THE EDGE-TRANSITIVE TETRAVALENT CAYLEY GRAPHS OF
SQUARE-FREE ORDER

CAI HENG LI, ZHE LIU, AND ZAI PING LU

ABSTRACT. A classification is given of connected edge-transitive tetravalent Cayley
graphs of square-free order. The classification shows that, with a few exceptions,
a connected edge-transitive tetravalent Cayley graph of square-free order is either
arc-regular or edge-regular. It thus provides a generic construction of half-transitive
graphs of valency 4.

1. INTRODUCTION

Let I' = (V, E) be a graph with vertex set VI = V and edge set EI' = E. The
number of vertices |V is called the order of the graph I'. We say I' to be edge-
transitive or edge-regular if the automorphism group Aut/’ is transitive or regular on
E, respectively. An arc of I' is an ordered pair of adjacent vertices. Thus, an edge
{u,v} corresponds to two arcs (u,v) and (v,u). If Autl" is transitive or regular on
the set of arcs of I', then I' is called arc-transitive or arc-reqular, respectively.

Edge-transitive graphs of square-free order have been extensively studied in some
special cases. For example, see [1, 26, 27, 31, 32| for those with order a product of
two distinct primes, see [18] for a characterization of edge-transitive circulant graphs
of square-free order, and [19] for a classification of pentavalent arc-regular graphs of
square-free order.

A graph I' is called a Cayley graph if its vertex set can be identified with a group G
which has a subset S C G such that two vertices g, h are adjacent whenever gh=! € S.
In this case I' is denoted by Cay(G,S). For the graph Cay(G,S) to be simple and
undirected, S = S7!:= {x7! | ¥ € S} must hold and S must not contain the identity
of G.

In this paper, we classify connected edge-transitive Cayley graphs of square-free
order and of valency 4. Before stating our classification, we introduce some notation.

Throughout this paper, for two groups A and B, denote by Ax B the direct product
of A and B, by A.B an extension of A by B, and by A:B a semi-direct product of
A by B, that is, a split extension of A by B. For example, the dihedral group Do,
of order 2m is a semi-direct product of Z,, by Z,. For a group G and a subgroup
N < G, by N <G we mean that N is a normal subgroup of G.

For an integer m > 3, we denote by C,,9 the lexicographic product of the empty
graph 2K; of order 2 by a cycle C,, of size m, which has vertex set {(i,7) | 1 <i <
m,1 < j <2} suchthat (i, ) and (¢, j’) are adjacent if and only if i—i’ = +1 (mod m).

Our main result is stated as follows.
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Line | Autl’ G (up to isomorphism) | I’
1 PGL(2,7) Dy Example 2.5 (1)
2 PGL(2,7) Zr:Zg Example 2.8
3 | PSL(3,3):Zs Das Example 2.5 (2)
4 PSL(Q, 23) Z23:ZH Example 2.7
5 PSL(2, 23) X ZQ (ZQgiZH)XZQ Example 2.10 (3)
6 PSL(2, 23) X ZQ (ZQgZZH)XZQ Example 2.11
7 | PSL(2,23) x S3 (Za3:Z11) % S3 Example 2.14
8 PGL(2,11) Z11:Zs Example 2.7
9 PGL(Q, 11) XZQ (211:25) XZQ, ZHZZlO Example 2.10 (2)
10 | (PSL(2,11)xZ3):Z (Z11:Z5) < L3 Example 2.12
11 ZQ X ((PSL(Q, 11 ) XZg) ZQ) Zgg:Zlo, (ZH:ZE)) XZG Example 2.13
Table 1

Line | Autl’ G (up to isomorphism) | I

1 S5 Z5 K5

2 85 XZQ Zlo, D10 K575 — 5K2

3 S5 X 83 Sg XZ5, D30 Example 2.14

4 PGL(2,7) Z7:73 Example 2.7

5 PGL(2,7)xZy | (Z7:Z3)xZa, ZL7:ZLg Example 2.10 (1)

6 PGL(Q, 7) XDgl (Z7:ZG) XZ[, (Z7:Zg) XDgl Example 2.15

Table 2

Theorem 1.1. Let G be a group of square-free order, and let I be a connected edge-
transitive tetravalent Cayley graph of G. Then one of the following statements holds.
(1) I' =2 Cpyp, Autl’ = Z5: Doy, and G = Zoy, or Doy, where m > 3;
(2) I is arc-reqular, Autl’ = G:Z3 or G:Zy, and either G is cyclic or G = Dy, X Z;;
I' is constructed as in Constructions 2.3 and 2.4,
(3) I' is edge-reqular, Autl’ = G:Zs and G = (Zy:Zy) X7, where the center
Z(G) =7y, and n > 3; I' is constructed as in Construction 2.6;
(4) I' is isomorphic to one of the graphs listed in Tables 1 and 2.

A Cayley graph I' = Cay(G, S) is said to be normal (with respect to G) if G is
normal in Autl”, refer to [35]; and I is said to be normal-edge-transitive (with respect
to G) if the normalizer Na,.r(G) is transitive on the edges of I, refer to [25]. It was
suggested in [25] to study the Cayley graphs which are not normal-edge-transitive or
are normal-edge-transitive but not normal. Our classification gives several examples
in this topic. The next corollary is proved at the end of this paper.

Corollary 1.2. The graphs in Table 1 are not normal-edge-transitive, and those in
Table 2 are normal-edge-transitive.

An edge-transitive graph I is said to be half-transitive if Autl’ is transitive on the
vertices but not on the arcs of I'. Studying half-transitive graphs was initiated by
Tutte [30], and has received much attention in the literature, see [21] for references,
and see [4, 7, 16, 17, 20, 22, 23, 28, 29, 33| for some recent development in this topic.

Let I' be a graph described as in Construction 2.6. By Theorem 1.1 and Corol-
lary 1.2, I' is either edge-regular or isomorphic to one of the graphs in Examples
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2.7, 2.10 (1) and 2.15. Note that edge-regular Cayley graphs are half-transitive. A
straightforward consequence of our classification is the following corollary.

Corollary 1.3. Let I';;; be described as in Construction 2.6. Then, with a few excep-
tions, I'j 1, is half-transitive.

2. EXAMPLES

In this section we study the graphs appearing in Theorem 1.1.

Let I' be a graph. For a subgroup X < Autl’, we say I' to be X-edge-transitive or
X-arc-transitive if X is transitive on the edges or the arcs of I', respectively. For a
vertex u of I', denote by I'(u) the set of neighbors of u in I'.

2.1. Group automorphisms. For a given group G, a simple method to construct
edge-transitive Cayley graphs is by a suitable subgroup of the automorphism group
Aut(G) of G. Let I' = Cay(G, S), and let

Aut(G, S) = {0 € Aut(G) | §7 = S).

Then each element of Aut(G, .S) induces an automorphism of I" in the natural action
on G. Moreover, if I' is connected, i.e., (S) = G, then Aut(G,S) can be identified
with a subgroup of Autl” which fixes the vertex corresponding to the identity of G.
Each g € G induces an automorphism, denoted by ¢ sometimes, of I' by the right
multiplication on the elements of G. Then G can be identified with a subgroup of
Autl” which acts regularly on VI

Lemma 2.1. Let G be a finite group, and let H < Aut(G). Let S = {g", (g~ )" |
h € H}, where g € G. If (S) = G, then I' = Cay(G, S) is a connected edge-transitive
graph.

This provides us with a generic method for constructing edge-transitive Cayley
graphs, refer to [13] for more examples.

Let G be a group of square-free order. We first determine the automorphisms of
G. It is well-known and easily shown that G = C'x(A:B), where A = (a) = Zp,
B = (b) = Z, and C = (c¢) = Z,, such that C is the center of G. If G is not cyclic,
then A:B has the presentation

A:B={a,b|a™=0"=1,b""ab=a"),

where 7 is such that »™ = 1(mod m) and ¥ # 1(mod m) for 1 < k < n. Write
D = A:B. Since (|C],|D|) =1 and G = Cx D, we have Aut(G) = Aut(C)xAut(D).
Each automorphism o € Aut(A) can be extended to an automorphism of D such that
a — a” and b +— b. Since D has trivial center, D = Inn(D), the inner automorphism
group of D. Let A denote the subgroup of Inn(D) induced by A. Then A < Inn(D)
and A is a Hall subgroup of Inn(D), so A is a characteristic subgroup of Inn(D). Since
Inn(D) < Aut(D), we have A < Aut(D). Set Cawe)(B) = {p € Aut(G) | b = b}.
Then Caurc)(B) > Aut(C)xAut(A). Further, Aut(G) is given in the next lemma.

Lemma 2.2. Aut(G) = Aut(C)x (A:Aut(A4)) and Cauc)(B) = Aut(C) xAut(A).

Proof. Tt suffices to show Aut(D) = A:Aut(A). By the above discussion, we have
Aut(D) > A:Aut(A). Note that |A] = m and b” = a'b for 7 € A. It follows that for
each value 7 € {0,1,--- ,m — 1} there exists 7 € A such that b” = a'b.
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Now let @ € Aut(D). Since A is a normal Hall subgroup of D, we have a?, e
A. Then " = b(b~'a® 'b)*b~! = b((a® ))*b! = ba’b~' = a. Thus b*b~! €
Cp({a)) = (a), and so b* = a'b for some t. Take 7 € A with b” = a'b. Take
o € Aut(A) with a° = a®, and extend o to an automorphism of D by assigning
b =b. Then o = o7. Therefore, Aut(D) = A:Aut(A), and the result follows. O

Note that G is metacyclic, namely, G has a cyclic normal subgroup such that the
corresponding quotient group is also cyclic. A special case is that G is cyclic.

Construction 2.3. Let G = (¢) = Z;, where [ is square-free.

(i) Assume that there is an integer k& with &> = —1 (mod [). Then G has an
automorphism p such that ¢ = ¢*. Let S = {¢, ", &, &’} = {c, ¥, ¢, c7F}
and X = G<p> = Zl:Z4.

(ii) Assume that [ has two distinct odd prime divisors. Let 7 € Aut(G) be such
that ¢™ = ¢!, Then Aut(G) contains an involution o € Aut(G@) \ {7} such
that o7 = 70. Let ¢ = ¥, where k? = 1 (mod ). Let S = {c,c7!,c* ¢7*}
and X = G:(o, 1) = Z:73.

Then the Cayley graph Cay(G, S) is connected and X-arc-regular. 0J

We next consider the case where GG has a dihedral direct factor.

Construction 2.4. Let G = ({(a):(b))x{c) = Do, xZ;, where ml is odd square-free.

(i) Assume that [ = 1. Suppose that there is an integer ¢ with 1 <i < m —1 and
*+ 1> +i+1=0(mod m). Take p € Aut(G) with a” = a’ and V¥ = b. Let
S = {ab,a’b,a”b,a”’b} and X = G:(p) = Dy Zy.

(ii) Assume that [ = 1 and m is not a prime. Let 0,7 € Aut(G) be involutions,
say a’ = a', a” = a™ and b° = b” = b, where i; # iy (mod m) and (i; — 1,4y —
1,m) = 1. Then (o,7) = Z3. Let S = {ab,a™b,a’?b,a"2b} and X = G:(o, 7).

(iii) Assume that [ > 1. Suppose that there is an integer k with k% = —1 (mod [).
Let p € Aut(G) be such that a® = a™!, b = b and ¢ = cF. Let S =
{abe, a'bck, abc” a0k} = {abe, a'bck abe™t, a e F} and X = G:(p) =
(DQmXZl)ZZ4.

(iv) Assume that [ > 1. Set S = {abc,abc™t,a"1bc* a~1bc™*}, where 1 < k < m
and k? = 1(mod [). Take o, 7 € Aut(G) with a® =a™', a” = a, V" =" = b,
@ =cFand ¢™ = ¢t Then (0,7) 272, and X = G:(0,7) = (Do xZ;):Z3.

Then the Cayley graph Cay(G, S) is connected and X-arc-regular. 0J

For m = 7 or 13, a Cayley graph of the dihedral group Dy, can be constructed
geometrically.

Example 2.5. Let F = GF(p) be the Galois field of size p. Let U and W consist of
1-subspaces and 2-subspaces of 3, respectively.

(1) Let p = 2. Define a bipartite graph I with biparts U and W such that v € U
and w € W are adjacent if and only if u+w = F3. This is the point-line non-incidence
graph of the Fano plane PG(2,2). Further, Autl” = PGL(3,2).Z5, and I is a Cayley
graph of G = Dyy4. See [24], for example.

(2) Let p = 3. Define a bipartite graph I with biparts U and W such that v € U
and w € W are adjacent if and only if u is a subspace of w. Then I" is the point-line
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incidence graph of the projective plane PG(2,3). Further, Autl" = PGL(3,3).Z,, and
I' is a Cayley graph of G = Dyg. See [14, 15], for example. O

Next, we consider the case where G = ((a):(b)) X (¢) = (Zy,:Zy,) X Z; such that the
center Z(G) = (¢) =2 Z; and n > 3. In particular, m is odd.

Construction 2.6. Let j be a positive integer such that (j,n) = 1. Let k be an
integer with k% = 1 (mod [), and let

Iy, = Cay(G, S;i), where S, = {ablc, (ab'c)™ a0/ ", (a™ 107 cF) 1)

Note that (S;x) = (ablc,a b k) = (ab?,a 'V, c) = (a® ab,c) = (a,b,c) = G. Then
I'j i is connected. By Lemma 2.2, there exists an involution 7 € Cauq)((b)) such
that a™ = a™!, b = b and ¢™ = ¢*. So I is X-edge-regular, where X = G(> U

2.2. Coset graphs. Let X be a group and H a core-free subgroup of X, that is, H
does not contain non-trivial normal subgroups of X. Take g € X \ H and define the
coset graph

I'=Cos(X,H,H{g,g '}H)

with vertex set [X : H] := {Hz | * € X} such that Hx and Hy are adjacent

whenever yx~t € H{g,g '} H. Then I' is well-defined, and X induces a subgroup of

Autl" acting on [X : H] by right multiplication, namely, a : Hz — Hza for x,a € X.

Label v, w to be the vertices of I' corresponding to H and Hg, respectively. Then
(a) '(v) ={Hgh|h e H} U{Hg ‘h|he H};
(b) I' is X-edge-transitive and X is transitive on the vertices of I;

(c) I' is connected if and only if X = (g, H);

(d) H9 N H = X,,,, the stabilizer of the arc (v, w), where HY is the conjugate of
H by g;

(e) I'is X-arc-transitive if and only if HgH = Hg ' H, which yields that HgH =
HoH for some (2-element) 0 € Nx(X,,,)\ H with 0* € X,,,, refer to [16]. (An
element o in the group X is a 2-element if its order is a power of 2.)

Moreover, for any X-edge-transitive graph X, if X is transitive on V'3 then the map
u® — Hz, x € X gives an isomorphism form ¥ to Cos(X, H, H{g,g '} H), where
ue VY H=X,and g € X\ H with v? € I'(u).

Here are a few of examples, that appear in our classification.

Example 2.7. (1) Let X = S5, PGL(2,11) or PSL(2,23). Then X has a maximal
subgroup H = S,;. Let K < H and K = S3. Checking the subgroups of X in the
Atlas [5], we conclude that Nx(K) = (0) x K = D15, where o € X\ H is an involution.
Set I' = Cos(X, H, HoH). Since H is a maximal subgroup of X, (o, H) = X. Then
I is a connected X-arc-transitive graph of valency 4. Moreover, X has a subgroup
G which is regular on the vertices, where G = Zs, Zy1:Zs or Zo3:741, respectively.
We denote by Pyy 5 and Pa3 15 the graphs associated with PGL(2, 11) and PSL(2, 23),
respectively. By [16], AutPy; 5 = PGL(2,11) and AutPy31, = PSL(2,23).

(2) Let X = PGL(2,7). Then X has a maximal subgroup H = Dy. Take a
subgroup K < H with K = Z2. Then Dg & Ny(K) < Nx(K) = S,;. Take an
involution 0 € Ny(K)\ K and an element 2 € Ny (K) of order 3 such that z° = 271
Then Nx(K) = K:(o0,2), and H{g,g '}H = HozH for any g € Ng(K) \ H. Set
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P;3 = Cos(X,H,HozH). By [16], AutP7;3 = PGL(2,7), and P73 is a connected
tetravalent arc-transitive Cayley graph of Z;:Zs. ([l

Example 2.8. Let X = PGL(2,7), T'= PSL(2,7) and Dg = H <T. Let o € H be
an involution which is not in the center of H. Then Ny({0)) = Z3, Nr((0)) = Dg
and Nx((0)) = Dys. Write Nx((0)) = Nz((0)):(2) for an involution z € X \ 7. Let
y be an element of order 4 in N ((0)). Set I' = Cos(X, H, HxH ), where z = z or yz.

Let M be a maximal subgroup of T' such that H < M = S,. If M** = M for some
t € T, then ot € Nx(M) = M by checking the subgroups of X, sox € M < T, a
contradiction. Thus M?* and M are not conjugate in 7. By the information given
in the Atlas [5], T' contains exactly two conjugation classes of subgroups isomorphic
to S4. Enumerating the Sylow 2-subgroups of 7', we conclude that two subgroups
in the same conjugation class do not contain a common Sylow 2-subgroup. Thus
(H,H") % Sy, yielding H = H* or (H,H*) =T.

Since Ny ({0)) = Z3, we know that Ny ((0)) is normal in (H,Nz({(0))). Then
(H,Nz((0))) = S4 by checking the subgroups of T. If H* = H, then = normalizes
(H,Nr({0))), so x € (H,Np({0))) < T, a contradiction. Thus (H, H*) = T, and
so (Hyx) = (H,H",z) = X. If | HNH*| = 4, then HN H* < (H,H*) =T, a
contradiction. Then |H N H*| = 2, and so |H : (H N H*)| = 4. Therefore, I" is
connected, X-arc-transitive and of valency 4. It is easily shown that I" is bipartite
and T-edge-transitive, and that X has a regular subgroup isomorphic to Z7:Zg. [

2.3. Normal covers. Let I' = (V, E) be a connected graph. Assume that X < Autl’
is transitive on both V and E. Let N < X, and let Vi be the set of N-orbits on
V. The normal quotient I'y (with respect to N and X) is defined as the graph with
vertex set Vi such that By, By € Vi are adjacent if and only if some u € B; and
v € By are adjacent in I'. It is easily shown that the valency of I'y is a divisor of the
valency of I'. The graph I' is a normal cover or an N -cover of I'y (with respect to X
and N) if I" and I'y have the same valency. Let K be the kernel of X acting on V.
Then X/K, viewed as a subgroup of Autl'y, is transitive on both the vertices and
the edges of I'y. If I' is a normal cover of I'y, then it is easily shown that N = K is
semiregular on V', and I" is X-arc-transitive if and only if I'y is (X/N)-arc-transitive.

Lemma 2.9. If I is of valency 4 and X/N s insoluble, then I' is an N-cover of I'y.

Proof. Let uw € V and let B the N-orbit containing u. Then, by [3], the stabilizer
X, is a {2,3}-group, that is, | X, | = 2'3/. In particular, X, is soluble. Let K be the
kernel of X acting on Vy. Then K, < X, so K, is soluble. Since K is transitive
on B, we have K = NK,. So K/N = NK,/N = K, /(N N K,) is soluble. Then
X/K = (X/N)/(K/N) is insoluble as X /N is insoluble, so Autl'y is insoluble, hence
I'y is not a cycle. Note that " is connected and the valency of I'y is a divisor of the
valency of I'. This implies that I'y has valency 4, and the lemma follows. U

We now construct the normal covers of several known graphs.

Example 2.10. Let I' = (V, E) be a connected arc-transitive Cayley graph. The
standard double cover I'® is the graph with vertex set V U {u’ | u € V'} such that
{u,v'} € ET'® whenever {u,v} € E. For each x € Autl', define 7 : u > u®, u'
(u®)’. Then Autl’ can be viewed as a subgroup of Aut/'® in the above way. Define
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e:urs ', u' > u. Then e € Autl’®. Set X = (Autl’,¢). Then X = Autl x (), and
I'® is an X-arc-transitive Cayley graph. For example,

(1) PY) is a Cayley graph of (Zq:Zs)xZs and of Zr:Zs;
(2) Pﬁ)ﬁ is a Cayley graph of (Z11:Zs)xZs and of Z11:Z0;
(3) P%{H is a Cayley graph of (Zg3:Z11) %X Zs.

Here we just explain (2) briefly. Note that AutPﬁ)’5 > AutPy; 5x(€). Take a sub-
group R = Zy1:Zy of AutPq; 5 = PGL(2,11), and let L be the 2’-Hall subgroup of R.
Then L = Z1,:Z5 and R = L:(z) for an involution z € R. Then AutI'® contains two
regular subgroups Lx(€) = (Zy1:Z5) X Zo and L:(z€) = Zy1: 2. O

Next we construct the Zs-covers of Pys 11 which are not the standard double cover.

Example 2.11. Let X = TxK with 7" = PSL(2,23) and K = (z2) = Zy. Take
A, 2 Hy < T and an involution z; € T with (Hy,2z1) = S4. Set z = 2129 and
H = H:(z). Then H= S, and HNT = H,. Let x € H; be of order 3 with z** = x~ 1.
Then Nz((x)) = Doy and (x, z1) = S3 = (z,2) < H. Let o be the involution in the
center of Np((z)). Checking the maximal subgroups of PSL(2,23), we conclude that
(Hy,0) = (Hy,0z1) = PSL(2,23). Then (H,0) = (Hy,0,2122) = X and (H,029) =
(Hy,021,2129) = X. Thus we get two connected graphs Iy := Cos(X, H, HoH) and
I'y := Cos(X, H,HozH). Note that S3 = (x,z) < H N H° Then I has valency
|H : (H N H°)| dividing |H : (z,z)| = 4. Since [ is connected, I'; is not a cycle as
X < Autl is insoluble. Thus I} has valency 4. Similarly, I'; has valency 4.

Let I' = Iy or I';. Then, by Lemma 2.9, I' is a normal cover of I'x. Then [k is
an X/K-arc-transitive graph of order 253 and valency 4. Since X/K = PSIL(2,23),
we have ' = Py3 11 by [16]. Take a subgroup Zg3:Zy; = L < T. Then X contains a
regular subgroup Lx K =2 (Zg3:Z11) X Zs. O

Next we construct the Zs- and Zg-covers of Py 5.

Example 2.12. Let X = (T'xK):(z) with T = PSL(2,11), K = (y) = Z3, Y :=
T:(z) = PGL(2,11) and y* = y~'. Take S; = H; < Y. Let P be the normal subgroup
of order 4 in H;. Then P = 72 Ny(P) = H, and H, = P:(z, z) for some x € T of
order 3 with z* = 27!, Set H = P:(xy,z). Then H = S, and (xy, z) = S3.

For g € Nx({zy, z)), we have (2y)? = (zy)*! and 29 = 2(*¥)" for some i, yielding g €
Ny ((#)) = KNy ((#)) and g(zy)~ € Cx(2). Thus g(zy)~ € Cx(2) N (K- Ny ({x))).
Computation shows that Cx(z) N (K:Ny({(z))) = (z,0), where o is the involution
in the center of Ny ({(z)) = Daqy, and so o € T. Thus Nx({zy, z)) = (z,0){zy) =
(zy, z)x (o), so HgH = HoH for g € Nx((zy,2)) \ H. Let I' = Cos(X, H, HoH).

Note that o € T, z € Y and P < T. Suppose that M := (0, P,z) # Y. Then
M # (P, z); otherwise, o € H = S, and o centralizes xy € H, which is impossible.
Thus M contains two distinct Sylow 2-subgroups (P, z) and (P, z)° of Y. Checking
the subgroups of PGL(2,11) in the Atlas [5], we know that M = Sy or Doy, and M
is maximal in Y. If z € M, then Sy = H, = (P,z,2z) < M, so Hi = M, hence
o € Hy and o centralizes the element € H, which is impossible. Then Y = (M, z) =
(0, P, z,x), yielding (o, P) IY. Thus (o, P) =T,so M = (o,P,z) > (0,P) =T, a
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contradiction. Then (o, P,z) =Y, so (0o, H) = {0, P, z,zy) = (Y, zy) = (Y,y) = X.
Therefore, I' = Cos(X, H, HoH) is connected.

Noting that H N H® > (xy, z), the index |H : (H N H°)| divides 4. Since X <
Aut!l’ is insoluble, I' is not a cycle. Thus [' is X-arc-transitive and of valency 4.
Take a subgroup L = Zi1:Zs of T. Then X contains a regular subgroup LxK
<211:Z5)XZ3.

I IR

Example 2.13. For the graph I’ in Example 2.12, the standard double cover I'® is a
Cayley graph of (Zq1:Zs5)xZ¢ and of Z33:Z1o. In fact, if € is defined as in Example 2.10,
then Autl"® > (K xT):(z))x{e). Take L < R < T:(z) =Y with 2 € R, L = Z1:Zs
and R = Z11:Zy9. Then AutI'® has regular subgroups (K xL)x{(¢) and (K xL):(ze)
isomorphic to (Z11:Zs5)xZe and Zs3:Z10, respectively. O

The next example gives the Sz-covers of K5 and of Pag 1.

Example 2.14. Let X = Y xK with Y = S5 or PSL(2,23) and K = (ys):(22) = Ss.
Take a subgroup H; = S of Y. Then H; has a normal subgroup P = Z%. Write
Hy = P:({y1):(z1)) with (y1):(z1) = S3. Set y = y1y2, 2 = 2120 and H = P:((y):(2)).
Then H = S, and (y, z) = Ss.

It is easily shown that Nx({y,2)) < Nx({y1)) = Ny ({(y1))x K, where Ny ((y1)) =
Dyy or Doy for Y = S5 or PSL(2,23), respectively. Note that (y, z) contains exactly
three involutions, say z, z¥ and z¥°. Assume that ¢ € Nx((y;)) normalizes (y, z).
Then 29 = z¥" for some 0 < i < 2, yielding that 3’g~! centralizes z = 2,2,. Further
computation shows that y'g~' € (0,2) = (0)x(z), where o is the involution in the
center of Ny ((y1)). It follows that Nx({(y, z)) = (o) x({y, 2)).

It is easily shown that (o, H) = X. Then I' = Cos(X, H, HoH) is connected, X-
arc-transitive and of valency 4. Moreover, X contains a regular subgroup isomorphic
to ZsxSg or (Zoes:Zq1)XS3, respectively.

For Y = S5, we may take P = ((12)(34),(13)(24)), y1 = (123), 2y = (12) and

= (45). Let g = (12345) and h = (13)(24). Then X has two regular subgroups
<g>XK Z5><Sg and <gy2> <h22> D30 ]

We finally give a normal cover of P% An X-edge-transitive graph I is said to be
X -half-transitive if X is transitive on the vertices but not on the arcs of I'.

Example 2.15. (1) Let Y = PGL(2,7), T = PSL(2,7) and Dg = H < T. Then
Ny (H) = Dyg. Let o be the involution in the center of H. It is easily shown that o lies
in the center of Ny (H). Take M < T with H < M = S,, and take an element y € M
of order 3 with y° = y~'. Then (y, H) = M and HNHY = Z2. Let z € Ny (H)\ T be
an involution. Then (M, 2) =Y. Set z = zy. Thenz & T and HNH® = HNHY = 73,
so |H : (HNH?)| = 2. Note that (H, z) = (H, (zy)°, zy) = (H, 2y~ ', zy) = (H,y,2) =
(M,z) =Y. Then X := Cos(Y, H, H{z,x '} H) is connected, X-half-transitive and
of valency 4. Further, Y has a regular subgroup isomorphic to Z;:Zsg.

(2) Let ¥ be asin (1). Let X = Y x(c), where (¢) = Z; with odd [ coprime to 21.
Define a graph

I' = Cos(X, H, H{cx, (cx) '} H).

Then I' is a connected X-edge-transitive tetravalent Cayley graph of (Z7:Z¢)x7Z;. O
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Lemma 2.16. Let ¥ and I' be as in Example 2.15. Then ¥ = P%, (Y x{c)):(0) =
PGL(2,7)xDy for an involution 8 € Autl’, and I' is isomorphic to an arc-transitive
Cayley graph of (Z+:7Z3)xDaoy.

Proof. Recall that z € Ny (H) \ T is an involution. Define Z : Hg +— Hzg, g € Y.
Then Z centralizes Y. Since y° = y~! and o € H lies in the center of Ny(H ), we
have ZH{:U v YWHz = H*{yz, (y2)'}*H? = H{yz, (yz) ' }*°H = H{zy,y '2}°H =
H{zy ',y2}H = H{z,z~'}H. Then it is easily shown that Z is an automorphism
of ¥. Set Y = T:(22). Then Y = PGL(2,7), and Y has exactly two orbits on
VY, say {Ht |t € T} and {Hzt | t € T'}. Let u be the vertex corresponding to
H. Then Y(u) = {Hg | g € H{yz, zy '}H}, and Y, = H:(3z) = Dyg is a Sylow
2-subgroup of Y. It is easily shown that Y, is transitive on X(u). Thus X is Y-edge-
transitive. Note that Y is normal in Y'x(Z). For an arbitrary vertex v = Hyg, we have
Y, = (Yx(£)),NY = (YX(£))!NY = Y9 = Dy, so Y, and Y, are conjugate in Y.
Then, by [8, Lemma 3.4], ¥ is the standard double cover of a Y -arc-transitive graph
¥ of order 21 and valency 4. By [16], 3 = P73, so ¥ = Pg?),

Now we extend ¢ := Zz to an automorphism of I'. Let 7 € Aut({c)) with ¢™ = ¢7!.
Consider the direct product X = Y x(2)x({¢):(r)). Then the element § := 70 is
an involution which normalizes both Y and H. Thus # induces an automorphism of
X = Y x{c) by conjugation. Moreover, (HcxH)? = H(cx)’H = H(cx)"'H. Then it
is easily shown that Hg — Hg’ gives an automorphism of I', and X:(f) is transitive
on the arcs of I'. Moreover, fz = 7z centralizes Y. Let L be a subgroup of Y with
L = Z7:Zs. Then X:(f) contains a regular subgroup Lx({c):(8z)) = (Z7:Z3)xDay.
Noting that Autl” > (Y, c,0) = (Y, ¢,0z) = PGL(2,7) XDy, the lemma follows. O

3. SOLUBLE AUTOMORPHISM GROUPS

In this section we determine the graphs having soluble edge-transitive automor-
phism groups. We first list two basic facts about edge-transitive (Cayley) graphs.

Lemma 3.1. Let I' = (V, E) be a connected reqular X -edge-transitive graph, and let
N < X. Then, for any given vertex uw € V, all N,-orbits on I'(u) have the same
length. If further X is transitive on V', then the following statements hold:

(1) | Ny : Nyl is constant while {u,v} runs over E; in particular, |Ny : Ny| # 1
if N is not semiregular on V';
(ii) N has at most two orbits on V' provided that N, is transitive on I'(u).

Proof. Since I' is X-edge-transitive, either X is transitive on V', or X is intransitive
on V and X, is transitive on I'(u) for each u € V. If X, is transitive on I'(u) then,
since N, < X, all N-orbits on I'(u) have the same length. Thus, to complete the
proof, we assume that X is transitive on V' in the following.

Let A be an N,-orbit on I'(u). Then |A| = |N, : Ny | for v € A, Let © € X
with v = v®. Then N, = X, NN = (N,)%; in particular, |N,| = |N,|, and so
|A] = |N, : Nyl Let {u/,v'} be an arbitrary edge of I'. Since X is transitive
on E, there is y € X with {«/,v'}¥ = {u,v}, so (v,v")Y = (u,v) or (v,u). Thus
(Nu/)y = Xu/y NN = Nu/y = Nu or Nv, and Nuv = Nu/yv/y = Xu/yv/y NN = (Nu/v/)y.
Then ‘Nu/ : Nu’v/‘ = ’(Nu/)y : (Nu/v/)y‘ = ’Nu/y . Nu/yvly’ = A’
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Assume that |N, : N,,| = 1 for some edge {u,v} € E. Then N, = N, for any
{u',v'} € E. It follows from the connectedness that N, = N,, for any w € V. Thus
N, =1as N, <Autl’, so N is semiregular. Then (i) follows.

Assume further that N, is transitive on I'(u) but N is intransitive on V. Let B
and B’ be two N-orbits such that v € B is adjacent to some v’ € B’. By (i), since B’
is N,-invariant, the subgraph [B, B'] induced by B U B’ is regular and has the same
valency as I'. Since [' is connected, I' = [B, B'], and so (ii) follows. O

Lemma 3.2. Let I' = Cay(G,S) be a connected Cayley graph and G < X < Autl".
Let v be the vertex corresponding to the identity of G. Then I' is X -half-transitive
if and only if S consists of two X,-orbits Sy and Sy with Sy* = Sy, in particular, S
contains no involutions.

Proof. Note that {1,s}*"" = {1,s7'} for s € S. Then the sufficiency follows.
Assume that [" is X-half-transitive. Then X, has exactly two orbits S; and S5 on
S, and [Sy| = |Ss|. Thus there is some x € X such that {1,s;}* = {1, s}, where
s1 € S; and s € Sy, Since X = GX, = X,G, write v = 2,9 for ;1 € X, and
1 # g € G. Then {g,s19} = {1,51}" = {1, s2} for some & € Sy with z; : 51 — 5.
Thus g = s, and sg = 1; in particular, s;* = s, € S;. Then S;' C S, and so
5'2_1 = 5. Since S; NSy = 0, there are no involutions in S. O

Let G be a group of square-free order, and I' = (V, E') be a connected tetravalent
X-edge-transitive Cayley graph of G, where G < X < Autl" and X is soluble.

Lemma 3.3. Either I' = C,,9, or X has a normal regular subgroup R.

Proof.  For an arbitrary prime divisor p of |X|, let O,(X) be the largest normal
p-subgroup of X. Set M = O,(X). Since I' is of square-free order, either M =1
or the orbits of M are of size p. Suppose that M is not semiregular on V. Then
1# M, <X, for u € V. Since I'" has valency 4, the stabilizer X, is a {2, 3}-group.
By Lemma 3.1, we know that p = 2, and so the orbits of M are of size 2. Since M is
not semiregular, we have that I' = C,,,;3, where m = |2ﬂ

Assume now that O,(X) is semiregular on V for all primes p. (Since X # 1 is
soluble, there exists a prime p such that O,(X) is nontrivial.) Then O,(X) has
order 1 or p, so O,(X) is cyclic. Let F' be the Fitting subgroup of X, that is,
F = (O,(X) | pdivides |G|). Then F is cyclic and acts semiregularly on V; in
particular, |F| is a divisor of |G|. Since |G| is square-free, there exists a subgroup
L < G of order |G|/|F|. Set R = F:L. Then |R| = |G| = |V|. Let B be an F-orbit on
V. Then Gp is regular on B, and so |F| = |B| = |Gp|. Thus |G| = |Gp||L|, yielding
G = GpL. 1t follows that L acts transitively on the set of all F-orbits. Then R is
transitive on V', and so R is a regular subgroup of X.

Since X is soluble, Cx(F) < F, yielding Cx(F') = F. Thus X/F = Nx(F)/Cx(F)
is isomorphic to a subgroup of Aut(F’). Since F' is cyclic, Aut(F') is abelian, so X/F
is abelian. Then R/F < X/F, and so R < X. O

This lemma allows us to assume that X contains a normal regular subgroup R.
Set I' = Cay(R, S) for some S C R. Choose v to be the vertex corresponding to the
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identity of R. Then we have a subgroup of Aut(R):
Aut(R,S) = {o € Aut(R) | 27 € S for all z € S},

which is contained in the stabilizer of v in Autl’. Moreover, by [9, Lemma2.1], the
normalizer Nayr(R) = R:Aut(R, S). Since X < Nayr(R), we have X, < Aut(R, S).
The next lemma determines Aut(R, S).

Lemma 3.4. The subgroup Aut(R,S) is isomorphic to Zy, Zy or Z3.

Proof. Since I' is connected, (S) = R, so Aut(R,S) acts faithfully on S. Since
|S| = 4, we have Aut(R, S) < S.

Write R = (A:B)xC, where A, B and C' = Z(R) are cyclic. Then |A| is odd.
By Lemma 2.2, A < Aut(R) and Aut(R)/A = Aut(C)xAut(A) is abelian. Then the
commutator subgroup of Aut(R) has order dividing |A| = |A|. Thus the commuta-
tor subgroup of every subgroup of Aut(R) is of odd order. Then Aut(R,S) has no
subgroups isomorphic to Dg, Ay or Sy, so Aut(G, S) = Z,, Z4 or Z3. O

The following lemma allows us to choose R = G.
Lemma 3.5. Assume that X contains a normal regular subgroup. Then G < X.

Proof. Let R be a normal regular subgroup of X. Then RG is a subgroup of X =
R:X,, so |RG| = |R||G|/|RNG| is a divisor of | X| = 2|R| or 4|R|. Then either R = G
or RN G is the 2’-Hall subgroup of R (and of G). Assume the latter case occurs.
Then RN G is characteristic in R, and so RN G J X. Let P be a Sylow 2-subgroup
of X with X, < P. Then P = (RX,)N P = (RN P)X,. Since R I X and |R| is
square-free, RNP <P and |[RNP| = 2. It follows that P = (RN P)X, = (RNP)x X,
is abelain. Thus X/(RNG) = (RX,)/(RNG) = (RNG)P/(RNG) = P is abelian,
so G/(RNG) <L X/(RNG), and hence G < X. O

Thus we assume that G < X in the following. Write I' = Cay(G,S) and G =
({(a):(b))x{(c) = (Zmm:Zy,)xZ; with center Z(G) = (c) = 7.

Lemma 3.6. There exists p € Aut(G) such that ab’c € SP and X? < Cauc)((D)),
where (j,n) =1 and v is the vertex corresponding to the identity of G.

Proof. Let A = {(a), B = (b) and C = (c¢). By Lemma 2.2, since |A| = |A| = m is
odd, Caue)(B) = Aut(C)xAut(A) contains a Sylow 2-subgroup of Aut(G). Recall
that X, < Aut(G,S) = Z,, Z4 or Z3. Then there is some o € Aut(G) such that
X$ < Cauw(e)(B). Note that a induces an isomorphism from Cay(G, S) to Cay(G, S)
such that v® = v, and that X is transitive on the edges of Cay(G,S®). Clearly, X
contains G as a normal regular subgroup. Take z = a’t/c* € S®. Since Cay(G, S%)
is connected and X¢ is transitive on the edges of Cay(G,S%), we have (27 | 0 €
X = G. Then G = (a’V/c*, a™ W) or (a'bick, a” bIc™ | a" b at" b k"),
where ¢/, 3" i k', k" and k" are integers. It follows that (c*) = (c), (a’) = (a) and
(b) = (b), which implies that (k,1) =1, (,m) =1 and (j,n) = 1, respectively. Take
B € Cauc)(B) with (F)? = ¢ and (a')? = a. Set p = af. Then cal/ € S* and
X? < Chauc)(B), as desired. O

Now we determine the graphs when X is soluble and G is normal in X.
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Lemma 3.7. Assume that G is normal in X. Then one of the following holds.

(1) Aut(G,S) = Z3 or Z4, and either G is cyclic or G = Zyx Da,,; I is constructed
as in Construction 2.3 and 2.4.

(2) Aut(G, S) 2 Zy and G = Zy X (Z:Zy), where n > 3 and the center Z(G) = Z;
I' is constructed as in Construction 2.6.

Proof. Since G is normal in X, we have X < Na,r(G) = G:Aut(G, S) and X, <
Aut(G,S). Note that G:Aut(G,S) is transitive on the edges of I' as I' is X-edge-
transitive. To complete the proof of Lemma 3.7, we may assume that X, = Aut(G, 5)
and X = G:Aut(G, S). By Lemma 3.6, up to isomorphism of graphs, we may assume
that ab/c € S and X, = Aut(G, S) < Caw(e)((b)), where 1 < j < n—1 with (J,n) =1

Assume first that G = (¢) = 7Z;. Thena=b=1and c€ S. Since 0 : ¢+ ¢ i
an automorphism of G, we have o € Aut(G, S). By Lemma 3.2, I is X—arc—tran81t1ve,
so Aut(G, S) = Z4 or Z3. Thus the four elements of S are conjugate under Aut(G, S),
and [ is given as in Construction 2.3.

Assume that n = 2 and [ = 1. Then G = (a):(b) = Dy, and S contains the
involution ab. By Lemma 3.2, I' is X-arc-transitive, hence Aut(G,S) is transitive
on S, and so Aut(G,S) = Z, or Z2. Suppose first that Aut(G,S) = (p) = Z,.
Then o = a' and b* = b for i* = 1(mod m), and S = {ab,a’d,a’’b,a’’b}. Since
I is connected, G = (S) = ("', a1, a” ", ab) = (a"""):(ab). Thus (") = (a),
so (i —1,m) = 1, yielding > + i* + i + 1 = 0(mod m). Thus I' is given as in
Construction 2.4 () Now let Aut(G,S) = (o) x (1) X Z3. Set a” = a™ and a” = a®,
where i7 = i3 = 1(mod m). Then S = {ab,a"b,a"b,a""*b}. Since G = (S) =
(a1 a7 g2 gb) = (a"71 a7 ) {ab), we have (a) = (a7, a71), yielding
(i — 1, Qg — 1,m) = 1. Then [" is given as in Construction 2.4 (ii).

Assume that n = 2 and [ > 1. Then abc € S, [ is odd and abc has order 2I.
By Lemma 3.2, since I is X-edge-transitive, there is p € X, = Aut(G, ) Such that
(abc)? # (abc)~!. Noting that p has order 2 or 4, we set a” = a* and ¢® = c*, where
i* = 1(mod m) and k* = 1(mod ). Then S~ g — {abc, a’bck, abe™t abc‘k}
Since I' is connected, G = (S) = (abc,a’bct) = (ai_l,ab, c) = ((a1): (ab)) (c).
It follows that (a"~') = (a), so (i — 1,m) = 1. Suppose that p has order 4, then

S = {abe, aibck,aizbckQ,aigbckJ}, so abc™t = (abe)™t = a”bc or a”’bc*’, yielding
i* = 1(mod m) and k* = —1 (mod [). Moreover, i = —1 (mod m) as (i — 1,m) = 1.
Thus [ is given as in Construction 2.4 (iii). Now let ¢ := p be of order 2. Then
i? = 1(mod m) and k> = 1(mod [). Thus i = —1(mod m), and I' is given as in

Construction 2.4 (iv). Take 7 € Aut(G) such that a™ = a, b” = b and ¢ = ¢~ . Then
o#7€Aut(G,S), o7 =10 and 72 = 1, so Aut(G, S) = (o, 7) X Z2.

Finally, let n > 3. Recall that ab/c € S. Since I' is X-edge-transitive, by
Lemma 3.2, there is 7 € X, = Aut(G, S) such that (ab’c)” # (ab’c)™t. Set a™ = a
and ¢™ = cf. Then S = {ab/c,a't/c*, b~ 7a e, b7a~ic™*}. It is easily shown that
{ablc,a'bcF} £ {b7a e b 7a" ¢} for any 0 € Cau)((b)). Thus Aut(G,S)
is not transitive on S, and so Aut(G,S) = (1) = Zy. Then > = 1(mod m) and
k* = 1(mod ). Since I' is connected, G = (S) = (ablc,a't/c*) = (a" ' al’,c) =
(@Y :(ab’))x(c). Thus (a""') = (a), so (i — 1,m) = 1, hence i = —1 (mod m) as
i* =1 (mod m). Then I is given as in Construction 2.6. U
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4. INSOLUBLE AUTOMORPHISM GROUPS

In this section, we study the case where the automorphism groups are insoluble.

An s-arc of I' = (V, E) is a sequence of s + 1 vertices vy, vy, ..., vs such that v; is
adjacent to v;41 and v; # v;9. For a subgroup X < Autl’, the graph I is said to be
(X, s)-arc-transitive if X acts transitively on V' and on the set of all s-arcs of I', and
(X, s)-transitive if further X is intransitive on the set of all (s + 1)-arcs of I'.

The vertex stabilizer for s-arc-transitive graphs of valency 4 is known, refer to [34].

Lemma 4.1. Let I' = (V,E) be a connected (X, s)-transitive graph of valency 4.
Then, for uw € V, the stabilizer X,, and s are listed in the following table,

S 2 3 4 7
Xu A4, S4 Z3XA4, (ZgXA4).Z2, S3><S4 Z%GL(Q,?)) [35]GL(2,3)

where [3°] is a 3-group of order 3°.

For a finite group X, the socle of X, denoted by soc(X), is the subgroup generated
by all minimal normal subgroups of X. The group X is said to be almost simple if
its socle soc(X) is a non-abelian simple group.

In the rest of this section, assume that I' = (V, E) is a connected tetravalent graph
of square-free order such that a subgroup X < Autl’ is transitive on both V' and FE.

Lemma 4.2. If I' has order |V| = 21 then X # PSL(2,7).

Proof. Suppose that X = PSL(2,7) and I is a connected X-edge-transitive graphs
of valency 4 and order 21. Then X is transitive on V and, for u € V', the stabilizer
X, = Dg is a Sylow 2-subgroup of X. Let v € I'(u). Then | X, : X, =2 or 4. Set
v = u” for some x € X. Since I is connected, (X, x) = X; in particular, z ¢ X,.

Let | X, : Xuw| = 4. Then X, is transitive on I'(u), so I' is X-arc-transitive. We
may choose x such that (u,v)” = (v,u), yielding € Nx(X,,) = Dg. In particular,
Nx(Xu) # Xy Then [Ny, (Xu)| =4. Thus Ny, (X,,) is normal in both Ny (X,,)
and X, so Nx, (Xuy) (X, Nx(Xy)). Checking the subgroups of PSL(2,7), we get
(Xu, Nx(Xuy)) = Sy, which contradicts (X, z) = X.

Let | X, : Xy = 2. Then | X, =4, so Xy <M := (X,, X,), and hence M = S,.
Noting that X, and X, are two Sylow 2-subgroups of M, there is some y € M such
that XY = X, = X Thus zy~' € Nx(X,) = X,, so (X, z) < ( Xy, 2y~ y) < M,
again a contradiction. Then the lemma follows. 0

Lemma 4.3. Assume that X is almost simple and contains a regqular subgroup G.
Then, for w € V, the triple (X, G, X,,) is one of the triples listed in Table 3.

Proof. By the assumption, X = GX,, so |X| = |G||X,| for v € V. Since I' is of
valency 4 and |G| is square-free, either
(i) X, is a 2-group, and hence 72 does not divide | X| for any odd prime 7; or
(i) X, is given in Lemma 4.1, and hence none of 2°, 3% and r? is a divisor of | X]|,
where r is a prime with r» > 5.
In particular, |X| is not divisible by 2°-32. Next we consider the socle T of X. Since
T is normal in X, the T-orbits on V have the same length |T": T,|. Thus |T : T,]| is
square-free, and T" has a {2, 3}-subgroup of square-free index.
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X G Xy
A5 Z5 A4
Ss Zs Sy
PGL(2,7) Du S

Z7ZZ3 D16
Z7ZZ@ Dg
PSL(2, ]_1) Z112Z5 A4
PGL(Q, ]_1) Z112Z5 S4
PGL(Q, ]_1) le:ZlO A4
PSL(2, 23) Z232Z11 S4
PSL(3,3):Z; Dag ZZ.GL(2,3)

Table 3

Suppose that T is a sporadic simple group. Since |T'| is not divisible by 2°¢ - 32, we
have X = T = M;y; or Jy, and further, by the Atlas [5], J; does not have a proper
subgroup of index a {2, 3}-number. Thus X = My, and then 3 - 2® divides |X,,| and
| X.| divides 2% - 32. By Lemma 4.1, X, = Sy, (3xA4).2 or S4xS3. Checking the
subgroups of Mj; in the Atlas [5], we get X, = Sy, so |V| = |X : X,| = 330. Then
|G| = 330 as G is regular on V; however, M;; has no such a subgroup, a contradiction.

Let T = A,. Since 5% does not divide |X|, we have n < 9. The groups Ag and
Ay are excluded as their orders are divisible by 2° - 32. For Ay, neither A; nor S;
has a subgroup of index dividing |X,| other than A;. Suppose that T = Ag. Then
X < Aut(T) = Ag.Z2, so | X,| is divisible by 3 but not by 3?. Examming the maximal
subgroups of X in the Atlas [5], it follows that X, = A, or Sy; however, X does not
have a subgroup of order divisible by 15, a contradiction. Thus T'= A5, and G = Zs.

Assume now that T is a simple group of Lie type defined over GF(q), where ¢ = p/
is a power of a prime p. Then we can get T' by checking the orders of finite simple
groups of Lie type (see [12, Table 5.1.A and Table 5.1.B], for example). Since r* does
not divide |T'| for any prime r > 5, either "= PSL(2, p), or p € {2, 3}.

Case 1. Let T'= PSL(2, p) for a prime p > 5. In this case, X =T or PGL(2,p), a
Sylow 2-subgroup of X is dihedral, and a Sylow 3-subgroup of X is cyclic. Thus, by
Lemma 4.1, either X, is a 2-group, or X, = A, or Sy.

Note that TG is a subgroup of X as T'< X. Then |[TG : G| is a divisor of
|IX : G| =X, X # TG then G <T,s0 |G| =1|T:T, =1|X:X,|, yielding
| Xy : Tyu| = 2. Since |TG| = |T||G|/|T NG|, we have |TG : G| = |T : (T N G)|, so
T : (T'NG)| = | X, or |T,,| depending on whether or not X = T'G, respectively.

Assume that X, = Ay or S;. Then T, = A4 or S;. Consider the action of T
on [T : (T'N GQ)] induced by right multiplication. Then 7" has a (faithful) transitive
representation of degree 12 or 24. It follows from [12, Table 5.2 A] that p < 23.
Checking the subgroups of PSL(2, p) and PGL(2, p) in the Atlas [5], we conclude that
p=>5,7, 11 or 23, and the triple (X, G, X,) is described as in Table 4.3.

Now let X, be a 2-group. Then |T": (TTNG)| is a power of 2. By [10], [T : (TNG)| =
p+1=2¢for e > 3. It follows that |T,| = 27! or 2¢. Thus T, = Dye or Dge-1.

Suppose that 32 divides |7),|. Let v € I'(u). By Lemma 3.1, T, has index 2 or 4
in both T, and T, then T, contains a subgroup C' = Z,. It is easily shown that C'
is normal in both 7, and T,, and so C < (T, T,). Thus T # (T,,T,) := Q as T is
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simple. Checking the subgroups of T' (see [11, 8.27], for example), we conclude that
T, = T, = Dge1, and @) = Dye = D,,41 which is maximal in 7". Let w € I'(v). Then
a similar argument implies that @Q; = (T}, T,) = D,+1. Note that 7}, is normal in
both @ and Q. Thus T, I(Q, Q1), yielding @ = Q;. By the connectedness of I, we
conclude that @ = (T, | v € V). Thus, for any z € X, we have T} = (X, NT)* =
Xpe NT =Tpe < Q. Then Q < T, a contradiction. Therefore, |T,| divides 16, and
so 2¢ =8, 16 or 32. Then p =2¢°—1 =7 or 31, and T = PSL(2,7) or PSL(2,31),
respectively.

Suppose that T'= PSL(2,31). Then T,, = D¢ as |T : T, is square-free and |T,] is
not divisible by 32. Checking the subgroups of T', we know that 7" has no subgroups
of order |T": T,,| = 930. Thus X = PGL(2,31) and X,, = D3s. Note that each Sylow
2-subgroup of X is a maximal subgroup. Then a similar argument as above implies
that X has a normal Sylow 2-subgroup, which is impossible.

Therefore, T' = PSL(2,7), so X = T or PGL(2,7). By Lemma 4.2, checking the
subgroups of X implies that X = PGL(2,7) and G = Z7:Z3 or Z7:Zs.

Case 2. Let p € {2,3}. Assume that X, is a 2-group. Then T has a subgroup of
square-free order with index a power of 2. By [10], T = PSL(t, s) and £= is a power
of 2, where t is a prime and s is a power of some odd prime. Recall that, in this case,
| X| is not divisible by r? for any odd prime. It follows that ¢ = 2 and s is a prime, so
T =PSL(2,s). By Case 1, X = PGL(2,7) = PSL(3,2):Zy and G = Z7:Z3 or Z7:Zs.

We next assume that X, is not a 2-group. Then, by Lemma 4.1, |X,| is not
divisible by 2° and 3". Thus | X| = |G||X,| is not divisible by p®. We check the orders
of simple groups. Taking into account the isomorphisms among simple groups (see
[12, Proposition 2.9.1]), we know that T is one of PSL(2,¢q), PSL(3,2), PSL(3,3),
PSL(3,9), PSL(4,2), PSL(4,3), PSU(3,3), PSU(3,9), PSp(4,3), Sz(8) and G(3).
However, PSL(3,9), PSL(4,2), PSL(4,3) and the last four groups are excluded as
they have orders divisible by 2° or 52. Recalling that 7" has a {2,3}-subgroup of
square-free index, PSU(3, 3) is excluded by checking its subgroups in the Atlas [5].
For T" = PSL(3,2) or PSL(3,3), checking the subgroups of X, the triple (X, G, X,)
is known as in Table 4.3.

To complete the proof, we let T = PSL(2,p/) with f > 2 and p = 2 or 3. Then a
Sylow p-subgroup of T has order p/. Suppose that f > 4. Then p? is a divisor of |T,|.
Checking the subgroups of T (see [11, 8.27], for example), we know that T, = Z/.7Z,
or Zg_lzZt, where t divides p/ —1; however, none of the groups in Lemma 4.1 has such
a subgroup of index no more than 2, a contradiction. Thus f < 3. Further, by the
Atlas [5], neither PSL(2, 8) nor PSL(2, 27) has subgroups of square-free index. Noting
that PSL(2,9) = Ag, we have T'= PSL(2,4) = A;. Then the Lemma follows. O

We now determine the structure of insoluble groups X. Let K be the largest soluble
normal subgroup of X. Consider the normal quotient I'x. By Lemma 2.9, since X/K
is insoluble, I' is a normal cover of I'x. Thus K is the kernel of X acting on VI,
and K is semiregular on V'; in particular, |K| is square-free.

Lemma 4.4. Assume that X is insoluble. Let K be the largest soluble normal sub-
group of X. Then X = K.Y, where Y is almost simple such that the socle soc(Y') is
normal in X, the greatest common divisor (|Y|,|K]|) is a divisor of 6, and X, = Yg
for a K-orbit B and uw € V. If further X has a reqular subgroup G, then we may
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choose the group Y such that X contains a reqular subgroup K:(GNY); in this case,
Y, GNY and Yg are known respectively as in the three columns of Table 3.

Proof. We first show that X is a split extension of K and some Y < X by induction
on the order of K. This is trivial if K = 1. Let K # 1, p be the largest prime divisor
of |K|, and P be the Sylow p-subgroup of K. Then P has order p and is normal in
X and, by Lemma 2.9, I" is a normal cover of I'p as X/P is insoluble. Let u € V'
and A be the P-orbit containing w. Since |V is square-free, |A| = p is coprime to
|X : Xa|. Then Xp = P:X, contains a Sylow p-subgroup of X. It follows from
Gaschtz’ Theorem (see [2, 10.4]) that the extension X = P.(X/P) splits over P, that
is, X = P:X; for X; < X with X;NP = 1. Since [ is a normal cover of I'p, the kernel
of X acting on V I'p equals to P. Thus X, is faithful and transitive on both V I'p and
ET@'p. Further, K = KNPX,; = P(KNX;) and KNX; <X;. Since |VI'p| <|V], we
may assume by induction that X; = (K N X;):Y. Then X = P(KNX,)Y) = KY,
and KNY < KNX;yileldng KNY < KNX;NY =1. Thus X = K:Y.

Since I is a normal cover of 'y, we know that Y is faithful and transitive on both
VIk and ETkx. Let N be a minimal normal subgroup of Y. Then KN is normal
in X, so KN is insoluble by the choice of K. Thus N is insoluble, so N is a direct
product of isomorphic non-abelain simple groups. Recalling that | X| is not divided
by r? for a prime r > 5, it follows that N is simple. Since I'x has square-free order,
N is not semiregular on V I'x. Thus either N is transitive on V Ik, or I'x is not a
normal cover of its quotient graph with respect to N. By Lemma 2.9, Y/N is soluble.
It follows that N is the unique minimal normal subgroup of Y. Then Y is almost
simple. Since K < X, we have X/Cx(K) = Nx(K)/Cx(K) < Aut(K). Noting that
Aut(K) is soluble as |K| is square-free, N = soc(Y) < Cx(K), yielding N < X.

Let B be the K-orbit containing u € V. Then K:X,, = Xp = XgN(K:Y) = K:Yp,
so X, = Yp is a {2,3}-group. Noting that |Y| = |V I'k||Y5|, since |V| is square-free,
we have (|K|,|VIk|) = 1. Thus (|Y],|K]|) = (|Ys|, | K]) is a divisor of 6.

Finally, assume that G is a regular subgroup of X. Let L < G with |G| = |K]||L|.
Then R := K:L is aregular subgroup of X, and R = RNX = RN(K:Y) = K:(RNY).
Note L and RNY are Hall subgroups of R. Then L and RNY are conjugate in R,
that is, L = (RNY)" for some h € R. Thus, replacing Y by Y", we may assume that
L=RNY,andso L =GNY. It is easily shown that L is regular on the set of all
K-orbits on V. Then, identifying Y with a subgroup of Autl'x, the quotient graph
'k is a Y-edge-transitive Cayley graph of L. Further, since Y is almost simple, the
triple (Y, L, Yp) is known by Lemma 4.3. O

5. GRAPHS WITH INSOLUBLE AUTOMORPHISM GROUPS

Let G be a group of square-free order, and I' = (V, E) be a connected X-edge-
transitive tetravalent Cayley graph of G, where G < X < Aut/" and X is insoluble.
Set X = K:Y as in Lemma 4.4. Then X has a regular subgroup K:L for L =GnNY.

5.1. 2-arc-transitive graphs. Assume that " is (X, 2)-arc-transitive. Then, for
u € V, the stabilizer X, is 2-transitive on I'(u). Since T" := soc(Y) < X, by Lemma
3.1 (i), T, acts nontrivially on I'(u), and so T, acts transitively on I'(u). Then, by
Lemma 3.1 (ii), 7" has at most two orbits on V. It follows that I" is T-edge-transitive.
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Since K is semiregular, |K| is a divisor of |[V|. Then each odd prime divisor of | K|
is also a divisor of |T'|. Recalling that (|Y],|K|) divides 6, we have |K| =1, 2, 3 or 6.

Lemma 5.1. Let B be a K-orbit on V and uw € B. Then T,, <Tg, and
(1) |[K|=1o0r3,Tg/T, = K; or
(2) |[K|=2or6, Tg/T, = K, and T is transitive on V'; or

(3) |[K| =2 or6, |Tg/T.| = @ and T has two orbits on V.

Proof. Let N = K x T. Assume that |K| =1 or 3. Then either T is transitive on V'
or both N and T have two orbits on V. Thus the K-orbit B lies in one of T-orbits,
so Tp is transitive on B. Denote by T5 the permutation group induced by Tz on B.
Noting that KTp = K xTp and K is regular on B, it follows from [6, Theorem 4.3A]
that T =~ KB = K and T5 is regular on B, and so T, <Tp, hence K = TEF =~ Ty /T,.

Assume that |K| = 2 or 6. Then N is transitive on V. If T is transitive on V,
then Tj is transitive on B, so K = TE = Ty/T,. Suppose that T has two orbits
on V. Then Tg has exactly two orbits on B with length \_12(\ Let B; be the Tz-
orbit containing u. Considering the action of Kp, xTs on By, we get T, I Tp and
Kp, 2 T5 = Tg/T,. Then the lemma follows. O

Lemma 5.2. [f T = PSL(3,3), then I' is the point-line incidence graph of the pro-
jective plane PG(2,3), which is a 4-transitive Cayley graph of Dag.

Proof. Let T = PSL(3,3). Then L = Dyog, |K| =1 o0r 3, and Yz = Tp = Z3:GL(2, 3).
It is easily shown that Tz has no normal subgroups of index 3. By Lemma 5.1, K = 1.
Then X =Y = PSL(3,3):Z,. By [14], the lemma follows. O

Noting that PSL(2,7) = PSL(3,2) and S, has no normal subgroups of index 3, a
similar argument as above implies the following lemma.

Lemma 5.3. If T = PSL(2,7), then I' is the point-line non-incidence graph of the
projective plane PG(2,2), which is a Cayley graph of D1y4.

Lemma 5.4. If T' = As, then I' is isomorphic to one of Ks, K55 — 5Ky and the
S3-cover of Ky given in Example 2.14.

Proof. Let T = Aj5. If K is cyclic, then I' is a circulant and, by [18], I" is one of Kj
and Kj 5 — 5K,. Thus we assume that K = S3. Since X/Cx(K) = Nx(K)/Cx(K) <
Aut(K) = Inn(K) = S3, we have Y < Cx(K), so X = KxY. Then, for a K-orbit B
and u € B, we have Xu = YB = A4 or S4, XB = KXYB, SO |V’ = ‘KHY . YB = 30.
Recalling that T, is transitive on I'(u), it follows that |1, is divided by 4, so T" is not
transitive on V. Then T has two orbits on V, so |T},| = 4, hence T,, & 73 as T,, < X,,.
Noting that T, is regular on I'(u), we have X, = T,:X,,, where v € I'(u)

Let Y = S5. Then Tp = Ay, X, 2 Yp = Sy, and X, = S3. Write X, = (g):(h),
where ¢ is of order 3 and h is an involution with ¢"* = g=!. Clearly, g, h ¢ K. Since
|T.,| = 4, we have |Y,| =4 or 8 as |Y:T| = 2. Consider the action of Yz on B. Since
K is regular on B, it follows from [6, Theorem 4.3A] that Y/ is semiregular on B. So
Y, <Yy = S,. It follows that Y, = T}, 2 Z2. Thus g, h € Y, 50 g = y192 and h = 2,2y,
where y; €Y, yo € K, 21 € Y and 2z € K. It is easily shown that (y;,2;) = Sz and
(T, y1,21) = Sy. Thus I' is the Sz-cover of K; given in Example 2.14.
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Now let Y =T = As. Then X, Y =T = Ay and X, = Zs. It is easily shown
that Xy, = (y1y2), where y; € Y and y, € K are of order 3. Further, Nx({(y142)) =
(y1,Y2):(z122) = (Y1Y2): (Y2, 2122), where z; € Y is an involution such that (y;):(z;) =
S3. Write I' = Cos(X, X, X,z X,) for a 2-element x € Nx((y142)) with (z, X,) =
X. Then X, X, = X, y52120X,. Noting that X¥> = X, and (X,yb2120X,)"* =
X Yot 2120 X, it follows that I' 2 Cos(X, Xy, Xu2122X,), that is, I" is unique up to
isomorphism. Note that the graph in the above paragraph is (KT, 2)-arc-transitive.
Thus [ is isomorphic to the Ss-cover of Ky given in Example 2.14. 0

Lemma 5.5. If T = PSL(2,23), then I is isomorphic to one of the following graphs:
Pos 11, P%),n; the graphs in Examples 2.11 and 2.14.

Proof. Assume that T' = PSL(2,23). Then X = KxT and X, = Tp = S, where
u € V and B is the K-orbit containing u. Noting that S, has no quotients isomorphic
to Zs and Zg, it follows from Lemma 5.1 that K is one of 1, Zy and Ss.

If K =1, then X =T and X, is a maximal subgroup, so Aut/" = X and I" = Pa3 13
by [16]. If K = S3, then T, = Z3 and a routine argument similar as in Lemma 5.4
implies that I is the Ss-cover of Pas1; given in Example 2.14.

Let K = Zy. Then T,, = A4 or S4 by Lemma 5.1.

Assume first that T,, 2 S;. Then X, = T, < T, and T has two orbits on V, say
U and U?*, where (z) = K. Note that X,- = (X,)? = X,,. It follows that all vertex
stabilizers are conjugate in 1. Recalling that I" is T-edge-transitive, it follows from
[8, Lemma 3.4] that I' is the standard double cover of a T-arc-transitive graph ¥ of

valency 4 and order 253. By [16], ¥ = Pys 13, and so [" = P%),ll'

Assume now that T, =2 Ay. Then X, = S, and X, = S3. Set X, = T,:(2122) and
Xuw = (x):(2122), where z; € T and z € K are involutions, and x € T, has order 3.
Let z = z129. For g € Nx(X,,), it is easily shown that g normalizes (). It follows
that Nx(Xu,) < Np((z))x K. By the Atlas [5], Np((z)) = Dgy and Np((x, z1)) =
Di2. We may write Np((z,21)) = (z):(z1)x(0), where o is the involution in the
center of Nz ({x)). Note that all involutions of (x, z) are conjugate under (z). Then
an element i € N ({x)) normalizes (z, z) if and only if 2" = 2% for some 0 < i < 2,
yielding z'h~t € Cp(2), so 'h™' € Cr(z1), and hence z'h~! € Cr(z1) N Nz ((z, 21)).
It follows that A € Nx((z,z)) N Nr((z)) if and only if 2°h~" € (z1,0), yielding
h € Nr({(z,21)). Therefore, Nx(Xu,) = Nr((z,21))xK = (2):(z1)x{0)x(29) =
(x, z) x(0)x(22). Then, for g € Nx((z,2)) \ Xy, we have X,,gX,, = HoH, HozH or
HzyH. Note that (H, z) = (Hy, 21, 22) = SyxZy. Thus, writing I" as a coset graph,
I" is one of the graphs in Example 2.11. O

We next determine the 2-arc-transitive graphs associated with PSL(2,11).

Lemma 5.6. Let I' = (V, E) be a connected tetravalent (PSL(2, 11), 2)-arc-transitive
graph of order 55. Then I' = Py, 5.

Proof. Let X = PSL(2,11). Then X, = Ay and X,, = Z3 for u € V and v € I'(u).
Write I" as a coset graph Cos(X, X, X, #X,), where © € Nx(X,,) with (z, X,,) = X
and 72 € X,,. By the Atlas [5], Nx(X,,) = Dy = Z3:Z3. Then X,2X, = X,yX, for
some involution y € Nx(X,,). Checking the subgroups of PSL(2,11), we know that
X, = Nx(P) for a Sylow 2-subgroup P of X. It follows that the subgroups isomorphic



CAYLEY GRAPHS 19

to A4 are all conjugate in X. Then there are two non-conjugate maximal subgroups
M, and My of X such that X, < M; = A;, i = 1,2. Note that Ny, (X)) =
S3. Then Nx(X,,) = Nyu,(Xuw)x(0), where o is the involution in the center of
Nx(Xyp). It is easily shown that (X, Ny, (X)) = M;, i =1, 2. Thus Ny, (X)) N
N, (Xyp) contains no involutions; otherwise, Ny, (Xyw) = N (X)), so My = Mo, a
contradiction. Then Ny, (X,,) U Ny, (X)) contains exactly 6 of the 7 involutions in
Nx(Xyu»), and so we have X2 X, = X,y X, = X,0X,. Thus I' = Cos(X, X,, X,0X,,)
is unique. Since Py 5 is (PSL(2, 11), 2)-arc-transitive, I" = Py 5. O

Lemma 5.7. If T'=PSL(2,11) and K # 1, then K is isomorphic to Zs, Z3 or Zg.

Proof. Assume T = soc(Y) = PSL(2,11) and K # 1. Then |K| =2, 3 or 6.

Suppose that K = S;. Recall that X = K:Y has a regular subgroup K:(GNY).
Then |G NY| is odd. By Lemmas 4.4 and 4.3, T = Ay and GNY = Z1:Zs.
Thus, by Lemma 5.1, T, = Z2 and T = PSL(2,11) has two orbits on V. Tt is
easily shown that I' is (KT, 2)-arc-transitive. Without loss of generality, we assume
X = KxT. Then X, = (xy) = Z3 and X, = T,,;: Xy, for v € I'(u), where x € T and
y € K are of order 3 such that T,:(z) =2 A,. Computation shows that Ny (X,,) =
{0y x ((x) x (y)):(z122), where o is the involution in the center of N ({z)), 2; € T and
29 € K are involutions with ' = 27! and y* = y~!. For an arbitrary element
g = o'’y (z122)" € Nx((zy)), set W = (g, X,). Then W < (T,,x,0'2])x(y, z3). If
j =0(mod 2), then W # X. Assume that j = 1 (mod 2). Then W < (T, x,02)x K.
Checking the subgroups of 7' = PSL(2,11), we conclude that Np(T,) = T,:(x).
Let M; and M, be two non-conjugate maximal subgroups of 7" with M; = Ay and
T, < M;, i = 1,2. Then Ny, (T,) = Ay for i = 1,2. Thus My N My = T,:(x).
Noting that Ny, ((z)) = S3 = Ny,((x)), a similar argument as in the proof of
Lemma 5.6 implies that Ny, ((z)) U Njy,({(x)) contains 6 of the 7 involutions in
Nr((z)) = (0)x(x,z1). Since Aj; has no elements of order 6, we have o ¢ M, for
i =1, 2. Thus 0’21 € Ny, (()) UNu, ((z)). Then (T, x,0°21) = As, and so W # X.
Thus there is no g € Nx(X,,) with (g, X,) = X, a contradiction.

Therefore, K 2 S3, so K is isomorphic to one of Zy, Z3 and Zg. O

Lemma 5.8. Assume that T' = PSL(2,11). Then I' is isomorphic to one of Py 5,
P521)75, the graph in Fxample 2.12 and its standard double cover.

Proof. Let K be the largest soluble normal subroup of X. Then, by Lemma 5.7,
either K =1, or K is isomorphic to one of Zy, Z3 and Zg.

Case 1. Let K = 1. By Lemma 4.3, G = Z11:Zs or Zy1:Zy. If |G| = 55, then
T, = Ay and I' is (T, 2)-arc-transitive, so I = Py; 5 by Lemma 5.6. Thus we assume
next that X = PGL(?,H), G = le:Zl(J and Xu = A4. Then GNT = Z112Z5,
X, =T, = Ay and X, = Zs for v € I'(u). Let M be a maximal subgroup of X with
X, <M=ZS;. Then M =XNM=GX,NM=(GNM)X, = X,:(GNM). Let
GNM = (z). Then z is an involution. Replacing v by v" for h € X, if necessary,
we assume that z normalizes X,,. Then X,,:(z) = S3. By the Atlas [5], we conclude
that Nx(Xypw) = (XuwX(y)):(2z) = Doy, where y € X has order 4.

Write I' = Cos(X, X, X,2X,) for z € Nx(X,,) with (z, X,,) = X and 2 € X,,.
It implies that # = hy'z for i € {1,2,3} and h € X,,, so X = (z, X,) = (y'z, X,,).
In particular, y'z € T as X, < T. It is easy to know that 4> € T, y ¢ T, z & T,
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(y,z) =2 Dg and T N (y,2) = Z3. Tt follows that yz,4°2 € T. Thus i = 2, and so
Xur X, = Xuy?2X,. Hence I' = Cos(X, X, Xu1%2X.,).

Identify V' I" with UUU’, where U = {X,g | g € GNT} and U’ = {X,zg9 | g € GNT'}
are in fact the bipartition subsets of I'. Then X, g and X, zg; are adjacent whenever
2197t € Xyt X, = 2 X% X, ie, g9t € X,w?X,. Noting that T, = X,, it
follows that I is the standard double cover of X := Cos(T, T, T,,y*T,). Clearly, 3 is
(T, 2)-arc-transitive and of order 55. By Lemma 5.6, ¥ = Py 5, so I = P§21)75.

Case 2. Let K = Z,. Then X = YxK. By Lemmas 4.4 and 4.3, (Y,Yp) =
(PSL(2,11),A4) or (PGL(2,11),S4). Then Tp = A,. By Lemma 5.1, T, = A,
and T has two orbits on V. Moreover, I" is (K xT,2)-arc-transitive. Recalling that
I' is T-edge-transitive, by [8, Lemma 3.4], I" is the standard double cover of a T-
edge-transitive graph ¥ of order 55. It is easily shown that ¥ is (PSL(2,11), 2)-arc-
transitive. By Lemma 5.6, X = Py; 5, and so I' = Pg21)75.

Case 3. Let K = Z3. By Lemma 5.1, T = Ay and T, = Z2, where u € V and
B is the K-orbit containing u. Since T, is normal in X, and transitive on I'(u),
we have X, = T,: Xy, for v € I'(u). Write I" = Cos(X, X, X,9X,) for a 2-element
g € Nx(X,,) with (g, X,,) = X and ¢* € X,

Assume first that T is transitive on V. Then |V| = |T : T,| is odd, and (Y, X,,) =
(PSL(2,11),Ay) or (PGL(2,11),S4) by Lemmas 4.4 and 4.3.

Suppose that (Y, X,) = (PSL(2,11),A4). Then X,, = Z3. Write X,, = (xy),
where € T and y € K are of order 3. Then Nx(X,,) = (0)x(z)x(y), and so
I' = Cos(X, X, X,0X,) is unique up to isomorphism. Noting that the graph in Ex-
ample 2.12 is (K x T, 2)-arc-transitive, I" is isomorphic to the graph in Example 2.12.

Suppose that (Y, X,) = (PGL(2,11),S4). Then X,, = S3 and, since T is transitive,
KY =X = (KxT)X, = (KxT)Xy,. Since | X : (KxT)| =2, we conclude that the
Sylow 3-subgroup of X, is contained in K'xT. Then we may set X,, = (xy):(z),
where x € T, y € K and z is an involution. Then X = (K xT):(z). If y = 1 then
reTnNX,=T,=7Z2% a contradiction. If x = 1 then X, = T,;: X\, = (T\,y,2) =
(Tux(y))(z) % S4, again a contradiction. Thus both x and y have order 3. Since
Xuw = S3, we have (zy)* = (zy)~', so 2 = 27! and y* = y~'. Then a routine
argument implies that [" is isomorphic to the graph in Example 2.12.

Assume now that 7" has two orbits on V. Then (X, X,) = (K:PGL(2,11),Ay). It
follows that X, = (zy), where z € T and y € K are of order 3 such that T,:(x) = Ay.

Let z € PGL(2,11)\ T be an involution with ¥ = 7% and T,:(x, 2) = S,. Let o be
the involution in the center of Ny ((z)) = Dyo. If yz = zy, Nx((zy)) = (0) x(z, ), and
(g9,X,) < K x T, a contradiction. Thus y* = y~!, and Nx({xy)) = (o) x{x,y):(z) =
(wy):(z, z) x (0). Then we may take g = zo, zzo or x?z0. Noting that X? = X, and
(Xuz'20X,)* = X,2°7220X,, it follows that I' = Cos(X, X, X,20X,).

Write VI' = {X,g | g € KT} U{X,zg9 | g € KT}. Then X,zg, and X, g, are
adjacent in I' if and only if zgzgl_l € X,z0X, = 2X,0X,, that is, gog7 ' € X,0X,.
Noting that X, = T,,: X, < KxT, it follows that I" is the standard double cover of
Y := Cos(KT, X,, X,0X,). By the argument in the third paragraph of this case, X
is isomorphic to the graph in Example 2.12.

Case 4. K = Zg. Then (X, X,) = (KxPSL(2,11),A4) or (K:PGL(2,11),S,). In
this case, T'= PSL(2,11) has two orbits on V, and I" is (KT, 2)-arc-transitive. It is
easily shown that Ay = (KT), < @xT, where () = Zj is the Sylow 3-subgroup of K.



CAYLEY GRAPHS 21

By [8, Lemma 3.4], I' is the standard double cover of a (QT),2)-arc-transitive graph
Y. By the argument in the third paragraph of Case 3, ¥ is isomorphic to the graph
in Example 2.12. This completes the proof. U

5.2. Graphs associated with PSL(2,7). Now we consider graphs associated with
the simple group PSL(2,7). If I' is (X, 2)-arc-transitive, then I" is known. Thus we
assume that X = K:Y, Y = PGL(2,7) and X,, & Yp = Dys or Dg, where B is the
K-orbit containing v € V. In particular, |V| = 21| K| or 42| K|, and (| K], |Y]) < 2.

Lemma 5.9. If X = PGL(2,7), then either I' = P73, or I' is bipartite and is
isomorphic one of P% and the graphs in Example 2.8.

Proof. Assume that X = PGL(2,7). If X, = Djg, then X, is maximal in X, so
I' = P73 by [16]. Thus we assume further that X, = Dg in the following.

Suppose that X,, £ T'= PSL(2,7). Then |T,| = 4. Note that X has a factorization
X =GX, with GN X, =1, where G = Z7:Zg¢. Let P be a Sylow 2-subgroup of X
with X, < P. Then P = Dy, and P contains exactly two subgroups isomorphic to
Dg: one is X, and the other one, say @), is a Sylow 2-subgroup of T". It is easily shown
that X, N Q = Z4. Then X, = (h):(z1), where h € T'is of order 4 and z; € X \ T is
an involution. Noting that P = X NP = (G N P)X,, we find that GN P = (z3) and
P = X,:(29) for an involution z,. Since T has no subgroups isomorphic to Z;:Zg, we
have zo € X \ T. Clearly, 2z ¢ X,. Thus P contains another subgroup (h, z3) which
is isomorphic to Dg and not contained in 7', a contradiction. Therefore, X,, = T,,. In
particular, T" has two orbits on V', and so [ is a bipartite graph.

Suppose that I" is X-half-transitive. Write I" = Cos(X, Ty, T, {z, 2 '}T,), where
x € X with (T},,z) = X. Then |T,, : (T, NTF)| = 2, so T,, N T is normal in both T
and 777, hence T,,NT:F <A M := (T, T:). Checking the subgroups of T', since T, # T,
we have M = S,. Then there is an element y € M of order 3 such that T? = TY,
so ry~! € Nx(T,) = Dyg. Write Nx(T,,) = T,:(z) for an involution 2 &€ T. Then
zy ' =hz' for h € T, and i = 0 or 1, so x = hz'y. Since (T,,z) = X = PGL(2,7),
we have i = 1. Thus T, {z,2 '}T, = T,{zy, (zy)"'}T,, so I' is isomorphic to the
graph in Example 2.15 (1). Then I' = Pg?)) by Lemma 2.16.

Suppose that " is X-arc-transitive. Then |T, : Ty| = 4, so T, = Z,. By the
information given in the Atlas [5], we have Nx(Ty,) = Dyg and Ny (7),,) = Dg. Write
Nx(Tu) = Np(Tyy):(2) for an involution z ¢ T'. Set T, = (o). If o lies in the center
of T,,, then Np(Ty) = Ty, so |Tw| = |Tw N'T,| > 4 by noting that |Np, (Tw,)| > 4,
a contradiction. Thus Ny, (T,,) = Z3. Let y be an element of order 4 in Np(T,,).
Then y* = o, Np(Ty) = Nr,(Tu)(y), and so Nx(Ty,) = (N7, (To)(y)):(2). Thus
T.Nx(Tw)T, = T,U(TyT,)U(T,2T,)U(T,yzT,). Since I' is connected, we conclude
that I' is isomorphic to one of the graphs in Example 2.8. U

Lemma 5.10. If K = Z, then I' = PY) and X 2= PGL(2,7)xZ,.

Proof. Assume that K = Zy. Then X = YXK, I'x = P75 and |V| = 21| K| = 42.
Suppose that T' is transitive on V. Then |T,| = 4, so T, =& Z4 as T, is normal
in X, = Dyg. Since T is not regular, either T,, = Zy or T, is transitive on I'(u),
where v € I'(u). The latter case yields that I' is T'x K-arc-transitive, so Ik is a
T-arc-transitive graph of order 21, which contradicts Lemma 4.2. By Lemma 3.1, the
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former case implies that T,, = Zy for w € I'(v), so Tyy = Ty as T, = Z4 has a
unique subgroup of order 2. By the connectedness of I" we conclude that T, fixes
every vertex of I', a contradiction. Therefore, T' is intransitive on V. Noting that
T, is a 2-group, T, = Dg and T' has exactly two orbits. Then [' is bipartite with
two parts being T-orbits on V. Let Y be the maximal subgroup of X preserving
the bipartition of I'. Then PGL(2,7) 2 Y =Y or T:(z12), where z; € Y\ T and
2 € K are involutions. It is easily shown that X = Y xK. Note that Y, viewed
as a subgroup of Autl'k, is transitive on the arcs of I'x = P73. It follows that I’
is X-arc-transitive, so Y, is transitive on I'(u), hence I is Y-edge-transitive. By [8,
Lemma 3.4], I' is isomorphic to the standard double cover of a Y -arc-transitive graph
Y of order 21. Then, by Lemma 5.9, ¥ = P73, and this lemma follows. ([l

Lemma 5.11. If |K| > 3 is odd then Y = X,, = Dg for a K-orbit B containing u.

Proof.  Assume that |K| > 3 is odd. Set Y = T:(z), where T" = PSL(2,7) and
z € Y\ T is an involution. Then X = (T'xK):(z). Since I' is X-edge-transitive,
we may write I = Cos(X, X, X, {z,271}X,), where x € X \ X, with (z, X,,) = X.
Write x = yzicforc € K,y € T and i = 0 or 1.

Suppose that X, = Dyg. Then X, is a Sylow 2-subgroup of X. Since | K| is odd, we
may assume that z € X,, <Y. Then Yz = X, = T,:(2). Since Yz = Dy, the quotient
I'y = P73 is Y-arc-transitive, and so I is X-arc-transitive. Thus we may choose z
such that 2 € X,,. So 2? = yz'cyz'c = yc* y*c = yy* ¢ c € X,. Since yy* € T and
¢*c¢ € K has odd order, ¢*'c = 1. Since X = (z, X,,) = (yzlc, X,,) < (y2', ¢, X,,) <
K:(yz', X,), wehave c # 1 and Y = (yz%, X,,). It implies that i = 1, z = yzc, yy* € T,
and cc® = 1,50 ¢ = ¢!, Recalling Y = (yz, X,)), we have T:(z) = Y = (yz, T,,:(2)) =
(y, Tu,z2) = (4, v*, Tu, 2) = (y,y%,Tu):(2) = (y,Ty):(z). Then T = (y,T,), and so
Y := Cos(T,T,, T.{y,y '}T,) is a connected T-edge-transitive graph of order 21.
Since I' is X-arc-transitive, | X, : (X, N X7)| = 4, so | X, N XZ| = 4. Noting that
X,NX? <Y and T,, T¢ < T, we have 4 = | X, N X?| = | X, NX¥*| = [X, XV 2| =
| X, N XY = [(Ty:(2)) N (TY:(229))| = [T, N TY|. Thus |T, : (T,NTY)] =2, and
has valency 4, which contradicts Lemma 4.2. Then the lemma follows. U

Lemma 5.12. Assume that |K| > 3. Then I' is isomorphic to the graph in Ezam-
ple 2.15, X 2 PGL(2,7)xZ; or PGL(2,7)xDy, where | is odd and square-free.

Proof. Assume first |K| = [ is odd. Then Yp = X, = Dg, |V| = 42] and Y contains
a Sylow 2-subgroup of X. Thus, without loss of generality, we assume that X, <Y,
and so X, = Yp. Let z € Y \ T be an involution such that (X,,z) = Dys. Then
Y =T:(z) and X = (TxK):(z) = (2)(TxK). Write I' = Cos(X, X,,, X, {z,z7'}X,),
where r € X \ X, with (z, X,,) = X. Write x = z'gcforc€ K, g€ T and i =0 or 1.

Since T centralizes K, we have (c,c¢?) = (¢V | y € Y); in particular, ¥ normal-
izes {c,c*). Noting that I' is connected, K:Y = X = (2'gc, X,) < (2'g,¢, X,) <
(e, 2'g, X)) = (c,c*):(2'g, X,). Tt follows that K = (c,c*) and Y = (z'g, X,,).

Note that the quotient [y is Y-edge-transitive and of order 42. By Lemma 5.9,
I'k is bipartite, so I' is also bipartite. It is easily shown that T'x K is the maximal
subgroup preserving the bipartition of I'. Thus X, < TxK, and so X, = T, as
|K| =1is odd. Since Y = (z'g, X,) and g € T, we have i = 1, s0 Y = (zg,T},).
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Suppose that [ is Y-arc-transitive. Then [ is X-arc-transitive, so we may choose
x with 22 € T,,. Since 22 = zgczge = g°c*ge = g*gcic, we have ¢*c = 1, so ¢ = ¢ 1,
hence zc has order 2. Then X = (zgc¢,Ty,) < (9,Ty,cz) < (T,cz) = PGL(2,7), a
contradiction. Therefore, by Lemma 5.9, I'x = Pg?)) is Y-half-transitive.

Note that T:((c,z)) = (T'xK):(z) = X = (2g9¢,T,) < (9,1, 2¢c) < T(zc) < X.
Thus (¢, z) =2 X/T = (T(zc))/T is cyclic. Then ¢* = cand K = (¢). Thus X = Y x K.
Since 'k is Y-half-transitive, I" is X-half-transitive, so 2 = | X, : (X, N X¥)| = |1, :
(T, N T79)|. Recalling that (T, 2) = (Xu, 2) = Dig, we know that z normalizes T,
so [T, NTY| = |T, N T = 4. It follows that T, N T¢ is normal in M := (T, T9),
so M = S, by checking the subgroups of 7. Then 79 = T? for an element y € M
of order 3. Thus gy~! € Np(T,) = T,, so g = hy for h € T,,. Then T, {x, 2 '}T, =
T.{zhyc, (zhyc)~'}T, = T, {h*zyc, (W*zyc)~'}T, = T, {zyc, (zyc)~'}T,. Noting that
Sy = M = (T,,y), it follows that I" is the graph in Example 2.15.

Now let |K| = 2l. Then I'x = P73 and X, = Yp = Dyg. In this case, I" is X-arc-
transitive as 'k is Y-arc-transitive. Since K is of square-free order, K has a unique
2/-Hall subgroup Ky, which is characteristic in K. It implies that Ky < X, and
X/Ky = PGL(2,7)xZ,. Then the quotient graph Ik, is X/Ky-arc-transitive. By
Lemma 5.10, I'k,, = P(72§ It is easily shown that X /Ky contains a subgroup Z/ Ky =
PGL(2,7) acting transitively on the edges of I'x,,. Then I' is Z-edge-transitive. By
the argument for the odd |K| case, we conclude that Ky = Z;, Z = Y x Ky with
Y = PGL(2,7), and I' is isomorphic to the graph in Example 2.15.

Recalling that |V| = 421 is square-free, we conclude that Y is a Hall subgroup of
Z,s0 Y is characteristic in Z. Thus Y is normal in X as Z has index 2 in X. Let z
be an involution in K. Then (Y, z) = Y x(z). Thus X = Z:(2) = Y xK.

Suppose that K is not a dihedral group. Then K = NxM, where N # 1 is cyclic
and of odd order. By Lemma 2.9, I' is normal cover of ¥ := I'y,;. Identify X := Y XN
with a subgroup of AutY. Then ¥ is X-edge-transitive as I' is X-edge-transitive.
Since |N| is odd, for a € VY, X, = Dg by Lemma 5.11; in particular, |VX| = 42| N]|.
Thus |V| = 42| N||M| = 42| K| = 841, a contradiction. Then K = Dy is dihedral. O

6. PROOFS OF THEOREM 1.1 AND COROLLARY 1.2

Let G be a finite group of square-free order, and let I" be a connected edge-transitive
Cayley graph of G of valency 4. If Autl’ is soluble then, by Lemmas 3.3 and 3.7, one
of Theorem 1.1 (1-3) occurs. Thus we assume next that X := Autl" is insoluble.
Then ' and X are known and listed in either Table 1 by Lemmas 4.3, 4.4, 5.2, 5.3,
5.5, 5.8 and 5.9, or Table 2 by Lemmas 5.4, 5.9, 5.10 and 5.12.

Proof of Theorem 1.1. It suffices to determine G up to isomorphism. If X is
almost simple, then all possible G are known by checking the subgroups of X in the
Atlas [5]. Thus we assume that X is not almost simple. By Lemma 4.4 and checking
the automorphism group X listed in Tables 1 and 2, we know that X = K:Y has a
regular subgroup R := Lx K, where L < T NG, T = soc(Y) and K is the largest
soluble normal subgroup of X. Thus G < Nx(G) < Nx(L) = K:Ny(L) = Nx(R),
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and further Y, K, L and Ny (L) are known as in the following table:

Y K L Ny (L)
PSL(Q, 23) ZQ, S3 Z232Z11 L
PGL(2,11) Zy,Zs,Zg Zny:Zes Zar:Zog
S5 Zs,Ss Zs L5y
PGL(Q, 7) ZQ, D2l Z7IZg Z7IZ6

Let Ko be the 2’-Hall subgroup of K. Then Lx Ky is the unique 2’-Hall subgroup
of R. It follows that Lx Ky < Nx(R). Let Q be a Sylow 2-subgroup of K. Then
Nx(R) has a Sylow 2-subgroup Q:P, where P is a Sylow 2-subgroup of Ny (L).
Noting that |Q| < 2, we have QP = @ P, and so QP is abelain. Considering the
subgroup (Lx Ky )G, we conclude that Lx Ky < G and G < Nx(R). In particular,
G = (Lx Ky):(z) for an involution z € @ x P. Checking all possible involutions z, we
conclude that G is listed in Tables 1 and 2 up to isomorphism.

Proof of Corollary 1.2. It is easy to check that Nx(G) = G:Z3 or G while I" is a
graph listed in Lines 1 to 7 of Table 1, so I" is not normal-edge-transitive. For Lines
1 to 3 of Table 2, we have Nx(G) = G:Zy4, so I is normal-edge-transitive. We next
deal with the rest of the graphs in Tables 1 and 2.

Suppose that X is not almost simple. Then, by the argument in Proof of Theorem
1.1, X = K:Y has a regular subgroup R = Lx K, where L <T NG, T = soc(Y) and
K is the largest soluble normal subgroup of X. Recalling that Nx(G) < Nx(L) =
K:Ny(L) = Nx(R) and G <Nx(R), we have Nx(G) = Nx(R) = K:Ny(L). Then
I' is normal-edge-transitive with respect to G whenever I" is a normal-edge-transitive
Cayley graph of R. Noting that K is a normal Hall subgroup of R, it follows that
Nx(R)/K = Nx/k(R/K) = Ny(L). Note that the quotient graph I'x has automor-
phism group isomorphic to Y. Thus, it suffices to determine whether or not I'x is a
normal-edge-transitive Cayley graph of L.

Therefore, the above argument allows us to assume that X is almost simple, that
is, I' is described as either Line 8 of Table 1 or Line 4 of Table 2.

Suppose that I' is described as Line 8 of Table 1. Then X = PGL(2,11) and,
for v € VI, the stabilizer X, = S; and X = GX,. Hence Z1:Z1y = Nx(G) =
G:(Nx(G) N X,). Thus Nx(G) N X, = (0) = Zy. It is easily shown that o ¢ T' =
soc(X). Noting that T;, = Ay, it follows that o induces an odd permutation on I"(u);
in particular, o fixes at least one vertex in I'(u). Thus I" is not normal-edge-transitive.

Finally, let I" be described as Line 4 of Table 2. Then X = PGL(2,7), Z::Z3 =2 G <
T = PSL(2,7) and Nx(GQ) & Z;:Z. Write I' = Cay(G, S) with S = {z, 27!, y,y '}
Then Aut(G, S) = Z,. Let u be the vertex corresponding to the identity of G. Then
Xy, = Dig and T, = Dg. By Lemma 4.2, I' is not T-edge-transitive, it follows
from Lemma 3.2 that T, has two orbits {z,z7'} and {y,y '} on S. Noting that
Nx(G) £ T, we have X,, = T,;:Aut(G,S). Then, since I is arc-transitive, there is
o € Aut(R, S) such that 27 = y or y~!. Thus I' is normal-edge-transitive.
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