CONGRUENCES FOR BROKEN 3-DIAMOND AND 7 DOTS
BRACELET PARTITIONS

SU-PING CUI AND NANCY S. S. GU

ABSTRACT. Andrews and Paule introduced broken k-diamond partitions by using
MacMahon’s partition analysis. Later, Fu found a generalization which he called k
dots bracelet partitions. In this paper, with the aid of Farkas and Kra’s partition
theorem and a p-dissection identity of f(—gq), we derive many congruences for broken
3-diamond partitions and 7 dots bracelet partitions.

1. INTRODUCTION

Andrews and Paule [1] studied broken k-diamond partitions by using MacMahon’s
partition analysis, and gave the generating function for A(n) which denotes the num-
ber of broken k-diamond partitions of n:

iAk(n)q" _ (—4: 9)

(45 Q)% (=1 241 o

They proved that for n > 0,
Ai(2n+1)=0 (mod 3). (1.1)

Later, Hirschhorn and Sellers [15] discussed congruences for A;(n) and Ay(n). Morten-
son [17] and Fu [11] supplied combinatorial proofs of (1.1). For more congruences for
As(n), the reader may wish to see [5,6,18,21]. Recently, Xiong [24] and Jameson [16]
proved four conjectures for Az(n) and As(n) posed by Paule and Radu [18]. Radu and
Sellers [19,22] obtained some parity results for Ag(n).

In the process of studying broken 1-diamond partitions, Fu [11] introduced a general-
ization which he called k£ dots bracelet partitions and found some general congruences.
The number of this kind of partitions of n is denoted by B(n), and the generating
function is given by

= (=% @)oo
E Br(n)g" = —— : , k> 3.
— (¢ )5 (=% 6"

Radu and Sellers [20, Theorem 1.4] found that for n > 0,
B5(10n +7) =0 (mod 5?),
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B7(14n +11) =0 (mod 7?), (1.2)

B11(22n +21) =0 (mod 11?).

Using the method in [7], the authors [8] deduced some congruences modulo 2 for B5(n)
and modulo p for B (n) with a given prime p.

The work in this paper is inspired by the following Farkas and Kra partition theorem:
O ((=¢; ) oo(—0"3 ")) = (0% 6P oo (=" 6" o (1.3)
where O denotes the odd part of the series. Warnaar [23] deduced the above result by

finding a generalized theorem. Later, Hirschhorn [13,14] proved (1.3) by using Jacobi’s
triple product identity [3, Theorem 1.3.3].

In view of an identity [2, Equation (36.8), p.69]
V() (@) = ¢ (q“(“z‘”2)> o (¢*)

p/2-1
m271/m m 271/2 —zm 271/2 vm —zarvm
+ Z q* f(q(u+2 ) (1 )7q(u 2m)(u )) f(q2 N )
m=1

gt A2y, (qQ”(”Q*”Q)) f(a™, ), (1.4)
where 1 is even, we deduce that (1.3) holds. Meanwhile, we derive that
p(a**)¥(¢%) + (") ()

E (=4 ¢)oo(—¢":4")o0) = , (1.5
(el = 2 ) )
where E denotes the even part of the series. An equivalent form of (1.5) is
2 7. 1 2y (7. 14 p(q**)(d) + °ola) ¥ ()
04 )00~ 5q oo +(4507)00(d750 oo = 2
(G050 oo (G 0)0l0347) 7 (™)
The authors [7, Theorem 2.2] studied that for any prime p > 5,
= g 3kitk 3p2+(6k+1)p 3p2 —(6k+1)p +p—1 p2—1 »?
fl=o = >, (=D = fl-¢ 2 —¢ 2 )+ (DT g f(=¢).
oot
(1.6)

Further, for —(p —1)/2 <k <(p—1)/2 and k # (£p — 1)/6,

32+k  p*—1
5 #F g (modp),

where

:I:p—l‘_{p%l, p=1 (mod 6),
= °

6 1 p=-1 (mod 6).

Setting p = 7 in (1.6), we get the 7-dissection identity of f(—g) which was stated
by Cao [4, Eq. (2.21)]:
f(=a", =) f(=¢") _ f(=¢"" =) f(=¢")

f(_Q> = f(—q7, _q42) —q f(—q14, _q35)
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_ q2f(—q49) T f(=4", —¢") f(=¢")
f(=* —¢*)
The objective of this paper is to find applications of (1.3), (1.5), and (1.6) to congru-

ences for partition functions. In section 2, we prove two congruence relations related
o (1.3) and (1.5). In section 3, we derive many new congruences for Az(n) and B7(n).

(1.7)

Here and in what follows, we have made use of the standard g-series notation [12]

(@:0)e = [[(1—ad®) and (a1, a2,... am; @) = [ [(05: D)or gl < 1.
k=0 j=1

Let f(a,b) be Ramanujan’s general theta function given by

fla,b) = Z an(n;l)bn(n;l), lab| < 1.

n=—oo

Jacobi’s triple product identity can be stated in Ramanujan’s notation as follows:

f(a,b) = (—a,—b,ab; ab)s

Thus,
w(q) == flq.q) = Zq 7)o (75 @)oo
0(@) =08 = 0" = (=4:0)o0(0* ¢ )oor
)= fa—) = Y (1" = (:0)=

The Legendre symbol is defined as follows:

a 1, if a is a quadratic residue modulo p and a # 0 (mod p),
<—> =< —1, if ais a quadratic non-residue modulo p,

P 0, ifa=0 (modp).

2. PRELIMINARIES

In order to obtain the main results, we first prove the following lemma.

Lemma 2.1. We have

O((q: ) (0 0)o0) = 0 (=) f(—q')  (mod 2), (2.1)
E((¢; ¢*)oold”: ¢) >E§Ej‘;§)+qﬁf <(‘_qq4§ (mod 2). (2.2)

Proof. Setting ;1 =4 and v = 3 in (1.4), we have
Y(@)U(a") = (@) (@®) + ¢ () f(a a") + a(@®)w(a™). (2.3)
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With the aid of
fla,b) = a2 D2 f(a(ab)", b(ab) ™),
it follows that
¢'fla™",q%) = f(d*,¢") = w(d*).
So we rewrite (2.3) as

L(@)0(qd") = q(@)(a) + (e(@®)9(d®) + ° (") v(e™)) -

Since
V(@V(@") = (=4 6)oo (0" 6 oo (=075 40 (675 ¢*°) o,
we have

2 )(g)

(@) (q®) + (g (¢) '

(=40 )oo(— ‘] q ) ( Nf(— 28)+ F=a"f(—¢*)

Therefore, we prove (1.3) and (1.5). It is obvious to get (2.1) from (1.3). Applying the

following facts

pl@)=1 (mod2) and <(q) = f(—q)* (mod 2)
o (1.5), we deduce (2.2).

3. MAIN RESULTS

3.1. Congruences for broken 3-diamond partitions.

Lemma 3.1. For a > 0 and n > 0, we have

n=0 3

Proof. We prove the lemma by induction on «. First,

5 o -

07470 (4 03
1
(¢ @)oo (475 4" )0
= (:¢)(q";¢")e  (mod 2).
In light of (2.1), it can be seen that

(mod 2)

D As(2n+1)¢" = f(—q)f(—q") (mod 2).

> (2 2R = o) moa2)

(3.1)

(3.2)

(3.3)

This is the case when a = 0. Suppose that the lemma holds for a. Then applying

(1.7) yields

_ — f(—q)f(~q") (mod 2)

Therefore, the congruence holds for a4+ 1. we complete the proof.

> 2.7 41 2.7+ 41
ZA3<2.7a(7n+2) —+> ZA3( 7a+1+T+
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Theorem 3.2. For a > 0 and n > 0, we have

20-7*4+1
Az (2 ST 4 HT—F) =0 (mod 2),

26 -7+ 1

Az (2 ST 4 “T—i_) =0 (mod 2),
|

As <2 ST 4 %) =0 (mod 2).

Proof. With the aid of (1.7), we find that there are no terms with powers of ¢ congruent
to 3,4,6 modulo 7 on the right-hand side of (3.1). This completes the proof. O

Note that setting @ = 0 in Theorem 3.2 yields Az(14n+7,9,13) =0 (mod 2) which
were proved by Radu and Sellers [19].

Lemma 3.3. For a > 0 and n > 0, we have

> (24 2D ¢ = paf(q) - mod )
n=0

Proof. We rewrite (3.3) as
D As(2n+1)¢" = (%1 ¢7)oo(€: 7)o (@7 "o (01 ¢ (mod 2).
n=0

Using (2.1) again, we show that

i As;(22n+1)+1)¢" = i As(4n+3)¢"

n=0

f(=9)*f(—=¢")* (mod 2)
f(=*) f(=¢") (mod 2). (3.4)

Then

D As(4(2n) +3)g" =Y As(8n+3)¢" = f(—q)f(—¢") (mod 2). (3.5)

n=0 n=0
So we deduce that
Asz(2n+1) = A3(8n+3) (mod 2). (3.6)

By induction on «, we deduce the lemma based on the above relation. 0

Theorem 3.4. For a > 0 and n > 0, we have

5.4a+1 1

As (14 4% + —+> =0 (mod 2),
26 -4%+1

Aj (14 4% + 6%) =0 (mod 2),
38-4*+1

Aj (14 4% + TjL) =0 (mod 2),
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4o+l 4]
A (2 49T 5%) =0 (mod 2).

Proof. Based on Lemma 3.3, the proof of the first three congruences is similar to that
of Theorem 3.2. From the proof of Lemma 3.3, we find that

= 2-4% 41
> A (2 4%(2n +1) + T) ¢" = f(=¢*)f(=¢") (mod 2).
n=0
Then
2. 4a+1 1
Az (4"‘“(2n +1)+ %) =0 (mod 2).

Invoking (1.6), we get more congruences for Ag(n).

Lemma 3.5. For a giwven prime p > 5, (%) =—1,a>0, and n > 0, we have

o L2«
> (2 + ZEEL) = S () (mod 2)

n=0

Proof. We prove the lemma by induction on «. It is obvious that (3.3) is the case
when a = 0. Suppose that the lemma holds for a. Then for a prime p > 5 and
—(p—1)/2<k,m<(p—1)/2, we solve

3?2+ k 3m>+m  p*—1

5 +7 5 =" (mod p),

namely,
6k +1)2+7(6m+1)>=0 (mod p).

Since (;7> =—1,weget k=m= ipgl. Therefore,
p

> 2 _ . m2a
ZAg <2.p2a (pn+p 1> _|_2 yY +1)qnzf(_qp)f(_q7p) (mod 2)7
n=0

3 3
(3.7)
o0 - p2 -1 2. p2a + 1 . .
DA (2™ (plon) + 75— ) + = ¢" = f(=q)f(=¢") (mod 2).
n=0
Therefore, the lemma holds for a + 1. O

Employing Lemma 3.5, we have the following theorem.

Theorem 3.6. For a given prime p > 5, (%7) =—1,a>1, and n > 0, we have

61 2 2a—1 1
A3(2-p2"n+<2+ p);? i )EO (mod 2),

wherei=1,2,...,p— 1.
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Proof. Applying (3.7) yields

, 21 2-p> 41
As (Z-pQO‘ (p(pn+z)+p 3 )+ p3 )EO (mod 2),
where 1 =1,2,...,p— 1. O
Lemma 3.7. For a > 0 and n > 0, we have
= o DTPHTY
> (8-72 n+ T) "= af(~q)f(—¢*) (mod2).  (38)
n=0

Proof. In view of (2.2) and (3.2), we get that

SN (G0 LY e L
;Aa(%)q = g Ty (med2) (3.9)
Then
iA (2@n+1))q" =) As(dn +2)
= q(¢:¢") o (0754 ) (q7'q7)4 (mod 2)
= (4:0")oo (0" 0" )os (@5 ") (¢ ¢'*)2,  (mod 2)
= (65 4")oo (475 0" )ox (q S0 )2, (3.10)

In light of (2.1), we show that
D As(4(2n) +2)¢" =) As(8n+2)q"
n=0 n=0

= q;‘(—Q)f(—q7)4 (mod 2)
= ¢f(=9)f(=¢**) (mod 2). (3.11)
Substituting (1.7) into (3.11) yields

ZA3 (Tn+3)+2)¢" = ZAg 56n +26)¢" = f(—¢)f(—¢") (mod 2).

n=0

Using (1.7) again, we have

D A3 (56(Tn+1) +26)¢" = > A3(392n + 82)¢" = qf (—q) f(—¢**) (mod 2).

n=0 n=0
So we derive that
A3(8n+2) = A3(392n 4+ 82) (mod 2).

By induction on «, we conclude the lemma based on the above relation. O

Theorem 3.8. For a > 0 and n > 0, we have
5.7 41

As (8 Sty 4 3

) =0 o),
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Ag (8 L7ty 101 72a i 1) =0 (mod 2),
A (8 7Pty 125 72a a 1) =0 (mod 2),
As <8 7Rt 4 9 72a+1 i 1) =0 (mod 2),
As <8 TRty 4 5 72a+1 * 1) =0 (mod 2),
As (8 TPt 4 151 72;+1 * 1) =0 (mod 2).

Proof. Since there are no terms with powers of ¢ congruent to 0,4,5 modulo 7 on
the right-hand side of (3.8), we obtain the first three congruences. Combing (1.7) and
(3.8), we show that

ZAg( e(+9)+ 2 ) ¢ = ) mod )

Using (1.7) again, we derive the other three congruences. 0

We point out that Radu and Sellers [22] deduced (3.3)-(3.6), (3.10), and (3.11) by
using modular forms.

3.2. Congruences for 7 dots bracelet partitions.

Lemma 3.9. For a > 0 and n > 0, we have

> (470 + #) = F-af(=d) (mod2).  (3.12)
n=0
Proof. First, we show that
3" Bi(n)g" = Zn]i?_q?’)i”)q = Zn?)(_;i;l)q (mod 2). (3.13)
=0 o0

Applying (2.1) and (3.3), we deduce that

- o As(2n +1)¢"
2‘37(2n+1)q”5 2n=o B3(2n + 1)g (mod 2)

f(=¢%)
_ f=af(=d)
T () (mod 2)
= (¢:0")(¢" 6" (0" ¢") s

Utilizing (2.1) again, we obtain that

Z B (22n+1)+1)¢" =Y Be(dn+3)¢" = f(—q)f(—¢"") (mod 2). (3.14)

n=0
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With the aid of (1.7), it follows that

2%7 (Tn+2)+3)¢" _2%7 28n 4+ 11)¢" = f(—¢*) f(—¢") (mod 2). (3.15)

n=0
Usmg (1.7) again, we get that

Z B (28(Tn+4) +11)¢" = Z B7(196n + 123)¢" = f(—q)f(—¢**) (mod 2).

Then
Br(4n + 3) = B7(196n + 123)  (mod 2).
By induction on «, we prove the lemma based on the above relation. O
Theorem 3.10. For a > 0 and n > 0, we have
29 - 7% 1
B, (4 L7+ —+) 0 (mod 2),
200 1
B, (4 Rt L 7 i ) =0 (mod2),
53 720‘ 1
B (4 72ty i ) =0 (mod 2),
11 - 72a+1 1
B (4 7Rty 4 a ) =0 (mod 2),
43 . 72a+1 1
B (4 7Rty 4 + ) =0 (mod 2),
51 - 72a+1 1
B (4 7Pt 4 %) =0 (mod 2).

Proof. According to (1.7), we show that there are no terms with powers of ¢ congruent
to 3,4, 6 modulo 7 on the right-hand side of (3.12). Therefore, we obtain the first three
congruences. From (1.7) and Lemma 3.9, it follows that

Sy (4710 42+ L) = ) (o 2)

In view of (1.7), we obtain the left congruences. O

Notice that

. 72a—1 . 72
B (14 <2 ST Nfg) + 11) =B, (4 SRty 4 WTH) .

Therefore, combining (1.2) and Theorem 3.10, we can obtain many infinite families of
congruences modulo 98 for B (n).

Lemma 3.11. For any prime p > 5, <_Tl4) =—1,a>0, and n > 0, we have

o0 20
> (4 + P ) o = ) (-0 (mod ),

2
n=0
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Proof. We prove the lemma by induction on «. Notice that (3.14) is the case when
a = 0. Suppose that the lemma holds for «. Then, for any prime p > 5 and —(p —
1)/2<k, m<(p—1)/2, we solve

3K+ k 3m? 5p° — 5
* +14- mwrm_op (mod p),
2 8
namely,
6k + 1) +14(6m +1)>=0 (mod p).

Since (_714> = —1, we have k =m = %. Therefore, using (1.6), we deduce that

> B (41920‘ <pn T 5> T 1) ¢" = f(=¢")f(=¢'") (mod 2),

n=0 8 2
(3.16)
00 N 5 2 5 5 20 + 1 .
2%7 (4])2 (p(pn) + P 3 > + 14 5 ) q" = f(—q)f(—qM) (mod 2)
n=0
So the lemma holds for o 4 1. -

With the aid of Lemma 3.11, we get the following congruences.

Theorem 3.12. For any prime p > 5, (‘TM> =—1,a>1, andn > 0, we have

; 2a—1 1
Br <4p2an + (8i + 5p)§ i ) =0 (mod 2),
[+ 21p)p2e! 41
B (28p2°‘n + (56i + I’;)p i ) =0 (mod 2),

where 1 =1,2,...,p— 1.

Proof. Based on (3.16), it follows that for i =1,2,...,p — 1,

5 2a42 1
By (41020“r1 (pn+1) + %) =0 (mod 2).
In addition, combining (1.7) and Lemma 3.11 yields
= o Sp* + 1\
S (e +2)+ T ) ¢ = P () (mod 2)
n=0
Then
= N 3p2 -3\  20p* +1Y\
> By <28p2 (pn + 3 > + ¢" = f(=¢*)f(=q") (mod 2).
n=0
Therefore, for i =1,2,...,p— 1,
) ' 21p2a+2 ‘l‘l
By | 28p~* " (pn + 1) + — ) = 0 (mod 2).
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Theorem 3.13. Forn > 0, we have

B;(28n + 8) = B7(28n + 12) = B7(28n +20) =0 (mod 2).

Proof. From (3.9) and (3.13), it follows that

oo 0o n 5 4
2 Brldn)a” = Zn}f—ggn)q = f(—fq(;);)(—q) - }CE:Z; (mod 2).
In view of (1.7), we show that
Br(4(Tn+1)) =0 (mod 2),
where 1 = 2, 3, 5. 0
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