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Abstract

Let G be a finite (not necessarily abelian) group and let p = p(G) be the smallest prime
number dividing |G|. We prove that d(G) ≤ |G|

p + 9p2 − 10p, where d(G) denotes the small
Davenport constant of G which is defined as the maximal integer ` such that there is a sequence
over G of length ` contains no nonempty one-product subsequence.
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1. Introduction

Let G be a finite group written multiplicatively. By a sequence S over G, we mean a finite sequence
of terms from G which is unordered and repetition of terms is allowed. We say that S is an one-
product sequence if its terms can be ordered so that their product equals 1, the identity element of
the group. An one-product sequence S is called a minimal one-product sequence if it cannot be
partitioned into two nonempty, one-product subsequences. The small Davenport constant d(G) is
the maximal integer t such that there is a sequence over G of length t which contains no nonempty
one-product subsequence. The large Davenport constant D(G) is the maximal length of all minimal
one-product sequences. A simple argument [3, Lemma 2.4] shows that

d(G) + 1 ≤ D(G) ≤ |G|. (1)
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with equality in the first bound when G is abelian, and equality in the second when G is cyclic. The
study of D(G)(= d(G)+1), for G abelian, is a classical and very difficult problem in Combinatorial
Number Theory. When G is non-abelian, there is more than one way to naturally extend the
definition of the Davenport constant. This was first done by Olson and White [8] who introduced
the small Davenport constant d(G) and gave the general upper bound d(G) ≤ 1

2 |G| (for G non-
cyclic) that was observed to be tight for non-cyclic groups having a cyclic, index 2 subgroup.
When G is a p-group, d(G) was studied in [1, Lemma 1.4] and [2]. The large Davenport constant
was introduced recently and studied in [3] and [4]. A most recent result of Grynkiewicz [4] states
that d(G) + 1 ≤ D(G) ≤ 2|G|

p . For an arbitrary finite non-abelian group G, let p = p(G) denote the
smallest prime divisor of |G|. In this paper we provide a better upper bound for the small Davenport
constant and our main result is as follows.

Theorem 1.1 Let G be a finite noncyclic group of order n and let p be the smallest prime divisor
of n. Then d(G) ≤ n

p + 9p2 − 10p.

If G has a cyclic subgroup H of order n
p , then H is a normal subgroup of G ([6, Theorem 1]).

Let h be a generator of H and let g ∈ G \ H. Then the sequence

S = g · g · . . . · g︸         ︷︷         ︸
p−1

· h · . . . · h︸    ︷︷    ︸
n
p−1

is an one-product free sequence of length |S | = n
p + p − 2. Therefore,

d(G) ≥
n
p
+ p − 2

for any groups G having a cyclic subgroup of order n
p .

We believe that the above mentioned lower bound is also an upper bound for the small Daven-
port constant.

Conjecture 1.2 Let G be a finite noncyclic group of order n, and let p be the smallest prime divisor
of n. Then d(G) ≤ n

p + p − 2.

2. Preliminaries

We use the notation and conventions described in detail in [3].

For real numbers a, b ∈ R, we set [a, b] = {x ∈ Z : a ≤ x ≤ b}. If A and B are sets, we define
the product-set as AB = {ab : a ∈ A, b ∈ B}.

Let G be a finite multiplicative group. If A ⊆ G is a nonempty subset, then denote by 〈A〉
the subgroup of G generated by A. Recall that by a sequence over a group G we mean a finite,
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unordered sequence where the repetition of elements is allowed. We view sequences over G as
elements of the free abelian monoid F (G) and we denote multiplication in F (G) by the bold
symbol · rather than by juxtaposition and use brackets for all exponentiation in F (G).

A sequence S ∈ F (G) can be written in the form S = g1 ·g2 · . . . ·g`, where |S | = ` is the length
of S . For g ∈ G, let

• vg(S ) = |{i ∈ [1, `] : gi = g}| denote the multiplicity of g in S ;

• h(S ) = max{vg(S ) : g ∈ G} denote the maximum multiplicity of a term of S ;

• supp(S ) = {g : vg(S ) > 0} denote the support of S .

A sequence T ∈ F (G) is called a subsequence of S and is denoted by T | S if vg(T ) ≤ vg(S ) for
all g ∈ G. Denote by T [−1] · S or S · T [−1] the subsequence of S obtained by removing the terms of
T from S .

If S 1, S 2 ∈ F (G), then S 1 · S 2 ∈ F (G) denotes the sequence satisfying that vg(S 1 · S 2) =
vg(S 1) + vg(S 2) for all g ∈ G. For convenience we write

g[k] = g · . . . · g︸    ︷︷    ︸
k

∈ F (G) and T [k] = T · . . . · T︸     ︷︷     ︸
k

∈ F (G),

for g ∈ G, T ∈ F (G) and k ∈ N0. Let T [−k] = (T [k])[−1]. If S 1 and S 2 are two subsequences of
S ∈ F (G), then let gcd(S 1, S 2) denote the largest subsequence T of S such that T | S 1 and T | S 2.

Suppose S = g1 · g2 · . . . · g` ∈ F (G), let

π(S ) = {gτ(1) . . . gτ(`) : τ a permutation of [1, `]} ⊆ G

denote the set of products of S . Let

Π(S ) = ∪1≤i≤` ∪T |S , |T |=i π(T )

denote the set of all subsequence products of S . The sequence S is called

• squarefree if vg(S ) ≤ 1 for all g ∈ G;

• one-product if 1 ∈ π(S );

• one-product free if 1 < Π(S );

• minimal one-product if 1 ∈ π(S ) and S cannot be factored into two nontrivial, one-product
subsequences.
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We call
D(G) = sup{ |S | : S ∈ F (G) is minimal one-product } ∈ N0 ∪ {∞}

the Large Davenport constant of G, and

d(G) = sup{ |S | : S ∈ F (G) is one-product free } ∈ N0 ∪ {∞}

the small Davenport constant of G.

Lemma 2.1 [7] Let G be a group and let S be an one-product free sequence over G of length k.
Then |Π(S )| ≥ 1

9k2.

Lemma 2.2 [8] Suppose A and B are finite subsets of a group and 1 ∈ A∩ B. If 1 = ab (a ∈ A, b ∈
B) has no solution except a = b = 1, then |AB| ≥ |A| + |B| − 1.

The proof of lemma 2.2 may be found in Kemperman [5] and Lemma 2.2 implies the following
lemma.

Lemma 2.3 Let G be a group and let S be an one-product free sequence over G. If S = S 1 · S 2 ·
. . . · S t, then |Π(S )| ≥

∑t
i=1(|Π(S i)|).

Lemma 2.4 Let S be an one-product free sequence over a group G. Then |Π(S )| ≥ |S |.

Let N be a subgroup of a finite group G. For any element a ∈ G, let a = aN. For any subset A
of G, let A = {a : a ∈ A}. Clearly |A| ≤ |A|, and the equality holds if and only if no two elements of
A are in the same left coset of N.

Lemma 2.5 Let N be a subgroup of a finite group G. Let A and B be two nonempty subsets of G
with 1 ∈ A ∩ B. If |B| ≥ 2, then |AB ∪ BA| ≥ min{p(G), |A| + 1}, where AB = {ab|a ∈ A, b ∈ B},
BA = {ba|a ∈ A, b ∈ B} and p(G) denotes the smallest prime divisor of |G|.

Proof. Assume to the contrary that

|AB ∪ BA| ≤ min{p(G), A + 1} − 1 = min{p(G) − 1, |A|}.

Then |AB ∪ BA| ≤ |A|. Since 1 ∈ B, we infer that A ⊆ AB ⊆ AB ∪ BA. Thus A = AB ∪ BA, so
BA ⊆ A. Since 1 ∈ A ∩ B, we conclude that |BA| ≥ |A|. Thus we have A = BA. Let b ∈ B \ N
and let a ∈ A such that a = 1. Since BA = A, we obtain that b = ba ∈ BA = A. Thus
we have b2 = bb ∈ BA = A. Continuing this way, we obtain that bi ∈ A for all nonnegative
integers i. Let ` be the smallest positive integer such b` ∈ N. Then by the minimality of `, we
get ` | ord(b). Since b < N, we have ` > 1. Hence ` ≥ p(G). Again, by the minimality of `, we
conclude that 1, b, · · · , b`−1 are distinct elements in A = AB ∪ BA. So, |AB ∪ BA| ≥ p(G), yielding
a contradiction. �
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Lemma 2.6 Let N be a subgroup of a finite group G, and let S be a sequence over G \ N. Then
|{1} ∪ Π(S )| ≥ min{p(G), |S | + 1}.

Proof. We proceed by induction on |S |. If |S | = 1 then |{1} ∪ Π(S )| = 2 = |S | + 1. Assume that the
lemma is true for |S | = k (k ≥ 1.) and we want to prove it is also true for |S | = k + 1. Take any term
b|S . Let T = S b−1. Then |T | = k and |{1} ∪Π(T )| ≥ min{p(G), |T |+ 1} by the inductive hypothesis.
Let

A = {1} ∪ Π(T )

and
B = {1, b}.

Then
AB ∪ BA ⊆ {1} ∪ Π(S ).

It follows from Lemma 2.5 that |{1}∪Π(S )| ≥ |AB∪BA| ≥ min{p(G), |A|+1} ≥ min{p(G), |T |+2} =
min{p(G), |S | + 1}. �

3. Proof of the Main Theorem

We are now ready to prove our main theorem.

Proof of Theorem 1.1.

Let S ∈ F (G) be a sequence of length n
p + c with c = 9p2 − 10p + 1. Then we need to show

that 1 ∈ Π(S ). Without loss of generality we may assume that 〈S 〉 = G. We prove by the way of
contradiction. Assume to the contrary that S is one-product free. Then

|Π(S )| ≤ n − 1.

Let t ∈ N0 be maximal such that S has a representation in the form S = S ′ · S 1 · S 2 · . . . · S t, where
S 1, . . . , S t are squarefree, one-product free subsequences of length |S ν| = 9p for all ν ∈ [1, t]. Let
d = | supp(S ′)|. Then

|S ′| + 9pt = |S | =
n
p
+ c.

By the maximality of t we get 0 ≤ d ≤ 9p − 1. Since S is one-product free, by Lemmas 2.1, 2.3,
and 2.4, we have

n − 1 ≥ |Π(S )| ≥ |Π(S ′)| +
∑t

i=1(|Π(S i)|)
≥ |S ′| + 9p2t = p( n

p + c − |S ′|) + |S ′|
= n − 1 + p(c − |S ′|) + |S ′| + 1.

It follows that
|S ′| ≥ c + 1 = 9p2 − 10p + 2. (2)
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Since d ≤ 9p − 1, we have
vg(S ′) ≥ p.

for some g ∈ G.

For each g ∈ G and each subsequence T of S , let T〈g〉 denote the subsequence of T consisting
of all terms in 〈g〉. We first prove a useful claim.

Claim 1: For each g ∈ G, let C | S 〈g〉 and D | S · S [−1]
〈g〉 with |D| = p− 1. Then |Π(C · D)| ≥ p|C|.

Let N = 〈g〉. Then Π(C) ⊆ N. By Lemma 2.4 we have |Π(C)| ≥ |C|. For any element a ∈ G,
let a = aN. For any subset A of G, let A = {a : a ∈ A}. By Lemma 2.6 we have |{1} ∪ Π(D)| ≥ p.
Thus we obtain that |Π(C · D)| ≥ p|C|. This proves our claim.

We next rewrite S ′ in a suitable form. Let T = S ′ and choose g1 ∈ supp(T ). If |T ·T [−1]
〈g1〉
| ≥ p−1,

then S ′ has a representation
S ′ = D1 · T1 · T ′,

where T1 = T〈g1〉 and D1|T · T [−1]
〈g1〉

with |D1| = p− 1. Let T = T ′ and repeat the above process on T .
Thus S ′ = D1 · T1 · D2 · T2 · T ′′. Continuing this way, we obtain that S ′ has a representation

S ′ = D1 · T1 · D2 · T2 · . . . · Dλ · Tλ · T,

where λ = 0, or λ ∈ [1, d − 1] and Ti|S ′〈gi〉
,Di|S ′ · S ′[−1]

〈gi〉
with |Di| = p − 1, vgi(T ) = 0 for each

i ∈ [1, λ], and |T · T [−1]
〈g〉 | ≤ p − 2 for every g ∈ supp(T ).

We now have the following two cases:

Case 1. |T〈g〉| ≤ p − 1 for every g ∈ supp(T ). We note that |T | ≤ min{(p − 1)(d − λ), 2p − 3}.
Since |S ′| ≥ 9p2 − 10p + 2 > 2p − 3, we have λ ≥ 1. Therefore

|T | ≤ (p − 1)(d − λ) ≤ (p − 1)(9p − 2).

Note that n
p
+ c = |S | = 9pt + (p − 1)λ + |T1| + · · · + |Tλ| + |T |.

By Lemmas 2.3, 2.4 and Claim 1, we conclude

n − 1 ≥ |Π(S )| ≥ |Π(S ′)| +
∑t

i=1(|Π(S i)|)
≥ |Π(T )| +

∑λ
i=1 |Π(Di · Ti)| +

∑t
i=1(|Π(S i)|)

≥ |T | + p(|T1| + · · · + |Tλ|) + 9p2t
= |T | + p( n

p + c − 9pt − (p − 1)λ − |T |) + 9p2t
= n + p(c − (p − 1)λ − |T |) + |T | (Since 0 ≤ |T | ≤ (p − 1)(9p − 2))
≥ n + p(c − (p − 1)d) > n − 1,

yielding a contradiction.

Case 2. There exists some element gλ+1 ∈ supp(T ) such that |T〈gλ+1〉| ≥ p.
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If T1 · . . . · Tλ · T contains at least p − 1 terms not in 〈gλ+1〉, then S ′ has a representation

S ′ = D1 · T ′1 · . . . · Dλ · T ′λ · Dλ+1 · Tλ+1

such that T ′i | Ti for every i ∈ [1, λ], Tλ+1 = T〈gλ+1〉 and Dλ+1 is a sequence over G \ 〈gλ+1〉 of length
p − 1. As in Case 1, we get

n − 1 ≥ |Π(S )| ≥ |Π(Dλ+1 · Tλ+1) + |
∑λ

i=1 |Π(Di · T ′i )| +
∑t

i=1(|Π(S i)|)
≥ p(|T ′1| + · · · + |T

′
λ| + |Tλ+1|) + 9p2t

= p( n
p + c − 9pt − (p − 1)(λ + 1)) + 9p2t

≥ n + p(c − (p − 1)d) > n − 1,

yielding a contradiction. Therefore, we may assume that T1 · . . . · Tλ · T contains at most p − 2
terms not in 〈gλ+1〉. It follows that

|S ′〈gλ+1〉
| ≥ |S ′| − (p − 2) − (|D1| + · · · + |Dλ|) ≥ |S ′| − (p − 2) − (9p − 2)(p − 1).

If S ′ contains at least p − 1 terms not in 〈gλ+1〉, then S ′ has a representation S ′ = Dλ+1 · T〈gλ+1〉 · T ′

such that Dλ+1 is a sequence over G \ 〈gλ+1〉 of length p− 1 and |T ′| ≤ (9p− 3)(p− 1)+ p− 2. Now
as in Case 1, we can derive a contradiction.

Next we may assume that S ′ contains at most p − 2 terms not in 〈gλ+1〉. Let g = gλ+1. Then S ′

has a representation
S ′ = D · S ′〈g〉

with |D| ≤ p−2.Note that 〈S 〉 = G is noncyclic. Thus we infer that 〈g〉 , G. Since S is one-product
free, S 〈g〉 is one-product free, so we have |S 〈g〉| ≤ |〈g〉| − 1 ≤ n

p − 1 and thus |S | − |S 〈g〉| ≥ c > p.
Therefore, S contains at least p− 1 terms not in 〈g〉. By renumbering if necessary, we may assume
that S has a representation

S = S 1 · . . . · S t′ · D′ · S ′〈g〉 · W

with t′ ∈ [max{0, t − p + 1 + |D|}, t], D | D′, (D′ is a sequence over G \ 〈g〉 of length p − 1) and
|W | ≤ (9p − 1)(t − t′) ≤ (9p − 1)(p − 1 − |D|) ≤ (9p − 1)(p − 1). Again as in Case 1, we can derive
a contradiction.

In both cases we have found contradictions. Thus we must have 1 ∈ Π(S ) and this completes
the proof.
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