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SKEW RANDIC MATRIX AND SKEW RANDIC ENERGY
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ABSTRACT. Let G be a simple graph with an orientation o, which assigns to each edge a direction so
that G° becomes a directed graph. G is said to be the underlying graph of the directed graph G°. In this
paper, we define a weighted skew adjacency matrix with Randé weight, the skew Randi¢ matrix Rg(G7),
of G7 as the real skew symmetric matrix [(rs):;] where (rs):; = (did]‘)i% and (rs)j; = _(didj)7% if
v; — v; is an arc of G7, otherwise (rs);; = (rs)ji = 0. We derive some properties of the skew Randi¢
energy of an oriented graph. Most properties are similar to those for the skew energy of oriented graphs.
But, surprisingly, the extremal oriented graphs with maximum or minimum skew Randié energy are

completely different, no longer being some kinds of oriented regular graphs.

1. Introduction

In this paper we are concerned with simple finite graphs. Undefined notation and terminology can
be found in [5]. Let G be a simple graph with vertex set V(G) = {v1,va,...,v,}, and let d; be the
degree of vertex v;, i = 1,2,--- ,n. We use Pj to denote the path on k vertices, and the length of a
path is the number of edges that the path uses.

The Randi¢ index [25] of G is defined as the sum of \/(%dj over all edges v;v; of G. This topological
index was first proposed by Randié¢ [25] in 1975 under the name “branching index”. In 1998, Bollobés
and Erdés [4] generalized this index as Ro = Ro(G) = 3, ;(did;)®, called general Randi¢ index.

Let A(G) be the (0, 1)-adjacency matrix of G. The spectrum Sp(G) of G is defined as the spectrum
of A(G). The Randi¢ matrix [19] R = R(G) of order n can be viewed as a weighted adjacency matrix,
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whose (i, j)-entry is defined as

0 if i = 7,
rij = (didj)_% if the vertices v; and v; of G are adjacent,
0 if the vertices v; and v; of G are not adjacent.

The polynomial pr(G, ) = det(A\I,, — R) will be referred to as the R-characteristic polynomial of G.
Here and later by I,, is denoted the unit matrix of order n.

The spectrum Spr(G7) of G is defined as the spectrum of R(G). Denote the spectrum Spgr(G?)
of G by {A\1, A2,..., A} and label them in non-increasing order. The energy of the Randi¢ matrix is
defined as RE = RE(G) = Y, |\i| and is called Randi¢ energy. There have been a lot of results on
the Randi¢ matrix and Randi¢ energy; see [6, 7, 8, 9, 10, 13, 14, 18, 19, 21]. There are other kinds
of Randié¢ type matrices and energies, for details see [16, 17]. The Randi¢ matrix has an interesting
relation with the normalized Lapacian matrix £(G) of a graph, i.e., L(G) = I,, — R(G); see any one
of the above mentioned papers.

Let G be a simple graph with an orientation o, which assigns to each edge a direction so that G°
becomes a directed graph. G is said to be the underlying graph of the directed graph G°. With
respect to a labeling, the skew-adjacency matrix S(G7) is the real skew symmetric matrix [s;;] where
sij = 1 and sj; = —1 if v; — v; is an arc of G, otherwise s;; = sj; = 0.

Now we define the skew Randi¢ matriz Rs = Rs(G?) of order n, whose (i, j)-entry is

(didj)_% if v; — vy,
(re)ij = 4 —(didy)"2 i v; — v;,
0 Otherwise.

If G does not possess isolated vertices, and o is an orientation of GG, then it is easy to check that
R,(G°) = D 2S(G°)D 2,

where D is the diagonal matrix of vertex degrees. Note that the skew Randi¢ matrix Rg(G?) is a
weighted skew-adjacency matrix of G° with the Rand¢ weight.

Remark: In [2, 3], Adiga et al. defined the skew Laplacian matriz L(G?) = D — S(G?) of an
oriented graph G, and two kinds of shew Laplacian energies. Combining this with the concept of
normalized Laplacian matrix, we can use Rs(G?) to define a so-called normalized skew Laplacian
matriz as Ls(G7) =1, — Rs(G7).

The polynomial pr (G, \) = det(AL, —Rs) will be referred to as the R,-characteristic polynomial of
G?. Tt is obvious that Rs(G?) is a real skew symmetric matrix. Hence the eigenvalues {p1, p2,...,pn}
of Rs(G7) are all purely imaginary numbers. The skew Randié spectrum Spr,(G7) of G7 is defined
as the spectrum of Rs(G?).

The energy of R(G?), called skew Randi¢ energy which is defined as the sum of its singular values,
is the sum of the absolute values of its eigenvalues. If we denote the skew Randi¢ energy of G°
by REs(G7), then RE;(G?) = ", |pi|. In this paper, we will derive some properties of the skew

Randi¢ energy of an oriented graph. Most properties are similar to those for the skew energy of
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an unweighted oriented graph. But, surprisingly, the extremal oriented graphs with maximum or
minimum skew Randi¢ energy are completely different, no longer being some kinds of oriented regular

graphs.

2. Basic properties

The following proposition on the skew Randi¢ spectra of oriented graphs is obvious.

Proposition 2.1. Let {ipy,iug, ..., iun} be the skew Randié spectrum of G, where py > po > ... >
pn- Then (1) pj = —pini1—5 for all 1 < j <mn; (2) when n is odd, fi(n11y/2 = 0 and when n is even,
fins2 > 0; and (3) 37y 7 = 2R_1(G), where R_1(G) is the general Randi¢ index of G with o = —1.

Let G be a graph. A linear subgraph L of G is a disjoint union of some edges and some cycles in G.
Let £;(G) be the set of all linear subgraphs L of G with ¢ vertices. For a linear subgraphs L € L;(G),
denote by pi1(L) the number of components of size 2 in L and ps(L) the number of cycles in L.

Let
(1) Yr(G,A) = ap\" + e\ + - ap A +ay
be the R—characteristic polynomial of G. From [12], we know that
) a= 3 (- (=B,

LeLl;
where W(L) = [T,ev (1) ﬁ. If G is bipartite, then a; = 0 for all odd i.

Now considering the oriented graph G, let C' be an even cycle of G. We say C' is evenly oriented
relative to G if it has an even number of edges oriented in the direction of the routing. Otherwise C
is oddly oriented.

We call a linear subgraph L of G evenly linear if L contains no cycle with odd length and denote
by EL;(G) (or EL; for short) the set of all evenly linear subgraphs of G with i vertices. For an evenly
linear subgraph L € EL£;(G), we use p.(L) (resp., po(L)) to denote the number of evenly (resp., oddly)
oriented cycles in L relative to G°.

Consider G as a weighted oriented graph with each edge v;v; assigned the weight m. Then the
skew Randi¢ characteristic polynomial of G° equals to the skew characteristic polynomial of weighted
oriented graph G7. In [15], the authors studied the skew characteristic polynomial of weighted oriented
graph. From their results, we can derive the skew Randié¢ characteristic polynomial of an oriented

graph G as follows.

Theorem 2.1. Let
(3) R, (G7,\) = det(\, — Ry) = coA" + i\ L. F e d+ e
be the Rs-characteristic polynomial of G°. Then

(4) ci= Y (=2pBarByy(L).
LeEL;
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In particular, we have (i) co = 1, (ii) c2 = R_1(G), the general Randi¢ index with o = —1 and (iii)
c¢; = 0 for all odd .

3. The upper and lower bounds

Like in the existing literature for skew energy, we can establish the following lower and upper bounds

for the skew Randi¢ energy.

Theorem 3.1. \/4R,1(G') +n(n — 2)p% < RE,(G?) < 2\/|5|R_1(G), wherep = |detRy| = [];; |pil-

Proof. Let {ip1,iu2,...,iu,} be the skew Randié¢ spectrum of G?, where puy > ps > ... > pp.
Since Z?:l(i/ﬁj)z = tr(R2) = Z?:l > ke (1s)jk(rs)ey = _Z;'Lzl Ezzl(%)gk = —2R_1(G), we have
> -1 lnil? = 2R (G).

By Proposition 2.1, we know that Zﬁjl |11 = R_1(G) and REs(G?) =2 Z]%Jl |pi|. Applying the

Cauchy-Schwartz inequality we have that
2 n n
Dol /151 =2/ [5]1B-1(G).
= 2 2

%
(5) RE(G) =23 |n| <2
j=1

By Proposition 2.1, we know that

2

5] 5]
[RES(G Zﬂj’ =4> 4 D il

1<izi<| 2]

If nis odd, p = 0 and [RE(G?))?* = 45520 [y = 4R_1(G). If n is even, by using arithmetic
geometric average inequality, one can get that
5] ,
[RES(G)P=4) lwilP+4 Y luilluyl = 4R-1(G) +n(n — 2)p~.
= 1<i#j<| 5]

Therefore we can obtain the lower bound on skew Randi¢ energy,

(6) \/4R )+ n(n — 2)pn.
O

Note that there are plenty results on the upper and lower bounds on R_1(G). Combining with
Theorem 3.1, we can get upper and lower bounds for the skew Randi¢ energy by replacing R_1(G)
with other parameters. Li and Yang [22] provided the following bounds on R_;(G) given strictly in
terms of the order of G.

Theorem 3.2. Let G be a graph of order n with no isolated vertices. Then

m < Rfl(G) < LEJ
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with equality in the lower bound if and only if G is a complete graph, and equality in the upper bound
if and only if either (i) n is even and G is the disjoint union of n = 2 paths of length 1, or (ii) n is
odd and G is the disjoint union of ”?_3 paths of length 1 and one path of length 2.

To depict the extremal oriented graphs attaining the bounds on skew Randié¢ energy, we need
another result proved by Li and Wang [21]. Note that it has been proved that A; = 1 is the largest
Randi¢ eigenvalues with the Perron-Frobenius vector ol = (v/dy, ..., v/d,); see [19].

Theorem 3.3. Let G be a connected graph with order n > 3 and size m. Let o' = (\/di,...,\/d,).
Then G has exactly k (2 < k < n) and distinct Randié¢ eigenvalues if and only if there are k—1 distinct

none-one real numbers Ao, ..., N\ satisfying (1) R(G) — ML, is a singular matriz for 2 < i < k. (ii)
i I (1-7)

I (R(G)—N\I,) = MTQQT. Moreover, 1, o, ..., \i are exactly the k distinct Randic eigenvalues
i=2

of G.

From the above theorem, the authors gave the following corollary in [21].

Corollary 3.4. A connected graph G has exactly two and distinct Randié eigenvalues if and only if

G is a complete graph with order at least two.
Hence, we can obtain the following result.

Theorem 3.5. Let G be an oriented graph of order n with no isolated vertices. Then

2n 2 n
_ n < RE.(G°) < _

where p = |detRs(G?)|. The equality in the lower bound holds if and only if G is a complete graph
with ezactly two nonzero skew Randié eigenvalues when n is odd, and Ry(G%)T Ry(G) = 51, when
n is even. The equality in the upper bound holds if and only if either n is even and G is the disjoint
union of paths of length 1, or, n is odd and G is the disjoint union of ”T_g paths of length 1 and one

path of length 2, and o is an arbitrary orientation of G.

Proof. The bounds on REs(G?) comes directly from Theorem 3.1 and Theorem 3.2. We focus on the
equality. From Theorem 3.2 and Theorem 3.1, we know that, if n is odd, the equality in the lower
bound holds if and only if G is a complete graph and [REs(G?)]? = 4 Zfﬂ 1142, that is, p; = 0 for all
i=2,---,|5]. If nis even, the equality in the lower bound holds if and only if GG is a complete graph
and |u;| = |p ] for all i # j. Thus, a complete oriented graph with odd number of vertices reaches the
lower bound if and only if it has exactly two nonzero skew Randi¢ eigenvalues or all the skew Randié
eigenvalues are zero. Since we assume that G has no isolated vertices, the latter case can not happen.
For an even n, the equality in the lower bound holds if and only if G is a complete graph and there
exists a constant k such that |p;|> = k for all 4, which holds if and only if Rs(G?)TRs(G?) = L1,

From Theorem 3.2 and Theorem 3.1, the equality in the upper bound holds if and only if G is the
graph described in Theorem 3.2 and |p;| = [p;| for all 1 < i # j < [5], that is, either n is even and

G is the disjoint union of paths of length 1, or n is odd and G is the disjoint union of "7_3 paths of
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length 1 and one path of length 2. In both cases, let o be an arbitrary orientation of G. By Corollary
5.6 and Corollary 3.4, G? attains the upper bound, and the converse also holds. O

Now let us consider the bounds on skew Randié energies of trees. On the index R_1(7T) when T is

a tree, Clark and Moon [11] gave the following result.

Theorem 3.6. For a tree T of order n, 1 < R_1(T) < 57{;8. The equality in lower bound holds if
and only if T is the star.

Pavlovié, Stojanvoi¢ and Li [24] determined the sharp upper bound on the Randi¢ index R_;(T)

among all trees of order n for every n > 720.

Theorem 3.7. Let T}" be a tree of order n > 720 and n—1 = t(mod 7). Denote by R* | the mazimum
value of the Randié¢ index R_1(T) among all trees T{*. Then,

15n—1 _
56 t=0,
15n—1 1 7
56 _%+4n+5) t=1,
B5n—1 3 1 _ 7 t =
56 556 20(n—3) -
* 15n—1 _ 2 1 7
RZ, = 56 375 T 6(n+3) t=3,
5n-1 _ 6 1 _ 7 t—4
56 5 56  20(n—12) -
15n—-1 1 1 7
5 3 56 12(n+1) t=35,
15n—1 _ 29 1 _ _ 35 t —
56 27 " 56~ 36(n—3) -

Combining these bounds with Theorem 3.1, we can obtain the bounds on skew Randi¢ energy of
trees.

We point out that the lower bound is sharp, and the equality in lower bound holds if and only if
T is a star with odd vertices and an arbitrary orientation or T = P» with an arbitrary orientation.
If n is odd, any oriented tree attains the lower bound if and only if it is a star and satisfies that its
skew Randié¢ spectrum is {iu1,0,--+,0, —iuq}, where pg > 0. With Theorem 5.5, we know that its
Randié¢ spectrum is {p1,0,---,0,—uq}. Since 1 is the largest Randié¢ eigenvalue of a connected graph,
we have that @7 = 1. Then apply Theorem 3.3 to the odd ordered star T" with Ao = 0, A3 = —1, we
can see that (i) and (ii) hold. So the skew Randi¢ energy of a star with odd vertices and an arbitrary
orientation equals to y/4R_1(T) = 2 which reaches the lower bound. If n is even, any oriented tree
attains the lower bound must be a star and satisfy that |p;| = |p;| for all i # j. By Theorem 5.5,
that implies the extremal trees have exactly two distinct Randié¢ eigenvalues. But it is impossible by
Corollary 3.4 unless T' = P,. Thus, the equality in lower bound holds if and only if T is a star with
odd vertices and an arbitrary orientation, or T' = P».

Obviously, the upper bound on skew Randi¢ energies of trees that obtained from Theorem 3.1 and
Theorem 3.7 is not sharp. From the proof of Theorem 3.1, we know that the oriented trees attaining
the upper bound in Theorem 3.1 must satisfy that [p;| = |p;| for all 1 <@ # j < [5]. If n is even,
by Theorem 5.5, the extremal trees have at most two distinct Randi¢ eigenvalues, which is impossible

by Corollary 3.4. If n is odd, the Randié¢ spectrum of T"is {1,---,1,0,—1,--- ,—1}. Since the Randi¢
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eigenvalue 1 has multiplicity one for connected graphs, we know that T' = Ps, that is, n = 3. Hence
the upper bound on skew Randi¢ energies of trees that comes from Theorem 3.1 and Theorem 3.7
cannot be sharp.

A chemical graph is a graph in which no vertex has degree greater than four. Analogously, a
chemical tree is a tree T for which A(T') < 4. Li and Yang [23] gave the sharp lower and upper bounds

on R_;(T) among all chemical trees.

Theorem 3.8. Let T be a chemical tree of order n. Then,

1 if n <5,
% if n =0,
R (T)>3 3 ifn =71,
2 if n =10,
37{—%‘1 for other values of n.

Theorem 3.9. Let T be a chemical tree of order n, n > 6. Then,

R_1(T) < max{Fi(n), F2(n), F3(n)},

where
3T6r1 I ﬁ31n§&—53 if n=1 mod 3,
Fa(n) = 235+ g (52 49) fn=2mod 3,
3T6r1 4 ﬁ (31%79 —|—18) if n =0 mod 3.
3 1 1
Fy(n) = % + oppmaa{1in = Ny =2k +10,k = 0,1,2}

with Ny being the minimum integer solution of ng of the following system:

ng +2n4 +2=mn
2n1+n3+ng=n—=~k
ng < 2ng + 2

and

3n+1
F3(n) =

1
— 4 19N 4 k=0,1,2
16 +144max{ n+ 19N, + 5k + 4,k =0,1,2}

with N1 being the minimum integer solution of ni of the following system:

ng +2n4 +2 =n1
2n1+n3+ng=n—=~%
ng > 2ny + 2

ng > 1.

Combining these bounds with Theorem 3.1, we can obtain the bounds on skew Randié energy of
chemical trees. With the same argument as before, we can get that the lower bound is sharp, and
the equality in lower bound holds if and only if T is a star with 2, 3 or 5 vertices and an arbitrary

orientation. Also, the equality in upper bound can not be attained by any chemical tree.
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4. Skew Randi¢ energies of trees

It is well known that the skew energy of a directed tree is independent of its orientation [1]. In this
section, we investigate the skew Randi¢ energy of trees. Similarly, we present a basic lemma. The

proof is also similar to the proof given in [1].

Lemma 4.1. Let D be a digraph, and let D' be the digraph obtained from D by reversing the orien-
tations of all the arcs incident with a particular vertex of D. Then REs(D) = REs(D’).

Proof. Let Rg(D) be the skew Randi¢ matrix of D of order n with respect to a labeling of its vertex set.
Suppose the orientations of all the arcs incident at vertex v; of D are reversed. Let the resulting digraph
be D'. Then R4(D’) = P,Rs(D)P; where P, is the diagonal matrix obtained from the identity matrix
of order n by changing the i—th diagonal entry to —1. Hence Rs(D) and Rs(D’) are orthogonally

similar, and so have the same eigenvalues, and hence D and D’ have the same skew Randi¢ energy. [J

Let o be an orientation of a graph G. Let W be a subset of V(G) and W = V(G) \ W. The
orientation 7 of G obtained from o by reversing the orientations of all arcs between W and W is said
to be obtained from G by a switching with respect to W. Moreover, two oriented graphs G™ and G°
of G are said to be switching-equivalent if G™ can be obtained from G? by a switching. From lemma
4.1, we know that

Theorem 4.2. If G™ and G° are switching-equivalent, then Spr,(G?) = Spr,(G7).

Lemma 4.3. [1] Let T be a labeled directed tree rooted at vertex v. It is possible, through reversing
the orientations of all arcs incident at some vertices other than v, to transform T to a directed tree

T’ in which the orientations of all the arcs go from low labels to high labels.

We can also show that the skew energy of a directed tree is independent of its orientation by using

Lemma 4.1 and Lemma 4.3.
Theorem 4.4. The skew Randié¢ energy of a directed tree is independent of its orientation.

Corollary 4.5. The skew Randié¢ energy of a directed tree is the same as the Randi¢ energy of its

underlying tree.

We omit the proofs of Theorem 4.4 and Corollary 4.5, since they are similar to the proofs of Theorem
3.3 and Corollary 3.4 in [1].

5. Graphs with Spr,(G?) = iSpr(G)

The relationship between Sps(G?) and iSp(G) has been concerned in [26]. Similarly, we concentrate
on the relationship between Spr,(G?) and iSpr(G), and we obtain some analogous results. The

following two lemmas given in [26] will be used.
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0

X 0 X
Lemma 5.1. [26] Let A = and B = be two real matrices. Then
xT o -XT o

Sp(B) = iSp(A).

Let |X| denote the matrix whose entries are the absolute values of the corresponding entries in X.
For real matrices X and Y, X < Y means that Y — X has nonnegative entries. p(X) denotes the

spectral radius of a square matrix X.

Lemma 5.2. [26] Let A be an irreducible nonnegative matriz and B be a real positive semi-definite
matriz such that |B| < A (entry-wise) and p(A) = p(B). Then A = DBD for some real matriz D
such that |D| =1, the identity matriz.

Theorem 5.3. G is a bipartite graph if and only if there is an orientation o such that Spg, (G%) =
iSpr(G).

Proof. Necessity: If G is bipartite, then there is a labeling such that the Randi¢ matrix of G is of the

R ]

Let o be the orientation such that the skew Randi¢ matrix of G is of the form

R,(G7) = ( _;T )é )

By Lemma 5.1, Spr,(G?) = iSpr(G).
Sufficiency: Suppose that Spr,(G?) = iSpr(G), for some orientation o. Since R4(G?) is a real skew

form

symmetric matrix, Spr,(G?) has only pure imaginary eigenvalues and so is symmetric about the real

axis. Then Spr(G) = —iSpr,(G?) is symmetric about the imaginary axis. Hence G is bipartite. O

Trees are special bipartite graphs, actually, we will prove that G is a tree if and only if for any
orientation o, Spr,(G?) = iSpr(G). The next lemma plays an important role in the proof of the

above statement.

C x
Lemma 5.4. Let X = ( be a nonnegative matriz, where C = (c;;) is a k x k (k > 2) matric
* ok

whose nonzero entries are ¢; ;—1 and c; ; with the subscripts modulo k, for1 <i < k. Let'Y be obtained
from X by changing the (1,1) entry to —cy 1. If XTX is irreducible then p(XTX) > p(Y1Y).

Proof. Note that |[YTY| < XX (entry-wise), and so p(X7X) > p(YTY) by Perron- Frobenius
theory [20]. Now suppose that p(X7X) = p(YTY). Since X”X is irreducible, by Lemma 5.2,
there exists a signature matrix D = Diag(dy,ds,...,d,) such that XTX = DYTYD . Therefore
[XTX];; = did;[YTY];; for all i, j. Now, for i = 1,---  k — 1, [XTX]; ;41 = [Y1Y]iit1 # 0. Using
[XTX]Z-]- = d,d; [YTY]Z-]- , we have d;d;y1 = 1fori=1,--- ,k—1. Hence did; = 1. On the other hand,
let [XTX]; = ci,1¢1,, + M, and so we have —cy1c1 1+ M = didi[YTY]1 = [ XTX] 1 = crici g+ M,

which is impossible. O
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Theorem 5.5. G is a tree if and only if for any orientation o, Spr,(G?) = iSpr(G).

Proof. Necessity: The necessity follows directly from Theorem 4.4 and Theorem 5.3.
Sufficiency: Suppose that Spr,(G?) = iSpr(G), for any orientation o. By Theorem 5.3, G is a
bipartite graph. So there is a labeling such that the Randi¢ matrix of G is of the form

mm:<éﬂf)

where X is a nonnegative matrix. Since G is connected, XTX is indeed a positive matrix and so

irreducible. Now assume that G is not a tree. Then G has at least an even cycle because G is

C
bipartite. W.L.O.G. X has the form * ) where C = (cij) is a k x k (k > 2) matrix whose
* *

nonzero entries are ¢;;—1 and ¢;; with the subscripts modulo %, for 1 < ¢ < k. Let Y be obtained

from X by changing the (1,1) entry to —cy,1. Consider the orientation o of G such that

R,(G7) = ( oy >

By hypothesis, Spr,(G?) = iSpr(G) and hence X and Y have the same singular values. It follows
that p(XTX) = p(YTY), which contradicts Lemma 5.4. O

Corollary 5.6. G is a forest if and only if for any orientation o, Spr,(G?) = iSpr(G).

Proof. Necessity: Let G = G1U...UG, where G;’s are trees. Then G° = G7'U...UGZ". By Theorem
5.5, SpRS(G?j) =iSpr(Gj) for all j =1,2,--- ,r. Hence Spr,(G?) = Spr,(G{')U---USpRr,(GI") =
iSpr(G1) U - UiSpr(G,) = iSpr(G1 U ... UG,) = iSpr(G).

Sufficiency: Suppose that G is not a forest. Then G = G1U...UG, where G ...G; are connected,
but not trees, and Giy1 ... G, are trees. By Theorem 5.3, G is a bipartite graph. So there is a labeling
such that the Randi¢ matrix of G is of the form

mm=<;1f)

where X =X @ --- @ X,. Let Y; be obtained from X; by changing the (1,1) entry to its negative.

Consider the orientation o of G such that

R,(G7) = ( _;’(T ‘0{ )

where Y = Y1 P ---PY,. By Lemma 5.1, Spr,(G?) = iSpr(G) implies that the singular values
of X coincide with the singular values of Y. Since Gy11...G, are trees, the singular values of X
coincide with the singular values of Yj for j = t+1,--- ,7. Hence the singular values of X1 - - - @ Xy
coincide with the singular values of Y1 @ - - @ Yy. Since G ... Gy are not trees, we have p(X;” X;) >
p(YjTYj) for j = 1,---,t. Consequently, for some jg,

gggtp(XjTXj) = g%ﬂ(YjTYj) = p(Yjo" Yio) < p(Xjo" Xjo) < g%ﬂ(XjTXj)a

a contradiction. O
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Let o be an orientation of G. From Theorem 5.3, we know that Spr,(G?) = iSpr(G) only if G
is bipartite. We concentrate on the orientation o of bipartite graph G so that Spr,(G?) = iSpr(G)
in the sequel. Let the characteristic polynomials of R(G) and R4(G?) be expressed as in (1) and
(3), respectively. Spr,(G7) = iSpr(G) if and only if pr(G,A) = Y1 g a X" = A" 2" [TI_; (A2 = A2)
and g, (G7,A) = >0 A" = X2 [T (A2 + A?) for some non-zero real numbers A, Aa, -+, Ar.

Hence, we have that Spr,(G?) = iSpr(G) if and only if
(7) agi = (—1)'cai, agiy1 = coip1 =0,

fori=0,1,---,[5].
An even cycle Cy is said to be oriented uniformly if Cy; is oddly (resp.,evenly) oriented relative to
G? when [ is odd (resp., even). If every even cycle in G is oriented uniformly, then the orientation o

is defined to be a parity-linked orientation of G.

Theorem 5.7. Let G be a bipartite graph and o be an orientation of G. Then Spg.(G?) = iSpr(G)

if and only if o is a parity-linked orientation of G.

Proof. Since G is bipartite, all cycles in G are even and all linear subgraphs are even. Then ag;+1 =0
for all 4.

Sufficiency: Since every even cycle is oriented uniformly, for every cycle Cy; with length 21, Cy; is
evenly oriented relative to G if and only if [ is even. Thus (—1)P(C2t) = (—1)i+1,

By Egs (2) and (4), we have

(Daw = 3 WL+ Y (()rEH-2pOw (),

LeMsy; LeCLo;
o= Y W)+ Yo (P Bw(n),
LeMo; LeCLo;

where Mo; is the set of matchings with ¢ edges and CLs; is the set of all linear subgraphs with 2i
vertices of G and containing at least one cycle.

For a linear subgraph L € CLy; of G, assume that L contains the cycles Cy,, Copy, - -+, Co,,, , then
the number of components of L that are single edges is p1(L) = i — Z?i(f) l;. Hence (—1)P1I)+ =
(-1 =,

Therefore, for a linear subgraph L € CLo;,

(—2)pe(Llgpo(l) — (—1yPe(L)gpa(E) = (—1)X521 i+ Dgpa(L) = (_qypr(L)+i(_gyp2(L),

Thus (—1)%ag; = c2;, and the sufficiency is proved.

Necessity: If there is an even cycle of GG that is not oriented uniformly in G?, then choose a shortest
cycle Cy; with length 2/ such that Cy; is not oriented uniformly, that is, Cy; is oddly oriented in G if
[ is even, and evenly oriented if [ is odd. Let Co; be the set of cycles with length 21 such that they are

not oriented uniformly, and let /CLy; denote the set of all even linear subgraphs with 2 vertices of G
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and all even cycles that are oriented uniformly. Thus, we have

(~V0ay = > WL+ Y (-D'2W(@)+ Y (~ynBH (2w (),

LeMoy; LeCy,; LeUCLy,;
cu = > WL+ Y (D)W@) + Y (=B Byy(L).
LEMQl LECQZ LEZ/{CEQZ

By the choice of Cy; and the proof of the necessity, we have that

> (CU O 2P PwW L) = Y (2P,

LEUCLy LEUCLy,
However,
Yo EDE2WEL) A Y (-)2W ().
LeCy LeCy
Thus (—1)ag # cy. This contradicts Spr, (G?) = iSpr(G) by Eq. (7). O

Let G be a bipartite graph with the bipartition V(G) = X UY. We call an orientation o of G
the canonical orientation if it assigns each edge of G the direction from X to Y. For the canonical

orientation o of G(X,Y’), from the proof of Theorem 5.3, we have that
(8) Spr,(G7) = iSpr(G).

Theorem 5.8. Suppose T is an orientation of a bipartite graph G = G(X,Y). Then Spr,(G™) =

iSpr(G) if and only if G™ is switching-equivalent to G, where o is the canonical orientation of G.

Proof. The sufficiency can be easily obtained from Theorem 4.2 and Eq. (8).

We prove the necessity by induction on the number of edges m of the bipartite graph G in the
following. The result is trivial for m = 1. Assume that the result is true for all bipartite graphs with
at most m—1 (m > 2) arcs. Let G be a bipartite graph with m edges and (X,Y") be the bipartition of
the vertex set of G. Suppose that 7 is an orientation of G such that Spr,(G") = iSpr(G). We have to
prove that 7 is switching-equivalent to o. Let e be any edge of G. By Theorem 5.7 every even cycle is
oriented uniformly in G™ and hence in (G—e)”. Consequently, 7. is a parity-linked orientation of G —e,
where 7, is the restriction of 7 to the graph G —e. So by Theorem 5.7, Spr, ((G —e)™) = iSpr (G —e).

Consequently, by induction hypothesis, (G — €)™ is switching-equivalent to (G — €)?¢, where o, is
the restriction of o to the graph G — e. Let a be the switch that takes (G —e)™ to (G — €)% effected
by the subset U of V(G — e) = V(G). We claim that o takes 7 to ¢ in G. If not, then the resulting
oriented graph G will be of the following type (see Fig.1): all the arcs of G — e will be oriented
from one partite set (say, X) to the other (namely, Y ) while the arc e will be oriented in the reverse
direction, that is, from Y to X.

Consider first the case when e is a cut edge of G. The subgraph G — e will then consist of two
components with vertex sets, say, S; and Sz. Now switch with respect to S;. This will change the
orientation of the only arc e and the resulting orientation is 0. Consequently, 7 is switching-equivalent

to o.



Trans. comb. x no. x (201x) xx-xx R. Gu, F. Huang and X. Lil3

Figure 1. the oriented graph G™

Note that the above argument also takes care of the case when G is a tree since each edge of G will
then be a cut edge. Hence we now assume that G contains an even cycle Cy; containing the arc e.
But then any such Cy; has k — 1 arcs in one direction and k+ 1 arcs in the opposite direction, thereby
not oriented uniformly. Hence this case can not arise. Consequently, 7 is switching-equivalent to ¢ in
G. O
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