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Abstract

An edge-colored graph G, where adjacent edges may have the same
color, is rainbow connected if every two vertices of G are connected by a
path whose edges have distinct colors. A graph G is d-rainbow connected
if one can use d colors to make G rainbow connected. For integers n
and d let t(n, d) denote the minimum size (number of edges) in d-rainbow
connected graphs of order n. Schiermeyer got some exact values and upper
bounds for ¢(n,d). However, he did not present a lower bound of ¢(n,d)
for 3 < d < [%]. In this paper, we improve his lower bound of ¢(n,2),
and get a lower bound of ¢(n,d) for 3 <d < [§].
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1 Introduction

All graphs in this paper are undirected, finite and simple. We refer to book
[2] for notation and terminology not described here. A path in an edge-colored
graph G, where adjacent edges may have the same color, is a rainbow path if
no pair of edges is colored the same. A d-rainbow connected graph G has a d-
edge-coloring such that any two vertices are connected by a rainbow path. Note
that Schiermeyer used the term rainbow d-connected in [5]. However we think
that it is better to use the term d-rainbow connected since this will distinguish it
from the term rainbow d-connectivity, which means that there are many rainbow
paths between every pair of vertices, see [4].

The rainbow connection number r¢(G) of G is the minimum integer d such

that G has a d-rainbow connected coloring (see [4]). It is easy to see that
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re(G) > diam(G) for any connected graph G, where diam(G) is the diameter
of G.

For integers n and d let ¢(n,d) denote the minimum size (number of edges)
in d-rainbow connected graphs of order n. Because a network which satisfies
our requirements and has as few links as possible can cut costs, reduce the
construction period and simplify later maintenance, the study of this parameter
is significant. Schiermeyer [5] mainly investigated the upper bound of ¢(n,d)
and showed the following results.

Theorem 1. (Schiermeyer[5])
(i) tn,1) = ().
(i) t(n,2) < (n+1)[logyn] — 2U8an) —2
(i3i) t(n,3)) < 2n — 5.
(iv) For4<d < 7%, t(n,d) < n—l—i—[ _‘
(v) For 3 <d<mn—2,t(n,d) =
(

vi) t(n,n —1) =n— 1.

In [5], Schiermeyer also got a lower bound of ¢(n,2) by an indirect method,
and showed that t(n,2) > nlog, n — 4nlog, logy n — 5n for sufficiently large n.
Nevertheless, he did not present a lower bound of ¢(n,d) for 3 < d < [§]. In
this paper, we use a different method to improve his lower bound of ¢(n, 2), and
moreover, we get a lower bound of t(n,d) for 3 <d < [§].

2 Main results

Let G be a 2-rainbow connected graph of order n with maximum degree
A(G). Pick a vertex u € V(G). Since d(u) < A(G), there exist at most A(G)
vertices adjacent to u, and at most A(G)(A(G) — 1) vertices at distance 2 from
u. Since diam(G) < re(G) < 2, we derive n < 1+ A(G) + A(G)(A(G) — 1).
Thus, A(G) > /n — 1. Since A(G) is an integer, we get

AG)>[vVn—-1]. (1)
Next, we investigate the lower bound of ¢(n, d).
Proposition 1. For sufficiently large n, t(n,2) > nlogy, n — 4nlog, logy n — 2n.

Proof. Let G be a graph with diameter 2 and ¢ be a 2-rainbow connected coloring
of G with colors blue and red. Set k = |logyn|? — 1 and denote by S the set
of vertices with degrees less than k. Assume that S = {uj,us,...,us} and
S = V(G)\S = {uss1,Uss2,-..,Usss}, Where s + ¢ = n. For sufficiently large
n, k= |log, nJ2 —1< [vn—=1] < A(G). By (1) we know that S is nonempty.
If ¢ =|S| > then

log n’



e(G)>EZdG(U) > _on (LloanJQ—l)

-2 2logy

Y

((log2 n—1)°>— 1)

logy 1
= nlogyn — 2n,

and we are done.
Suppose £ < 22 that is, s > n — =2 It is sufficient to show that

log, n? log, n”

e(S,8) > nlogy n — 4nlog, logy n — 2n.
For every u;, 1 < i < s, we define a vector as follows:

—

b(u;) = (bi1,bi2,. . big),

where
1, if c(ujusyj) is red;
bij =4 -1, if c(ujusij) is blue;
0, if u; and usy; is nonadjacent.

Suppose |N(u;) N S| = a;, where 1 < i < s. Then e(5,5) = >.;_,a;. We
now estimate the value of e(S, S). For each b(u;), we define a set B; as follows:
B; = {vectors obtained from b(u;) by replacing “0” of b(u;) by “1” or “—17}.
Because |N(u;) N S| = a;, we have |B;| = 27% for each i, where 1 < i < s.
Set B =J;_, Bi. Then B is a multiset of /-dimensional vectors with elements
1 and —1. For each b € B, nj denotes the number of b's in B. We have the

following claim.
Claim 1. For each'b € B, nz < k2.

Proof of Claim 1. If Claim 1 is not true, that is, there exists a vector 57 without
loss of generality, say b= (b1,b2,...,bg), such that ny > k% + 1. Clearly, it
is not possible that there exists some B; such that B; contains two b's. Thus,
there exist k2 + 1 integers, without loss of generality, say 1,2,...,k% 4+ 1, such
that b € B;, where 1 < i < k2 4+ 1. We next show that for each 7, the distance
between u; and u; in G[S] is at most 2, where 2 < j < k? + 1. In fact, suppose
that wiusyr, Ujustr € E(G). But, since c(uts4r) = by = c(u;jusyr) for each r,
there exists no rainbow path between u; and u; through a vertex of 7". Hence,
there must exist a rainbow path between u; and w; with length at most 2 in
G[S]. On one hand, since the distance between u; and u; in G[S] is at most 2
for each 2 < j < k* 41, we have [Ngqg)(u1) UNCQ;[S] (u1)| > k2, where Né[s] (uq)
is a set of vertices at distance 2 from u; in G[S]. On the other hand, since
A(GIS)) < k. [Nags) (1) U N2 g (wn)] < (k — 1) + (k = 1)(k - 2) = (k — 12, a
contradiction. Thus the claim is true. ]



By Claim 1 we know
> |Bi| < k2,
i=1
Since | B;| = 2= for each i, where 1 < i < s,
oo <k,
i=1

By the inequality between the geometrical and arithmetical means, we have

= s 2
V2-e(58) = {/2-Tia < Ly g 12
s P s
Using the log function on both sides, we get
e(S,S) > slog, s — slog, k2. (2)

Note that k2 = ([logy ]2 —1)% < ((logyn)2 —1)2 < (logyn)* —2 (logy n)> +1 <

(log, n)* and so
e(S,S) > slog, s — 4slog, logy n. (3)

12—"7 we have
ogyn

_ 2n 2n 2n
S,S) > — I — —4 — I 1
e(8,%) = (n log, n) 082 (n log, n) (n log, n) 08210821

_ 1 2n 2n 1 2n
- s\ logy 1 logy n 82 \ " logyn

8n
—4nlog, log, n + Togy

Since e(S, S) is monotonically increasing in s and s > n —

log, logy n

2n 2
= logy | 1 — oo
82 T 08

2
= nlogyn + nlog, (1 — loan) —2n — ]

8n

—4nlog, log, n + ] log, logy n

0gy M

2 8n
> nlogyn —4nlog,logs n — 2n + nlog, (1 — o, n) + Tog, 7 log, logy, n
logo n
2n 2 2 4
= nlogyn — 4nlog,logyn — 2n + Togy 1 log, (1 ~ Tog, n) (logym)
> mnlogyn —4nlog, logs n — 2n.
logg n

The last inequality holds since (1 — 10;2 n) * s monotonically increasing in
n and tends to % This completes the proof. O



Before showing the lower bound on t(n,d) for each d > 3, we need the

following theorem and observation.

Theorem 2. (Jarry and Laugier|3])
Any 2-edge-connected graph of order n and of odd diameter p > 2 contains
at least [%-‘ edges. Any 2-edge-connected graph of order n and of even

diameter p contains at least min { [”pi(zl}ﬂ)—‘ , F”flﬂpﬂw } edges.

p—1 P
Note that npf(Qerl)—‘ — ’((nfl)(pfl)+n+p717(2p+1) — n71+ n—p—Q—‘ >
p—1 p—1 p—1 =
_ n—p=2| _ n—2 (n=1)(p+1) | _ | (n=ptn—1| _ _ n—1
= 2= ] =252 and [ =] = [emtpenst] = o - 14 002

> {n -1+ "—T{’—?-‘ =n—-2+ {%—‘ . Thus, any 2-edge-connected graph of order

n and of diameter p > 2 contains at least n — 2 + PTTQ—‘ edges.
Let G be a graph and ¢ be a rainbow connected coloring of G. It is easy to
see that different bridges of G must receive different colors under ¢. Therefore,

the following observation is obvious.

Observation 1. The rainbow connection number of a graph is at least the

number of bridges of the graph.

Proposition 2. For3 <d < [%],

t(n,d) >n—d—3+ [ndﬂ .
Proof. Let G be a k-rainbow connected graph of order n. Suppose that G has
k bridges and G’ is the graph obtained from G by deleting all the bridges.
Then G’ has k + 1 components. We have k < d by Observation 1. Suppose
that G1,Ga,- -, Gy, are the nontrivial components of G’. Thus, G’ has kg =
k + 1 — ky trivial components. Let n; denote the order of G; and d; denote the
diameter of G;. We have that ny +na + -+ ng, =n — ko.

Claim 2. Each of the graphs G; is either a 2-edge-connected graph with

diameter at least 2 or a complete graph of order at least 3, where 1 < i < k.

Proof of Claim 2. Suppose that some of the graphs G; is neither a 2-edge-
connected graph with diameter at least 2, nor a complete graph of order at
least 3. That is, the graph G; is a complete graph of order less than 3. Since
G; is nontrivial, G; is a complete graph of order 2. However, the only edge of
G is clearly a bridge of G, a contradiction. Thus, this claim holds.

Now consider the number of edges of G;. If G; is a 2-edge-connected graph
with diameter d; > 2, then by Theorem 2 we have that e(G;) > n; —2+ {”d—*{‘ .
If not, that is, GG; is a complete graph of order at least 3 by Claim 2 and we
have that e(G;) > (') > n; — 2+ ["j‘l—:z—‘ Thus, e(G;) > n; — 2+ PL?TTQ—‘ for
each i, where 1 <1 < ky.



Claim 3. d; < d.

Proof of Claim 3. Let x and y be two vertices in G;. Since the shortest path
connecting z and y in G; must be a path contained G;, we have dg, (z,y) <
dg(x,y). Thus, d; < diam(G) < d.

Now evaluate the number of edges in G. We have
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Thus, t(n,d) > n—d— 3+ [22]. O

In the recent paper [1] the upper bound of Schiermeyer in [5] is improved to

t(n,d) < % for 3 < d < n—1. Moreover, equality for d = 3 is proved in [1].

Combining the above results, we have the following theorem.

Theorem 3. (i) For sufficiently large n, t(n

,2) > nlogy n—4nlog, logy n —2n.
(i) For3<d<[%],n—d—3+[22] <t

n
d(n—
(n,d) < 40n=2),
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