CONGRUENCES FOR 9-REGULAR PARTITIONS MODULO 3

SU-PING CUI AND NANCY S. S. GU

ABSTRACT. In view of the modular equation of fifth order, we give a simple proof of
Keith’s conjecture which are some infinite families of congruences modulo 3 for the
9-regular partition function. Meanwhile, we derive some new congruences modulo 3
for the 9-regular partition function.

1. INTRODUCTION

A partition of a positive integer n is a nonincreasing sequence of positive integers
whose sum is n. If £ is a positive integer, then a partition is called an ¢-regular partition
if there is no part divisible by ¢. The generating function for the number of ¢-regular
partitions of n, denoted by b,(n), is given by

- n (@54
Z;WWM (9

Recently, arithmetic properties of /-regular partition functions have received a great
deal of attention (see, for example, [2,4-7,10,12,14-16, 18, 19]). Xia and Yao [1§]
obtained that for all integers n > 0 and k£ > 0,

26k+6 -1
by (26k+7n + T) =0 (mod 2).

Later, Keith [13] posed the following conjecture which was proved by Xia and Yao
in [19].
Theorem 1.1. [13] For k=0,2,3,4,a>1 and n > 0,

3k +2)5%271 —1
by (520‘71—1- Bk + >3 ) =0 (mod 3).

In this paper, applying the modular equation of fifth order, we give another proof
of Theorem 1.1. Furthermore, we derive the following congruences related to bg(n).

Theorem 1.2. For k=0,1,3,4,5,6, « > 1 andn > 0,

(Bk+ 1)737t —1
3

b (7%*n + )=0 (mod 3).
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Theorem 1.3. For prime p=—1 (mod 6), k=1,....,p—1, a>1andn >0,

k 200—1 1
by (2p20‘n + (6 +p)§ ) =0 (mod 3).

We follow the standard g-series notation [9].

(@;0)00 = [J(1 —ad*) and (41,02, .. am; @)oo = [ [(a5: @)y ol < 1.
k=0 j=1

Let f(a,b) be Ramanujan’s general theta function given by

f(a,b) := Z an(n;l)bn(n?fl), lab| < 1.

n=—oo

Jacobi’s triple product identity can be stated in Ramanujan’s notation as follows

f(a,b) = (—a,—b, ab; ab) .

Thus,
> n n(3n—1)
f=0) = f(=¢. =) = D> (-1)"¢ 7 = (¢ @)oo
The Legendre symbol is defined by
a 1, if a is a quadratic residue modulo p and @ Z0 (mod p),
<—> ;=< —1, if a is a quadratic non-residue modulo p,
p 0, ifa=0 (modp).

This paper is organized as follows. In Section 2, we prove Keith’s conjecture. In
Section 3, with the aid of the modular equation of seventh order, we obtain some
infinite families of congruences modulo 3 for bg(n). In Section 4, using a p-dissection
identity for f(—q), we get more congruences for bg(n).

2. Proor or KEITH’S CONJECTURE

Ramanujan [3, Theorem 7.4.1] discovered that

(@d% ) 5 (0% 0P)x (9D 2.1)
@) @) (@) |
Setting
_ 10 15, 25
— D and R (qS,qQO,q25)oo7
0.f(—¢*) (4% 4% ¢*) o
we rewrite (2.1) as
=¢'R—1—-qR™" (2.2)

Hirschhorn and Hunt [11] defined an operator, H, which acts on series of (positive
and negative) powers of a single variable, and simply picks out those terms in which
the power is congruent to 0 modulo 5. Based on (2.2), they [11] gave the following
lemmas.
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Lemma 2.1. [11] We have

H(n)=—1,H(n*) = —1,H(n*) =5, and H(n") = 5.
Let 6 5
g =)
@[ (=¢*)
Lemma 2.2. [1, Equation (10.3.1)] [11](the Modular Equation of Fifth Order)
S =1 + 5t + 155% + 250 + 251.
Proof of Theorem 1.1. Applying Lemma 2.1 and Lemma 2.2 yields

H(n%) = —125.

Since

> by(n)g" = f¥(—q) (mod 3)
n=0
==
we have

> bo(5n+3)¢" = ¢* f(—¢®)H(n®)  (mod 3)

n=0
= —125¢°f*(—¢”)
=" f*(=¢*) (mod 3)
which implies that
D by(5n+3)¢" = qf*(—¢°) (mod 3).
Then . .
D be(5(5n+1) +3)g" =) bo(25n +8)¢" = [5(—¢) (mod 3).

n=0 n=0
From (2.3) and (2.5) it follows that

by(25n + 8) = bg(n) (mod 3).
By induction on «, we derive that for all integers n > 0 and a > 0,
2c 5 —1 n 8
Zb 5% + 3 ¢" = f°(—q) (mod 3).

From (2.4) it follows that

Zbg (520‘(5n +3) + > a3_ 1) " =qf*(—¢°) (mod 3).

n=0

That is,
N 252t ]
3 by (5 T) ¢" = qf*(~¢°) (mod 3).

n=0

(2.4)

(2.5)

(2.6)
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Since there are no terms on the right of (2.6) in which the powers of ¢ are congruent
to 0,2, 3,4 modulo 5,

2.5204-&-1 -1

by <52°‘“(5n + k) + 3

) =0 (mod 3)

for k =0,2,3,4.
That is, for £ =0,2,3,4 and a > 0,

3k +2)5%+ 1
. (52a+2"+ S )

This proves Theorem 1.1. O

=0 (mod 3).

3. NEW CONGRUENCES FOR bg(n)

In order to prove Theorem 1.2, we need the following lemmas.
Lemma 3.1. /8, Lemma 3.14](the Modular Equation of Seventh Order)
T? = (763 + 3567 4+ 496)T + €7 + 765 + 2165 4 49¢* + 14763 + 3432 + 343¢,

where

~ f(=q) _ [H(=d)
§= qu(_q49) and T = q7f4(—q49)'
Lemma 3.2. [8, Lemma 3.12]
H(¢) = -1, H() =1, H(§) =T,

H(EY = —4T —7, H(£5) = 10T +49, H(£S) = 49,

where the operator H acts on a series of powers of q and picks out those terms in which
the power of q is congruent to 0 modulo 7.

Proof of Theorem 1.2. From Lemma 3.1 and Lemma 3.2, we get
H(£%) =207T% — 343 =277 +2 (mod 3).

Since
> “by(n)g" = f5(—q) (mod 3) (3.1)
- = ¢ f*(—q")¢

we have

> by(Tn+2)q" T = ¢"0f5(—¢*)H(¢®)  (mod 3)

n=0
1 1 LA
= ¢ f3(—¢") <2q 4—f8((—qq49>) + 2) (mod 3)
=2¢°f*(=q") + 24" f*(—¢")
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which implies that

D bo(Tn+2)¢" = 2f%(—q) + 2¢°f*(—¢") (mod 3). (3.2)
n=0
In view of (3.1) and (3.2), we deduce that

Zbg (Tn+2)+2)¢" —Zbg 49n + 16)q"

=2 (2f8(—Q) +2¢°f%(—=q")) + 2f%(—q) (mod 3)
= ¢’ f*(—¢") (mod 3). (3.3)

Then

i by (49(7n 4 2) 4+ 16) ¢" = i bo(343n + 114)¢" = f3(—q) (mod 3). (3.4)

From (3.1) and (3.4) it can be seen that
by(343n + 114) = bg(n) (mod 3).

By induction on «, we derive that for a > 0 and n > 0

0 3a
Z bg (730‘71 + 7
n=0

Invoking (3.3) and (3.5), we get

1) "= f%(—q) (mod 3). (3.5)

- 78 —1
> b (73“(4977, +16) + ; ) "= Ar3(—q") (mod 3).
n=0

That is,

3a+2 73a+2_1 n _ 2,8 7
Zb (7 . )q = f3(~¢) (mod 3). (3.6)

Since there are no terms on the right of (3.6) in which the powers of ¢ are congruent
to 0,1,3,4,5,6 modulo 7,
73a+2 _

1
by (73°‘+2(7n +k)+ T) =0 (mod 3)
for k= 0,1,3,4,5,6.

That is, for £ =0,1,3,4,5,6 and a > 0,

k 1 3a+2 1
by <73“+3n+ Bk )?7) ) =0 (mod 3).

This proves Theorem 1.2. O
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4. MORE CONGRUENCES FOR by(n)

By means of the following lemma given by the authors in [6], we derive some new
congruences for bg(n).

Lemma 4.1. [6, Theorem 2.2] For any prime p > 5, we have

. 3k2 4k 3p2+(6k+1)p 3p?—(6k+1)p £p-1 p2o1
D S e} O s e e B R G ()
Further, for —(p—1)/2<k<(p—1)/2 and k # (£p —1)/6,
32+k | pP—1

where

tp—1 ._{ re, p=1 (mod6),

6 21 p=-1 (mod 6).

Proof of Theorem 1.3. Xia and Yao [17, Lemma 3.5] provided that
(=) f(=¢" (=g f(=¢°) f(=¢*)

S )
bo(n)q" = +4q
D e o e iy ey ey

Then we find .

> by(2n)g" = f4(—q) = f(—q) f(—¢") (mod 3). (4.1)

n=0
Due to Lemma 4.1, we discuss congruence properties modulo p for the following form

3k + k L3 3m? +m
2 2
where —(p—1)/2 < k,m < (p—1)/2. Notice that when k = m = (—p — 1) /6, we have
3k% + k 3m>+m  p*—1
3- = :
> 2 6
If we have ) ) )
—1
3k —|—k+3'3m tm_p (mod p), (4.2)
2 2 6
then
(6k+1)>+3(6m+1)>=0 (mod p).

Since <_73> = —1 for p = —1 (mod 6), we have the only one solution £k = m =

(—p—1)/6 for (4.2). So there are no other k& and m such that (3k?+k%)/2+3-(3m?*+m)/2
and (p* — 1)/6 are in the same residue class modulo p. Therefore, we get

pe—1 p —1
g by | 2 ”:E by | 2 "
2 9< (pn—i— 6 >)q g(pn—l— 3 )q

n=0

p—1

= (()7) S () (mod 3)
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= f(=a") f(=¢™). (4.3)
Then
- 2 p2 —1 n 3
3 b, (2p nt T) = f(~)f(~¢®) (mod 3). (4.4
n=0
From (4.1) and (4.4) it follows that
p’-1
by (2p2n + ) = bg(2n) (mod 3).
By induction on «, it is easy to establish that for « > 0 and n > 0
- 2 p** -1 3
> (24 ) 0 = F o) (mod ) (45)
n=0

From (4.3) and (4.5) it can be seen that

N (2 (4 Z )+ ) = S ) (moa )

n=0

That is,
S (o ) ¢ = f) ) (mod ) (1)
n=0

Since there are no terms on the right of (4.6) in which the powers of ¢ are congruent
to1,...,p — 1 modulo p,

20+2 1

by (2p2a+1 (pn + k’) + pT

)EO (mod 3)
fork=1,....,p—1.
That is, for k=1,...,p—1 and o > 0,

2a+1 1
by <2p2a+2n + (G +p)§ > =0 (mod 3).

This proves Theorem 1.3. U

Acknowledgements: We wish to thank the referee for helpful suggestions. This work
was supported by the National Natural Science Foundation of China and the PCSIRT
Project of the Ministry of Education.

REFERENCES

[1] G.E. Andrews, The Theory of Partitions, Addison-Wesley, Reading, MA, 1976; reissued: Cam-
bridge University Press, Cambridge, 1998.

[2] G.E. Andrews, M.D. Hirschhorn, J.A. Sellers, Arithmetic properties of partitions with even parts
distinct, Ramanujan J. 23 (2010) 169-181.

[3] B.C. Berndt, Number Theory in the Spirit of Ramanujan, American Mathematical Society, Prov-
idence, 2004.

[4] N. Calkin, N. Drake, K. James, S. Law, P. Lee, D. Penniston, J. Radder, Divisibility properties
of the 5-regular and 13-regular partition functions, Integers 8 (2008) #A60.



8 S.-P. CUI AND N. S. S. GU

[5] S.C. Chen, On the number of partitions with distinct even parts, Discrete Math. 311 (2011)
940-943.
[6] S.-P. Cui, N.S.S. Gu, Arithmetic properties of ¢-regular partitions, Adv. in Appl. Math. 51 (2013)
507-523.
[7] D. Furcy, D. Penniston, Congruences for f-regular partition functions modulo 3, Ramanujan J.
27 (2012) 101-108.
[8] F.G. Garvan, A simple proof of Waston’s partition congruences for powers of 7, J. Austral. Math.
Soc. (Series A) 36 (1984) 316-334.
[9] G. Gasper, M. Rahman, Basic Hypergeometric Series, Second Ed., Cambridge University Press,
Cambridge, 2004.
[10] B. Gordon, K. Ono, Divisibility of certain partition functions by powers of primes, Ramanujan
J. 1(1997) 25-34.
[11] M.D. Hirschhorn, D.C. Hunt, A simple proof of the Ramanujan conjecture for powers of 5, J.
Reine Angew. Math. 326 (1981) 1-17.
[12] M.D. Hirschhorn, J.A. Sellers, Elementary proofs of parity results for 5-regular partitions, Bull.
Austral. Math. Soc. 81 (2010) 58-63.
[13] W.J. Keith, Congruences for 9-regular partitions modulo 3, arXiv:1306.0136 [math.CO].
[14] J. Lovejoy, The number of partitions into distinct parts modulo powers of 5, Bull. London Math.
Soc. 35 (2003) 41-46.
[15] K. Ono, D. Penniston, The 2-adic behavior of the number of partitions into distinct parts, J.
Combin. Theory Ser. A 92 (2000) 138-157.
[16] J.J. Webb, Arithmetic of the 13-regular partition function modulo 3, Ramanujan J. 25 (2011)
49-56.
[17] E.X.W. Xia, O.X.M. Yao, Some modular relations for the Gélnitz-Gordon functions by an even-
odd method, J. Math. Anal. Appl. 387 (2012) 126-138.
[18] EX.W. Xia, O.X.M. Yao, Parity results for 9-regular partitions, Ramanujan J. DOI
10.1007/s11139-013-9493-z.
[19] E.X.W. Xia, O.X.M. Yao, A proof of Keith’s conjecture for 9-regular partitions modulo 3. Int. J.
Number Theory 10 (2014) 669-674.

(S.-P. Cui) CENTER FOR COMBINATORICS, LPMC-TJKLC, NANKAI UNIVERSITY, TIANJIN
300071, P. R. CHINA

DEPARTMENT OF BASIC SUBJECTS TEACHING, CHANGCHUN ARCHITECTURE & CIviL ENGI-
NEERING COLLEGE, CHANGCHUN 130607, P. R. CHINA

E-mail address: jiayoucui@163.com

(N. S. S. Gu) CENTER FOR COMBINATORICS, LPMC-TJKLC, NANKAI UNIVERSITY, TIANJIN
300071, P. R. CHINA

E-mail address: gu@nankai.edu.cn



