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1 Introduction

All graphs in this paper are undirected, finite and simple. We refer to the book
2] for notation and terminology not described here. A path u = uy,ug,...,uy =v
is called a P, , path. Denote by w;Pu; the subpath w;, u;y1,...,u; for i < j.
The length ¢(P) of a path P is the number of edges in P. The distance be-
tween two vertices x and y in G, denoted by dg(x,y), is the length of a short-
est path between them. The eccentricity of a vertex x in G is eccg(z) =
mazyey(c)d(z,y). The radius and diameter of G are rad(G) = mingcy ¢yecc(x)
and diam(G) = mazzeyvgyecc(x), respectively. A vertex u is a center of a
graph G if ecc(u) = rad(G). The oriented diameter of a bridgeless graph G
is min{ diam(H) | H is an orientation of G}, and the oriented radius of a
bridgeless graph G is min{ rad(H) | H is an orientation of G}. For any graph
G with edge-connectivity A(G) = 0,1, G has oriented radius (resp. diameter) oo.

In 1939, Robbins solved the One-Way Street Problem and proved that a graph
G admits a strongly connected orientation if and only if G is bridgeless, that is,
G does not have any cut-edge. Naturally, one hopes that the oriented diameter of
a bridgeless graph is as small as possible. Bondy and Murty suggested to study
the quantitative variations on Robbins’ theorem. In particular, they conjectured
that there exists a function f such that every bridgeless graph with diameter d

admits an orientation of diameter at most f(d).

In 1978, Chvatal and Thomassen [5] obtained some general bounds.

Theorem 1 (Chvéatal and Thomassen 1978 [5]) For every bridgeless graph

G, there exists an orientation H of G such that
rad(H) < rad(G)* + rad(G),

diam(H) < 2rad(G)* + 2rad(G).

Moreover, the above bounds are optimal.

There exists a minor error when they constructed the graph G4 which arrives
at the upper bound when d is odd. Kwok, Liu and West gave a slight correction
in [11].

They also showed that determining whether an arbitrary graph can be oriented

so that its diameter is at most 2 is NP-complete. Bounds for the oriented diameter



of graphs have also been studied in terms of other parameters, for example, radius,
dominating number [5, 6, 11, 18], etc. Some classes of graphs have also been
studied in [6, 7, 8, 9, 14].

Let n(G) be the smallest integer such that every edge of G belongs to a cycle
of length at most 7(G). In this paper, we show the following result.

Theorem 2 For every bridgeless graph G, there exists an orientation H of G
such that
rad(G)
rad(H) < Y min{2i,9(G) — 1} < rad(G)(n(G) — 1),
i=1
rad(G)
diam(H) <2 Y min{2i,n(G) — 1} < 2rad(G)(n(G) — 1).
i=1

Note that SrU9 min{2i,n(G) — 1} < rad(G)? + rad(G) and diam(H) <

i=1
2rad(H). So our result implies Chvatal and Thomassen’s Theorem 1.

A path in an edge-colored graph GG, where adjacent edges may have the same
color, is called rainbow if no two edges of the path are colored the same. An edge-
coloring of a graph G is a rainbow edge-coloring if every two distinct vertices of
the graph G are connected by a rainbow path. The rainbow connection number rc(G)
of GG is the minimum integer k for which there exists a rainbow k-edge-coloring
of G. It is easy to see that diam(G) < re¢(G) for any connected graph G. The
rainbow connection number was introduced by Chartrand et al. in [4]. It is of
great use in transferring information of high security in multicomputer networks.
We refer the readers to [3] for details.

Chakraborty et al. [3] investigated the hardness and algorithms for the rain-
bow connection number, and showed that given a graph G, deciding if r¢(G) = 2
is N P-complete. Bounds for the rainbow connection number of a graph have also
been studies in terms of other graph parameters, for example, radius, dominating
number, minimum degree, connectivity, etc. [1, 4, 10]. Cayley graphs and line

graphs were studied in [12] and [13], respectively.
A subgraph H of a graph G is called isometric if the distance between any

two distinct vertices in H is the same as their distance in GG. The size of a largest
isometric cycle in G is denoted by ((G). Clearly, every isometric cycle is an
induced cycle and thus ((G) is not larger than the chordality, where chordality

is the length of a largest induced cycle in G. In [1], Basavaraju, Chandran,
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Rajendraprasad and Ramaswamy got the the following sharp upper bound for

the rainbow connection number of a bridgeless graph G in terms of rad(G) and

(@)

Theorem 3 (Basavaraju et al. [1]) For every bridgeless graph G,

rad(G)
re(G) < Z min{2i + 1, {(G)} < rad(G)((G).

i=1
In this paper, we show the following result.

Theorem 4 For every bridgeless graph G,

rad(G)
re(G) < ) min{2i + 1,9(G)} < rad(G)n(G).

i=1

From Lemma 2 of Section 2, we will see that n(G) < ((G). Thus our result

implies Theorem 3.

This paper is organized as follows: in Section 2, we introduce some new
definitions and show several lemmas. In Section 3, we prove Theorem 2 and
study upper bounds for the oriented radius (resp. diameter) of plane graphs,
edge-transitive graphs and general (bipartite) graphs. In Section 4, we prove
Theorem 4 and study upper for the rainbow connection number of plane graphs,

edge-transitive graphs and general (bipartite) graphs.

2 Preliminaries

In this section, we introduce some definitions and show several lemmas.

Definition 1 For any x € V(G) and k > 0, the k-step open neighborhood
is {y|d(xz,y) = k} and denoted by Ni(x), the k-step closed neighborhood is
{y|d(z,y) <k} and denoted by Ni[z]. If k = 1, we simply write N(z) and N|x]
for Ni(z) and N;|x], respectively.

Definition 2 Let G be a graph and H be a subset of V(G) (or a subgraph of
G). The edges between H and G \ H are called legs of H. An H-ear is a path
P = (up,uy,...,ux) in G such that V(H)NV(P) = {ug,ur}. The vertices ug, uy
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are called the feet of P in H and uguy, ug_1u; are called the legs of P. The
length of an H-ear is the length of the corresponding path. If uy = wg, then P
is called a closed H-ear. For any leg e of H, denote by ¢(e) the smallest number
such that there exists an H-ear of length ¢(e) containing e, and such an H-ear is

called an optimal (H,e)-ear.

Note that for any optimal (H,e)-ear P and every pair (x,y) # (ug,ux) of
distinct vertices of P, x and y are adjacent on P if and only if z and y are

adjacent in G.

Definition 3 For any two paths P and @), the joint of P and () are the common
vertex and edge of P and (). Paths P and () have k continuous common segments

if the common vertex and edge are k disjoint paths.
A common segment is trivial if it has only one vertex.

Definition 4 Let P and ) be two paths in G. Call P and @) independent if

they has no common internal vertex.

Lemma 1 Let n > 1 be an integer, and let G be a graph, H be a subgraph of
G and e; = u;v; be a leg of H and P; = P, be an optimal (G, e;)-ear, where
1 <@ < n and u;, w; are the foot of P;. Then for any leg e; = w;jv; such that
e; # e ande; € E(P,), wherei € {1,2,...,n}, there exists an optimal (H, e;)-ear
P; = Py,w,; such that either P; and P; are independent for any P;, 1 <i < n, or

P, and P; have only one continuous common segment containing w; for some P;.

Proof.  Let P; be an optimal (H,e;)-ear. If P, and P; are independent for
any %, then we are done. Suppose that P; and P; have m continuous common
segments for some i, where m > 1. When m > 2, we first construct an optimal
(H,ej)-ear P} such that P, and P; has only one continuous common segment.
Let P, P,,, ..., P, bethe m continuous common segments of P; and P; and they
appear in P; in that order. See Figure 1 for details. Furthermore, suppose that
and y;, are the two ends of the path P, and they appear in F; successively.

I‘ik

We say that the following claim holds.
Claim 1: Uy Pixpi1) = Ly Pjzgir) for any 1 <k <m —1.

If not, that is, there exists an integer k such that ¢(ygPixir1) 7 U(ypPjTr+1)-
Without loss of generality, we assume £(yyPixg+1) < €(ygpPjxr+1). Then we shall
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Figure 1. Two H-ears P; and P;.

get a more shorter path H-ear containing e; by replacing yy, Pjxi1 with v Pixg1,

a contradiction. Thus ¢(yxPxyi1) = {(yxPjris1) for any k.
Let P} be the path obtained from P; by replacing yy Pjzg41 with yrPizgi1,

and let P; = P7. If the continuous common segment of F; and P; does not
contain w;. Suppose x and y are the two ends of the common segment such that
x and y appeared on P starting from u; to w; successively. Similar to Claim 1,
U(yPw;) = ((yPyw;). Let P’ be the path obtained from P; by replacing yPjw;
with y Pyw;. Clearly, P; is our desired optimal (H,u;v;)-ear. |

Lemma 2 For every bridgeless graph G, n(G) < ((G).

Proof.  Suppose that there exists an edge e such that the length ¢(C) of the
smallest cycle C' containing e is larger than ((G). Then, C' is not an isometric
cycle since the length of a largest isometric cycle is ((G). Thus there exist two
vertices u and v on C' such that dg(u,v) < de(u,v). Let P be a shortest path
between u and v in G. Then a closed trial C’ containing e is obtained from the
segment of C' containing e between u and v by adding P. Clearly, the length ¢(C")
is less than £(C'). We can get a cycle C” containing e from C’. Thus there exists

a cycle C” containing e with length less than ¢(C'), a contradiction. Therefore

n(G) < ¢(G). N

Lemma 3 Let G be a bridgeless graph and u be a center of G. For any i <
rad(G) — 1 and every leg e of N;(u), there exists an optimal (N;[u],e)-ear with
length at most min{2(rad(G) — i) + 1,n(G)}.



Proof. Let P be an optimal (N;[u], e)-ear. Since e belongs to a cycle with length
at most n(G), {(P) < n(G). On the other hand, if {(P) > 2(rad(G) — i) + 1,
then the middle vertex of P has distance at least rad(G) — i + 1 from N;[ul, a

contradiction. ]

3 Oriented diameter

At first, we have the following observation.

Observation 1 Let G be a bridgeless graph and H be a bridgeless spanning sub-
graph of G. Then the oriented radius (resp. diameter) of G is not larger than the

oriented radius (resp. diameter) of H.

Proof of Theorem 2: We only need to show that G has an orientation H such
that rad(H) < 32749 min{2i,7(G) — 1} < rad(G)(n(G) —1). Let u be a center
of G and let Hy be the trivial graph with vertex set {u}. We assert that there
exists a subgraph G; of G such that N;[u] C V(G;) and G; has an orientation H;
satisfying that rad(H;) < eccy,(u) < ¥'_; min{2(rad(G) — j),n(G) — 1}.

Basic step: When ¢ = 1, we omit the proof since the proof of this step is

similar to that of the following induction step.

Induction step: Assume that the above assertion holds for i —1. Next we show
that the above assertion also holds for i. For any v € N;(u), either v € V(H;_1)
or v € Ng(V(H;-1)) since N;_q[u] € V(H;—1). If Nj(u) C V(H;—1), then let
H; = H; 1 and we are done. Thus, we suppose N;(u) Z V(H,;_1) in the following.

Let X = N;(u) \ V(H;_1). Pick z; € X, let y; be a neighbor of z; in H; 4
and let P, = P,,,, be an optimal (H;_q,z1y;)-ear. We orient P such that P
is a directed path. Pick zo € X satisfying that all incident edges of z, are
not oriented. Let ys be a neighbor of x5 in H; ;. If there exists an optimal
(H;_1,x2y2)-ear P, such that P, and P, are independent, then we can orient P,
such that P; is a directed path. Otherwise, by Lemma 1 there exists an optimal
(Hi_1,x2ys)-ear Py = P,,,, such that P, and P has only one continuous common
segment containing z,. Clearly, we can orient the edges in E(P)\ E(P;) such that
P; is a directed path. We can pick the vertices of X and oriented optimal H-ears
similar to the above method until that for any z € X, at least two incident edges

of x are oriented. Let H; be the graph obtained from H; | by adding vertices in



V(G)\ V(H;_1), which has at least two new oriented incident edges, and adding
the new oriented edges. Clearly, N;[u] C V(H;) = V(G;).

Now we show that rad(H;) < ¥)_; min{2(rad(G) —1i),n(G) —1}. It suffices to
show that for every vertex x of H;, dg,(H;—1,x) < min{2(rad(G) —i),n(G) — 1}
and dy,(x,H;—1) < min{2(rad(G) —i),n(G) — 1}. If « € V(H;_1), then the
assertion holds by inductive hypothesis. If x ¢ V(H;—1). Let P be a di-
rected optimal (H;,e)-ear containing z, where e is some leg of H; ; (such a
leg and such an ear exists by the definition of H;. By Lemma 3, ((P) <
min{2(rad(G) — i) + 1,n(G)}. Thus, dy,(x, H;—1) < min{2(rad(G) —i),n(G) —
1} and dpy,(Hi—1,z) < min{2(rad(G) — i),n(G) — 1}. Therefore, rad(H;) <
¥ min{2(rad(G) — j),n(G) — 1}. |

Remark 1 The above theorem is optimal since it implies Chvdtal and Thomassen’s

optimal Theorem 1. Readers can see [5, 11] for optimal examples.
The following example shows that our result is better than that of Theorem 1.

Example 1 Let F3 be a triangle with one of its vertices designated as a root.
In order to construct F;., take two copies of F,._;. Let H, be the graph obtained
from the triangle ug, uq, us by identifying the root of first (resp. second) copy of
F,_1 with u; (resp. us), and ug be the root of F,.. Let G, be the graph obtained
by taking two copies of F,. and identifying their roots. See Figure 2 for details. It
is easy to check that GG, has radius r and every edge belongs to a cycle of length
n(G) = 3. By Theorem 1, G, has an orientation H, such that rad(H,) < r?+r
and diam(H,) < 2r* 4+ 2r. But, by Theorem 2, G, has an orientation H, such
that rad(G) < 2r and diam(G) < 4r. On the other hand, it is easy to check that

all the strong orientations of G, has radius 2r and diameter 4r.
We have the following result for plane graphs.

Theorem 5 Let G be a plane graph. If the length of the boundary of every face
is at most k, then G has an oriented H such that rad(H) < rad(G)(k — 1) and
diam(H) < 2rad(G)(k —1).

Since every edge of a maximal plane (resp. outerplane) graph belongs to a cycle

with length 3, the following corollary holds.



Figure 2. The graph GG3 which has oriented

radius 6 and oriented diameter 12.

Corollary 1 Let G be a mazimal plane (resp. outerplane) graph. Then there ex-
ists an orientation H of G such that rad(H) < 2rad(G) and rad(H) < 4rad(G).

A graph G is edge-transitive if for any e;,es € E(G), there exists an auto-
morphism g such that g(e;) = e;. We have the following result for edge-transitive

graphs.

Theorem 6 Let G be a bridgeless edge-transitive graph. Then G has an orienta-
tion H such that rad(H) < rad(G)(g(G)—1) and diam(H) < 2rad(G)(g(G)—1),
where g(QG) is the girth of G, that is, the length of a smallest induced cycle.

For general bipartite graphs, the following theorem holds.

Theorem 7 Let G = (ViUV,, E) be a bipartite graph with |Vi| = n and |Va| = m.
If d(z) > k > [m/2] for any x € Vi, d(y) > r > [n/2] for any y € Vs, then there
exists an orientation H of G such that rad(H) < 9.

Proof. 1t suffices to show that rad(G) < 3 and 1n(G) < 4 by Theorem 2.
First, we show that rad(G) < 3. Fix a vertex x in G, and let y be any

vertex different from x in G. If x and y belong to the same part, without loss
of generality, say z,y € V;. Let X and Y be neighborhoods of x and y in V5,
respectively. If XNY = 0, then |V3| > |X|+|Y| > 2k > m, a contradiction. Thus
X NY #(, that is, there exists a path between z and y of length two. If  and y
belong to different parts, without loss of generality, say x € V;,y € V5. Suppose
x and y are nonadjacent, otherwise there is nothing to prove. Let X and Y be
the neighborhoods of z and y in GG, and let X’ be the set of neighbors of X except
forcin G.If X'NY =0, then [Vi| > 1+ Y|+ |X'|>1+r+(r—1)=2r>n,
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a contradiction (Note that |X'| > r —1). Thus X’ NY # (), that is, there exists
a path between x and y of length three in G.

Next we show that n(G) < 4. Let zy be any edge in G. Let X be the set of
neighbors of x except for y in GG, let Y be the set of neighbors of y except for =
in G, let X’ be the set of neighbors of X except for z in G. If X’ NY = (), then
Vil >1+|Y |+ |X'|>1+(r—1)+ (r—1) =2r —1 > n, a contradiction (Note
that |X'| > r —1). Thus X' NY =# (), that is, there exists a cycle containing zy
of length four in G. 1

Remark 2 The degree condition is optimal. Let m,n be two even numbers with
n,m > 2. Since Kyampe U Kyjam/2 is disconnected, the oriented radius (resp.

diameter) of Kpjomso U Kpjom/a is 00.
For equal bipartition k-regular graph, the following corollary holds.

Corollary 2 Let G = (ViUVa, E) be a k-regular bipartite graph with |Vy| = |V3| =
n. If k > n/2, then there exists an orientation H of G such that rad(H) < 9.

The following theorem holds for general graphs.

Theorem 8 Let G be a graph of order n.

(i) If there exists an integer k > 2 such that |Ny(u)| > n/2—1 for every vertex
win G, then G has an orientation H such thatrad(H) < 4k* and diam(H) < 8k*.

(i7) If 6(G) > n/2, then G has an orientation H such that rad(H) < 4 and
diam(H) < 8.

Proof.  Since methods of the proofs of (i) and (i¢) are similar, we only prove (7).
For (i), it suffices to show that rad(G) < 2k and n(G) < 2k + 1 by Theorem 2.

We first show rad(G) < 2k. Fix u in G, for every v € V(G), if v € Ni[ul,
then d(u,v) < k. Suppose v € Ni[u], we have Ni(u) N Ni(v) # 0. If not, that
is, Ni(u) N Ni(v) = 0, then |Ng(u)| + |[Ng(v)| +2 > n (a contradiction). Thus
d(u,v) < 2k.

Next we show n(G) < 2k + 1. Let e = uv be any edge in G. If Ng(u) N
Ni(v) = 0, then |V(G)| > |Nk(u)| + |Ng(v)] + 2 > n, a contradiction. Thus
Ni(u) N Ni(v) # 0. Pick w € Ng(u) N Ni(v), and let P (resp. Q) be a path
between u and w (resp. between v and w). Then e belongs a close trial uPwQuu
of length 2k + 1. Therefore, e belongs a cycle of length at most 2k + 1. 1
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Remark 3 The above condition is almost optimal since K, U Ky is discon-

nected for even n.

Corollary 3 Let G be a graph with minimum degree §(G) and girth g(G). If
there exists an integer k such that k < g(G)/2 and §(G)(6(G) — 1)1 >n/2 -1,
then G has an orientation H such that rad(H) < 4k>.

Proof. Let k be an integer such that k < g(G)/2 and §(G)(6(G)—1)F1 > n/2—1.
For any vertex u of G, let 1 < i < k be any integer and =,y € N;(u). If x and
y have a common neighbor z in N;1(u), then G has a cycle of length at most
2i < 2k < ¢g(G)/2, a contradiction. Thus z and y has no common neighbor in
Nii1(u). Therefore, |Ni(u)| > 6(G)(6(G) — 1)¥! > n/2 — 1. By Theorem 2, G
has an orientation H such that rad(H) < 4k?. ]

4 Upper bound for rainbow connection number

At first, we have the following observation.

Observation 2 Let G be a graph and H be a spanning subgraph of G. Then
re(G) <rc(H).

Proof of Theorem 4: Let u be a center of G and let Hy be the trivial graph
with vertex set {u}. We assert that there exists a subgraph H; of G such that
Ni[u] C V(H;) and re(H;) < Y- min{2(rad(G) — j) + 1,7(G)}.

Basic step: When ¢ = 1, we omit the proof since the proof of this step is

similar to that of the following induction step.

Induction step: Assume that the above assertion holds for ¢ — 1 and c is
a rc(H;_1)-rainbow coloring of H; ;. Next we show that the above assertion
holds for i. For any v € N;(u), either v € V(H;_1) or v € Ng(V(H;—1) since
N; q[u] € V(H;—1). If Nj(u) € V(H;_1), then let H; = H; 1 and we are done.
Thus, we suppose N;(u) € V(H;_1) in the following.

Let C; = {ay, 9, -} and Cy = {f, 2, -+ } be two pools of colors, none
of which are used to color H;_;, and there exists no common color in C; and
(5. An edge-coloring of an H-ear P = (ug, uy, -+ ,ux) is a symmetrical coloring
if its edges are colored by oy, o, -+, a2y, Brse), -+ 5 B2, f1 in that order or
Brs By 5 Blkj2), Ofrja) - -+ 2, oy in that order.
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Let X = N;(u)\V(H;_1) and m = min{2(rad(G)—1i)+1,n(G)}. Pick z; € X,
Let y; be a neighbor of z; in H;_; and P; be an optimal (H;_1, x1y;)-ear. We can
color P symmetrically with colors oy, g, , apypy/21, Blapy/2)s - - - B2, B Pick
ro € X satisfying that all the incident edges of x are not colored. Let gy, be
a neighbor of xy in H; ;. If there exists an optimal (H; 1,xsys)-ear Py such
that P, and P, are independent, then we can color P, symmetrically with colors
a1, Q, 0 L Ry /2], Blees)/2)s - - - » B2, Bi. Otherwise, by Lemma 1, there exists an
optimal (H;_1, x2ys)-ear P, = P,,,, such that P, and P, have only one continuous
common segment containing zs, where 25 is the other foot of P,. Thus we can
color P, symmetrically with colors oy, ag, -+, apepy) 21, Blar) 2, - - - B2, B1 by
preserving the coloring of P;. We can pick the vertices of X and color optimal
H;-ears until that for any x € X, at least two incident edges of = are colored.
Since for any leg e of H; 1, {(e) < m by Lemma 3, we use at most m coloring in

the above coloring process.

Let H; be the graph obtained from H; ; by adding all the vertices in V(G) \
V' (H;_1), which have at least two new colored incident edges, and adding the new
colored edges. Clearly, N;[u] C V(H;). It is suffices to show that H; is rainbow
connected. Let x and y be two distinct vertices in H;. If z,y € V(H;_1), then
there exists a rainbow path between x and y by inductive hypothesis. If exactly
one of z and y belongs to V(H;_1), say x. Let P be a symmetrical colored H;_ ;-
ear containing y, and 3’ be a foot of P. There exists a rainbow path () between x
and ¢ in H;_; by inductive hypothesis. Thus, xQy’ Py is a rainbow path between
x and y in H;.

Suppose none of x and y belongs to H; ;. Let P and ) be symmetrical
colored H;_j-ear containing x and ¥, respectively. Furthermore, let 2/, 2” be the
feet of P and 3/, 3" be the feet of Q. Without loss of generality, assume that P
is colored from 2’ to 2" by ay, ag, -+, apy/21; Blep) 2y - - - B2, 51 in that order,
and @ is colored from 3’ to " by oy, as, -+, a0y 21: Ble) 2y - - - » B2, i in that
order. If (2’ Pz) < {(y'Qy), let R be a rainbow path between 2’ and y” in H;_;.
Then z Pz’ Ry"Qy is a rainbow path between = and y in H;. Otherwise, {(2'Px) >
(y'Qy). Let R be a rainbow path between 3 and z” in H;_;. Then yQy'Rx" Px is
a rainbow path between x and y in H;. Thus, there exists a rainbow path between
any two distinct vertices in H;, that is, H; is (X%_; min{2(rad(G) —j)+1,n(G)})-

rainbow connected. ]
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Readers can see [1] for an optimal example. The following example shows
that our result is better than that of Theorem 3.

Example 2 Let » > 3,k > 2r be two integers, and W, = C}, V K; be an wheel,
where V(Cy) = {uy,ug, ..., ux} and V(K;) = {u}. Let H be the graph obtained
from W, by inserting r — 1 vertices between every edge uu;, 1 < i < k. For every
edge e = zy of H, add a new vertex v, and new edges v.z, v.y. Denote by G the
resulting graph. It is easy to check that rad(G) = r, diam(G) = 2r, n(G) = 3
and ((G) = 2r — 1. By Theorem 3, we have r¢(G) < Y7, min{2i + 1,{(G)} <
r? + 2r — 2. But, by Theorem 4 we have 7¢(G) < 3r. On the other hand,
rc(G) > 2r since diam(G) = 2r.

The remaining results are similar to those in Section 3.

Theorem 9 Let G be a plane graph. If the length of the boundary of every face
is at most k, then rc(G) < krad(G).

Corollary 4 Let G be a mazimal plane (resp. outerplane) graph. Then rc(G) <
3rad(QG).

Theorem 10 Let G be a bridgeless edge-transitive graph. Thenrc(G) < rad(G)g(G),
where g(G) is the girth of G.

Theorem 11 Let G = (V1 U Vo, E) be a bipartite graph with |Vi| = n and |Va| =
m. Ifd(x) > k> [m/2] for any x € Vi, d(y) > r > [n/2] for any y € Va, then
re(G) < 12.

Remark 4 The degree condition is optimal. Let m,n be two even numbers with

n,m > 2. Since Ky jom/2 UKy jam2 is disconnected, 7¢(Kp 2m/2 UKy j2.m/2) = 00.

Corollary 5 Let G = (V4 U Vy, E) be a k-regular bipartite graph with |Vi| =
Vol =n. If k> [n/2], then re(G) < 12.

The following theorem holds for general graphs.

Theorem 12 Let G be a graph.

(i) If there exists an integer k > 2 such that |Ny(u)| > n/2—1 for every vertex
w in G, then rc(G) < 4k* + 2k.

(i1) If 6(G) > n/2, then rc(G) < 6.
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Remark 5 The above condition is almost optimal since K, U Ky is discon-

nected for even n.

Corollary 6 Let G be a graph with minimum degree §(G) and girth g(G). If
there exists an integer k such that k < g(G)/2 and §(G)(6(G) — 1)kt >n/2 -1,
then then rc(G) < 4k* + 2k.
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