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Abstract. In the study of Ramanujan-Sato type series for 1/, Sun introduced a
sequence of polynomials S, (¢) as given by
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and he conjectured that the polynomials S,,(¢q) are g-log-convex. Using the ap-
proach of Liu and Wang, we obtain a sufficient condition to ensure the g-log-
convexity of self-reciprocal polynomials. Based on this criterion, we give an af-
firmative answer to Sun’s conjecture.
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1 Introduction

The main objective of this paper is to prove a conjecture of Sun [12] on the
g-log-convexity of the polynomials

o SO o

which arise in the study of Ramanujan-Sato type series for 1/7.

Let us recall some definitions. A nonnegative sequence {a, },>o is said to be
log-concave if, for any n > 1,

2
an Z Ap—10An+41;
and is said to be log-convex if, for any n > 1,

2
Up—10n41 = ;.



Many sequences arising in combinatorics, algebra and geometry, turn out to be
log-concave or log-convex, see Brenti [1] or Stanley [11].

For a sequence of polynomials with real coefficients, Stanley introduced the
notion of ¢-log-concavity. A polynomial sequence { f,,(¢)}n>0 is said to be g-
log-concave if, for any n > 1, the difference

F2(@) = fag1(q) foa1(q)

has nonnegative coefficients. The g-log-concavity of polynomial sequences has
been extensively studied, see Bulter [2], Krattenthaler [7], Leroux [8] and Sagan
[10]. Similarly, a polynomial sequence { f,,(¢) }».>0 is said to be g-log-convex if,
for any n > 1, the difference

frr1(@) fa-1(0) = f2(q)

has nonnegative coefficients. Liu and Wang [9] showed that many classical com-
binatorial polynomials are g-log-convex, see also [4, 5, 6]. It should be noted that
Butler and Flanigan [3] introduced a different kind of ¢g-log-convexity.

Sun posed six conjectures on the expansions of 1/7 in terms of S,,(¢), one of

which reads -

140n +19 (2n 289
—_ S, (64) = ——.
r;) 4624 (n> £ (64) 3

He also conjectured that the polynomials S, (¢) are g-log-convex. It is easy to see
that the coefficients of S,,(¢) are symmetric. Such polynomials are also said to be
self-reciprocal. More precisely, a polynomial

fl@g) =ao+aiq+ - +ang"

is called a self-reciprocal polynomial of degree n if f(q) = ¢" f(1/q).

In this paper, we give a proof of the g-log-convexity of the polynomials S,,(q).
Our proof is closely related to an approach of Liu and Wang [9]. Assume that

fala) = a(n, k)g". (1.2)

k=0
Write the difference f,,11(q) fn_1(q) — f2(q) as

2n | [t/2]

S Litatn, k)| o',

t=0 | k=0

n

where
aln+1,k)aln—1,t —k)+aln—1,k)aln+1,t — k)
Li(a(n, k) = —2a(n, k)a(n,t — k), if0<k<i,
a(n+1,k)a(n —1,k) —a®(n,k), iftisevenandk = £.

2
(1.3)



Liu and Wang gave the following construction of g-log-convex polynomials.

Theorem 1.1. Let {uy}r>0 be a log-convex sequence of real numbers and let
{fn(@) }n>0 be a g-log-convex sequence of polynomials with nonnegative real co-
efficients as given in (1.2). Let {g,(q) }n>0 be a sequence of polynomials defined
by

n

() =Y aln, k)urg". (1.4)

k=0

Assume that for any n > 1 and 0 < t < 2n, there exists an integer k' depending

on n and t such that
>0, f0<k<FK,
<0, ifk <k<3.

Li(a(n, k)) {

Then the polynomials g,,(q) are g-log-convex.

We shall make use of the above theorem for the polynomials {S,,(¢) }»>0 by

taking
e (). - ()2

Numerical evidence indicates that £;(a(n, k)) satisfies the criterion in the above
theorem of Liu and Wang. Considering the symmetry of the coefficients of S,,(g),
we obtain an analogous criterion to Theorem 1.1 for the g-log-convexity of self-
reciprocal polynomials. By using this criterion, we confirm the conjecture of Sun.

2 g-Log-convexity of self-reciprocal polynomials

Analogous to the criterion of Liu and Wang as given in Theorem 1.1, we find
a sufficient condition for a sequence of self-reciprocal polynomials to be ¢-log-
convex. For 0 < k < t/2, we define

Li(a(n, k) =a(n+ 1,k)a(n —1,t —k)+a(n —1,k)a(n+1,t — k)
—2a(n,k)a(n,t — k). 2.1)
We obtain the following criterion which can be directly applied to {Sy,(q) }n>0-

Theorem 2.1. Given a log-convex sequence {uy}r>0 and a g-log-convex se-

quence {fn(q)}n>0 as defined in (1.2), let {gn(q)}n>0 be the polynomial se-
quence defined by (1.4). Assume that the following two conditions are satisfied:



(C1) For any n > 0, the polynomial g,,(q) is a self-reciprocal polynomial of
degree n; and
(C2) Foranyn > 1and 0 < t < n, there exists an index k' associated with n,t
such that
>0, fO<k<FK,
Ly(a(n, k)) o .
<0, Ik <k<g3.

Then the polynomial sequence {g,(q) }n>0 is g-log-convex.

Proof. Under the assumption that each ¢, (q) is a self-reciprocal polynomial of de-
gree n, it is easily checked that both g,,_1(¢)gn+1(q) and g2 (q) are self-reciprocal
polynomials of degree 2n. Moreover, the difference g,,—1(q)gn+1(q) — 92(q) is
also of degree 2n and hence it is self-reciprocal. Write g,,_1(q)gn+1(q) — 92(q)

as
2n
Z B(n,t)q".
t=0

To prove the g-log-convexity of {g,(q)}n>0. it suffices to show that B(n,t) is
nonnegative for any 0 < ¢ < n.

It can be verified that
Sor—o Lela(n, k))ugus—g, if t = 2s + 1,

B(n,t) =
U Lo(aln, k))ugug_p + S0 g2 g — 9

Based on the log-convexity of {uy } x>0 and the g-log-convexity of { f,,(¢) } >0,
we proceed to prove that B(n, t) is nonnegative.

On one hand, write

Fa-1(@) far1(@) = frlg) = D Aln, t)g,

we have

Soreo Lila(n, k), ift =2s+1,
A(n,t) = 1, Cola(ns)) o
peo Lt(a(n, k)) + =552 if t = 2s.

Since { f,.(q) }n>0 i8 g-log-convex, we deduce that A(n,t) > 0 forany 0 < ¢t <
2n.
On the other hand, by the log-convexity of {uy }x>0, we have

Uplr > U Up—1 =« > UprUp—fr > -+ > Uglgq > 0, ift =254+ 1,(2.2)

Uty > Uty 1 > - > Upr Uy > - > u> >0, ift =2s. (2.3)



To prove that B(n,t) > 0 for 0 < ¢t < n, we consider two cases.
If t = 25 + 1, then by (2.2) and the condition (C2), we have

B(n,t) = Zﬂt(a(n, E))ugus—g > Zﬁt(a(n, E)) g ws—p .
k=0 k=0
By the definition of A(n,t), we get
B(n,t) = A(n, t)ug t—p,

which is nonnegative since A(n,t) > 0.
Similarly, when t = 2s, we have

B(n,t) = iﬁt(am, B _g + 245D o
k=0

2 S
s—1
L (a(n, s
> Lia(n, k) g + t<(2 ))Uk’utfkh
k=0

which equals A(n, t)uy u;—p, and hence B(n,t) is nonnegative. This completes
the proof. |

3 The g-log-convexity of S,(q)

In this section, we use Theorem 2.1 to prove Sun’s conjecture on the g-log-
convexity of S,,(¢). To this end, we need to establish the following log-convex
property by using the technique of Liu and Wang as given in Theorem 1.1.

Theorem 3.1. Forn > 0, let
"L (n\ (20— 2K\
f"(Q)kz_:0<k:>( I >q :

then the sequence { f,,(q) }n>0 is ¢-log-convex.

Proof. Let hy,,(q) denote the polynomial ¢" f,, (¢~ 1), that is,

hn(q) = g‘; (Z) (2: ) q".

Clearly, {f,(q)}n>0 forms a g-log-convex sequence if and only if {h,(q)}n>0
is g-log-convex. It is easily checked that {(1 +¢)"},~, is g-log-convex and



{(®") }x>0 is log-convex. By Theorem 1.1, to prove the g-log-convexity of
{hn(q)}n>0, it suffices to show that, for any n > 1 and 0 < ¢ < 2n, there exists

k' such that
Z((n)) >0, if0<k<Fk,
“\\k <0, itk <k<di,

where £ is defined by (1.3).
Let us consider Ct((Z)) as defined by (2.1), which can be seen to have the
same sign as Et((Z)) Forn >1,0<t<2nand 0 < k <t/2, we have

e ()= (0 ()6
Mn+1x2—k+q)cg<?j;>¢ﬁ”%% 3.1)
where

e (k) =(n+1)(n—k)n—k+1)+n+Dn—t+k)(n—t+k+1)

—2nn—k+1)(n—t+k+1).

To determine the sign of (™) (k) for 0 < k < t/2, we make use of the function
@™ () on interval [0,¢/2]. Taking the derivative of ") () with respect to ,
we obtain that
(6™ (@)’ = (dn +2)(22 — 1) < 0.

Thus (™% (z) is decreasing on the interval [0,/2].

For any integers n > 1and 0 < t < 2n, we have (™% (0) = (n+1)(t?—t) >
0. Thus there is at most one sign change in the sequence {np("’t)(k;)}ogkg%. It
follows that there exists an integer k&’ such that

>0, if0<k<Kk,
" (k)
<0, ifK <k<E
It is possible that {p("!) (k)}o<k< are all nonnegative. In this case, we have that

k' =t/2. So we get
r <(n>) >0, f0<k<Fk,
"\ <0, ifk<k<di

By Theorem 1.1, we deduce that { h,,(¢) },>0 is g-log-convex, and hence the proof
is complete. 1

For0 <k <n,let
n\ [2n — 2k
k)= . 2
o= () (272 5



Based on the above theorem and the log-convexity of {(Qkk)} k>0, to prove the
g-log-convexity of {S,,(¢)}n>0, we only need to prove that the triangular array
{a(n, k) }o<r<n satisfies condition (C2) in Theorem 2.1.

Theorem 3.2. Let {a(n, k)}o<kr<n be the triangular array defined by (3.2). For
anyn > 1 and 0 < t < n, there exists an integer k' depending on n,t such that

>0, f0<k<WK,
<0, ifk <k<4$.

Li(a(n, k)) {

To prove the above theorem, we need three lemmas.

Lemma 3.3. Foranyn > 1and 0 <t < n, we have L:(a(n,0)) > 0.

Proof. For1 < n < 4, it can be verified that £;(a(n,0)) > 0. So we may assume
that n > 5. It can be checked that the sign of £;(a(n, 0)) coincides with the sign
of

GG
nn+1)2n—1)(n—t+1)2(2n — 2t — 1)’

where
0(z) =(4n> — 1)z* —2(2n — 1)(2n% 4+ 2n + 1)z + (4n* + 8n® + 8n? — 1)
—2n(n+1)(2n* +4n — Da +2n(2n — 1)(n + 1) (3.3)

To prove that £;(a(n,0)) > 0, we consider two cases:

Case 1: t = n. In this case, it suffices to show that #(n) < 0. But this is obvious
forn > 5, since (n) = —n(n — 1)(n — 2)(n + 1).

Case 2: 0 < t < n. In this case, we need to show that #(¢) > 0. To this end, treat
6(x) as a function of x over the interval [0, n — 1]. We have

0 (x) =2(n — )01 (z),
where

01(x) =2(1 — 4n?)2”® + (2n — 1)(2n* + 4n + 3)x — (2n® + 60 + 3n — 1).

Moreover,
01(x) = (2n — 1)02(z),
where
O(x) = —4(2n + 1)z + (2n? + 4n + 3).
Forn > 5,

02(0) =2n* +4n+3>0, Oa(n—1)=—6n’>+8n+7<0.



Therefore, 02(x) decreases from a positive value to a negative value as x increases
from O to n — 1. This implies that 6 (x) first increases and then decreases over
the interval [0, n — 1].
Observe that, for n > 5,
0,(0) = —2n® —6n* —3n+1 <0,
0:(1) = n(2(n —2)* - 9) >0,
01(n — 1) = —4n* +16n3 — 16n? — 12n + 6 < 0.
It follows that there exist 0 < 7 < o < n — 1 such that
<0, ifzel0,z1),
O1(x){ >0, ifz e[z,

<0, ifze (xq,n—1].

That is to say that 6(z) is decreasing on [0, z1), increasing on [z1,x2], and de-
creasing on (za,n — 1].
It is easy to check that for n > 5,

0(0) = 2n(2n — 1)(n +1)* > 0,

0(1) = 2n%(2n — 1)(n — 1) > 0,

0(2) = 2(n — 2)(6n® — 13n% + 1) > 0,
O(n—1) = —4 +8n + 3n* — 10n° 4+ 1102 > 0,

and
6(0) > 6(1) <0(2) >0(n—1).

So we see that z; < 2. If x5 > 2, then §(z) is increasing on [2, 2], and decreas-
ing on (z9,n — 1]. If z5 < 2, then 6(x) decreases on (2, n — 1]. In either case, we
obtain that 6(z) > 0 for x € [2,n — 1]. Since 6(0) > 0 and 6(1) > 0, we deduce
that 6(¢) > 0 for any integer 0 < ¢ < n — 1. This completes the proof. |

Lemma 3.4. Givenn > 2and 0 < t < n—1, there exists an integer k' depending
onn and t such that

>0, fl<k<Fk,

zt<a<n7k>>{ <o, g¥<he



Proof. Forn >2,0<t<nand0 <k < t/2, we have
n+1\/2n—2k+2\ (n—1\ [2n — 2t + 2k — 2
Lt(a(n’k))< k )(n—k+1>(t—k>< n—t+k—1 )
n n—1\/2n—2k—2\ (n+ 1\ /2n — 2t + 2k + 2
k n—k—-1 t—k n—t+k+1
_ 9 n\ (2n — 2k n 2n — 2t + 2k
k n—=k t—k n—t+k )

Write
Li(a(n, k)) = 1
C T =k 4+ 12(n — 4+ R+ 1)2(2n — 2k — 1)(2n — 26 + 2k — 1)
1/n\ (2n— 2k n oM — 2t + 2%k
n (n,t)
xn<k>(”—k)(t—k>< n—t+k >¢ (k), 3.4)
where

() =(n+1)(n —2)*(n — 2z + 1)%(2n — 2t + 22+ 1)(2n — 2t + 22 — 1)
+m+D)n—t+a)(n—t+z+1)*2n—2z—-1)(2n — 2z +1)

—2n(n—z+ 1)} (n—t+x+1)%>2n -2z —1)(2n — 2t + 2z — 1).
(3.5)

Clearly, forn > 2,0 <t <n—1land1 < k < t/2, the sign of L:(a(n, k))
coincides with that of ¢)("*) (k). By (3.4) and Lemma 3.3, we see that ¢)("*) (0) >
O when 0 < ¢ < n—1. Therefore, it suffices to show that there exists 0 < ¢ < ¢/2
such that ¢)("?) (), regarded as a function of z, is increasing on the interval [0, )
and decreasing on the interval [to,t/2].

The derivative of (™) () can be expressed as
(") (@) = 222 — )™ (2),
where
8 (1) =12(2n + 1) — 24¢(2n + 1)23
—2(16n% — 8(2t — 1)n? — 2(Tt* + 3t + 1)n — (8% — 4t + 3))x?
+ 2t(16n% — 8(2t — 1)n? — 2(t* + 3t + 1)n — (2t* — 4t + 3))z
+ (8n° —4(4t — )n* +4(t*> —t — 3)n® + 4(—t> + 5t + t* — 2)n®

+(48% —106* — 1+ 11t)n — (2t — 3t + 1)) .



Moreover, we have
(") (2)) = 2(2z — )i (x), (3.6)
where
0 () =12(2n + 1)a® — 126(2n + 1)z — 160° + 8(2t — 1)n?
+2(t% + 3t + 1)n + (26* — 4t + 3).

Notice that the quadratic function wén’t) (z) is symmetric with respect to x = /2.
It follows that wén’t) (x) decreases as x increases from 0 to t/2.
It is routine to check that, forn > 1and 0 <t < n,

én’t) (—o0) >0,

;"’t) (;) = —dn(2n —t)> —(Un—t—1)2n—t) = 3(t—1) <0,

then there exists a real zero xo of @bén’t) (2) on the interval (—oo, t/2].

If g < 0, then we see that for 0 < = < ¢/2, wén’t)(x) < 0, that is to say,
" () is increasing on [0, /2].
If o > 0,

(1) >0, if0§$<$(),
Yy () .
<0, ifzg<z<t/2,

that is to say,

<0, f0o<z<xg
7t b — 9
(W (@) .
>0, ifzg<z<t/2,

then 1\"") () is decreasing on [0, o] and increasing on [zo, /2.
Using Maple, we find that forn > 4and 0 <t < n,

wt) (1 1 1
Bt (2) =8n° — 16n*t 4+ 12n31% — 4nt> + 5nt‘* +4n* — 4nt + nt® — Z1t4
, 7
— 1203 4+ 200t — 11nt? + 2t> — 8n? + 11nt — §t2 —n+3t—1
11 7
=(zn—=)@2n-t)'4+n-2)2n—t)3+ (n— <) (2n—1)?
27 4 2
+3n—1)2n—t)+5n—1>0,

10



forn=2,3and 0 <t <n,

Y2 (;) = % (A=) =1)*+3(4—1t) + 1—3 >0,

t 11
(3.8) <2> = Z(G—t)4+ (2 —t) (6—1)%+6(6—1t)+14 > 0.

As can be seen, w"t) (t/2) is positive. Considering the value of z( and the sign
of w%n’t) (0), there are three cases concerning the monotonicity of (") (z):

Case 1: zp < 0 and 1/J§n’t)(0) > 0. In this case, §”’t) (x) increases from a non-
negative value to a positive value as  increases from 0 to ¢/2. Thus, (1)) (x))’
takes only nonpositive values on [0,¢/2]. That is to say, ¢)(™*)(z) is decreasing
on the interval [0, ¢/2].

Case 2: 9 < 0 and ™" (0) < 0. In this case, 1)\""")(z) increases from a
negative value to a positive value as z increases from 0 to ¢/2. Therefore, there
exists 0 < tg < £/2 such that

(nt)< Sov lfOSxétOv
x
>0, iftg<a<t/2.

Hence, we have

>0, if0<xz<t,
<0, ifty<ax<t/2.

(" (@) {

This implies that ¢)("!) (z) is increasing on [0, #o] and decreasing on [to, t/2].

Case 3: 0 < zo < t/2. In this case, we claim that wi"’”(o) < 0. Based on this
claim, we can deduce the monotonicity of 1)("™*)(z) on [0, /2] by using the same
argument as in case 2. To prove the claim, we note that the condition 0 < zg <

¢/2 implies that 1{™"(0) > 0. So we proceed to prove that ¥\ (0) < 0 by
using the positivity of an,t) (0). Using Maple, we find that

D (0) =(n + 1) (4nt® + 2(2n2 — 4n — 1)¢* — (16n° — 120> — 8n — 3)t
+(8n* — 4n® — 8n* — 1)),

D(0) =2(n + 1)12 + 2(8n2 + 3n — 2)t — (2n — 1)(8n2 + 8n + 3).

By the assumption 0 < ¢t < n — 1, we may regard z/;%"’t)(o)/(n + 1) as
a polynomial in ¢ over [0,n — 1]. Denote this polynomial by &(¢). Similarly,

11



treat wg””) (0) as a polynomial in ¢ and denote it by 7(¢). We wish to show that
&(t) < 0 for any ¢ satisfying n(t) > 0.

We claim that if n(¢) > 0, then n > 4 and ¢ > 3n/4. In fact, it is routine to
check that 7(¢) < 0 (i.e., p{™" (0) < 0) if
(n,t) € {(2,0),(2,1),(3,0),(3,1),(3,2)}.

Son(t) > 0 implies n # 2, 3.
Moreover, we prove that n(t) < 0 for any ¢ € [0, 3n/4].
The quadratic function 7(t) is symmetric with respect to

t__8n2+3n—2 “0
- 2(n+1) ’

which means that 7(¢) is increasing on [0, 3n]. Since

n(0) = —16n> — 8n% +2n + 3 < 0,

3 23 19
77(4n> =—§n3—§n2—n+3<0,

we see that 7(¢) < 0 on [0, 3n/4], so n(t) > 0 implies n > 4 and t > 3n/4.

Now we show that for any integer n > 4, the polynomial £(¢) takes only
negative values on the interval (3n,n — 1].

Consider the first order derivative and the second order derivative of £(t) with
respect to ¢,

¢ (t) = 12nt* + (8n* — 16n — 4)t + (12n* — 160> + 8n + 3),
¢"(t) = 24nt + (8n* — 16n — 4).
n) =

Since £”(3n) = 26n? — 16n — 4 > 0, we have £”(t) > 0 for any 3n/4 < t <
n — 1. Thus &'(t) is strictly increasing on (21, n — 1]. Noting that

13 .
¢ (Zn> = —§n3+5n+3<0,

we deduce that there exists 3n/4 < ¢t; < n — 1 such that

@ <0, if3n<t<t,
>0, ifty<t<n-1

In view of

2
3 1 9 440
e — —— | 4n?(n —4)2 +1 - i
5(471) 6l ( n®(n —4)° + 136 (n 17) + 17) <0,

12



&(n—1) = —(4n —18)n* — 13n — 6 < 0,

we obtain that {(¢) < 0 forany ¢ € (3n,n —1].
Combining Cases 1, 2 and 3, we complete the proof. |
The above lemma is the key step in the proof of Theorem 3.2.

Lemma 3.5. Given n > 2, there exists k' depending on n such that

>0, ifl<k<Fk,
<0, ifk <k<Z.

L, (a(n,k)) {
Proof. By (3.4) and (3.5), we obtain that for n > 2 and 1 < k < n/2, the sign of
Ly, (a(n, k)) coincides with that of
Y (k) =8(2n 4 1)k® — 24n(2n + 1)k° + 2(26n° — 2n + 1202 + 3)k*
—4n(3 + 6n> 4+ 2n% — 2n)k3 + 2(4n? + 2n — 1 — 4n® + 2n°)k?
+2n(n —1)2n — 1) (n+ Dk —n(n —1)(n —2)(n + 1)
Since 1/(2:2)(1) = 8, the lemma holds for n = 2. We now assume that n > 3.

To determine the sign of /(™" (k), let us consider the derivative of ("™ (x)
with respect to . Using Maple, we get

(B (@) = 22 = n)yi"™" (@),

where

%n’n) (z) =12(1 + 2n)z* — 24n(1 + 2n)z® + 2(6n? — 2n + 3 + 14n3) 2>
—2n(2n® +3 —2n)z — (n — 1)(2n — 1)(n + 1).

We also need to consider the derivative of wyb’") (z) with respect to x:
(1" (@) = 220 = n)ys™™ (@),

where

5™ () = 12(1 + 2n)22 — 12n(1 4 2n)z + 2n° + 3 — 2n.

Note that the the quadratic function ¢én’") (x) is symmetric with respect to x =
n/2. Forn > 3,

(m)(0) = 2n® — 2n + 3 > 0,

13



"™ (n/2) = —4n® — 3n% — 20+ 3 < 0.

Thus, wén’") (z) decreases from a positive value to a negative value as x increases
from 0 to n/2. Hence, there exists 0 < xo < n/2 such that

<0, if0< 2z < @,
>0, ifzg<z<n/2

(1" (@) {
Noting that
M (0) = —nP(n— 1) —n(n® ~2) ~ 1 <0,
H ) 0/2) = L0 - 2) 4 n2(3n® —2) + 420~ 1) >0,
there exists 0 < z7 < n/2 such that

<0, if0<z< g,
(n,n)
¥y (z) .
>0, ifz;<z<n/2

Therefore,

>0, if0<xz<a,
<0, ifz;<z<n/2,

(@™ (@) {

and hence /(™™ (z) is increasing on [0, ;] and decreasing on (z1,n,/2].
Moreover, for n > 3, we have

¢ (1) = (n = 1)((3n = 16)n° + (21n” + 80— 12)) > 0,
w(n,n)(n/Q) — _én(n _ 1)(n2 —n— 4)(n + 2)2 < 0.

Thus there exists 1 < x5 < n/2 such that

v (z) {

ZO; 1f1§$§$2,
<0, ifze<z<n/2

Since forn > 2 and 1 < k < n/2, £, (a(n, k)) has the same sign as 1™ (k),

there exists &’ depending on n such that £,,(a(n,k)) > 0for 1 < k < &k’ and

Lnp(a(n, k)) <0for k' < k < mn/2. This completes the proof. |
We are now ready to prove Theorem 3.2.

Proof of Theorem 3.2. By Lemma 3.3, forany n > 1 and 0 < t < n, we have

Li(a(n,0)) > 0. It remains to prove that, for any n > 2 and 0 < ¢ < n, there
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exists k' such that £:(a(n,k)) > 0for 1 < k < k' and L;(a(n,k)) < 0 for
k' < k < t/2. In Lemma 3.4, we have considered the case 0 < t < n — 1,
whereas the case ¢ = n has been dealt with in Lemma 3.5, and hence the proof is
complete. |

Combining Theorems 2.1, 3.1 and 3.2, we reach the following conclusion.

Theorem 3.6. The polynomial sequence {S,,(q)}n>0 is g-log-convex.
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