strength of which is λ = λ(t)

I M feels the perturbation

I Γ(M,V ; τ) is an influence (Green’s) function

I Only perturbations in the past can be felt now.

I Γ is calculated with the Hamiltonian H of the unperturbed
system.
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