ON SECOND AND EIGHTH ORDER MOCK THETA FUNCTIONS

SU-PING CUI, NANCY S. S. GU, AND LI-JUN HAO

ABSTRACT. Mock theta functions have been deeply studied in the literature. His-
torically, there are many forms of representations for mock theta functions: Eulerian
forms, Hecke-type double sums, Appell-Lerch sums, and Fourier coefficients of mero-
morphic Jacobi forms. In this paper, we first establish Hecke-type double sums for
the second and eighth order mock theta functions by Bailey’s lemma and a Bai-
ley pair given by Andrews and Hickerson. Meanwhile, we give different proofs of
the generalized Lambert series for the mock theta functions A(q), Uy(q), and Ui (q).
Furthermore, using Ramanujan’s 19, summation formula and a 519 transformation
formula due to Bailey, we prove some identities related to these mock theta functions.

1. INTRODUCTION

Throughout this paper, let ¢ denote a complex number with |¢| < 1. Here and in
what follows, we adopt the standard g-series notation [11]. For n > 0,

n—1

(a;@)o =1, (a;q)n == [J(1 —ag"),

k=0

() (—g/a)n o
e gje)” (@)oo == [ [(1 = ag"),

(q/a; q)n Pl

(ar, a2, Gm; @)oo = (015 @)oo (A2, @)oo+ * (A} q)oo-

(CLEQ)fn =

For convenience, we use (a),, to denote (a; q),. Jacobi’s triple product identity is stated
as follows.

3(50) = (@)oela/D)e (@) = Y (~1)"qBa" (L1)
In his last letter to G.H. Hardy, Ramanujan [18] first introduced mock theta functions
which were divided into four classes: one class of third order, two of fifth order, and
one of seventh order. In that letter, he listed seventeen functions which are defined by
g-series convergent for |g| < 1 with a complex variable ¢, and called these functions as
“mock theta functions”. He stated that they have certain asymptotic properties as g
approaches a root of unity, which are similar to theta functions, but they are not really
theta functions. In addition, Ramanujan gave some relations holding in each family and
these relations were proved in [20,21]. Furthermore, other mock theta functions with
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orders 2, 6, 8, and 10 were studied in [5,12,15,19]. For more on mock theta functions,
see [13]. In particular, Gordon and McIntosh [12] defined the following eighth order
mock theta functions.

X nn+2)(_ . 2
Z " 3 q (=4 4°)n
) Sl(Q) = )

n=0 n=0 (—QQ;QQ)n

X (1) (n42) (2. 42 ©  n(nt+l)(_ 2. 42
q q;9 )n q q:9 )n
() =" ( b T :Z (o a?)
—~  (=qq )n+1 = (¢t
_ i q" i q (n+1)2 4 )
n=0 7 n=0 n+1
Volq __1+22q - 1+2Zq , (1.2)
o0 (n+1)2 2 0 2n24+2n+1 o0 n+1
Zq >n: 4 (—q Zq qq%. (L3
n=0 "+1 n=0 (q,q 2n+2 =0 ( q*q n+1

Later, McIntosh [15] studied the second order mock theta functions.

Alg) = i ¢ (=) i " (g (1.4)

— (q;q2)n+1 —~ (q )i

. q g~ ¢*)n

=) § , (1.5)
n=0 n+1 n=0 79 ”Jrl

) =3 (—1)”61: (Z;Qq Jn.

—~ (=@

Notice that 1(q) appeared in Ramanujan’s “Lost” notebook [19]. In addition, Gordon
and McIntosh [12] and McIntosh [15] established some identities related to these mock
theta functions aforementioned.

Historically, there are many forms of representations for mock theta functions:
Eulerian forms, Hecke-type double sums, Appell-Lerch sums, and Fourier coefficients
of meromorphic Jacobi forms. The Hecke-type double sums are defined as follows.

Definition 1.1. Let z, y € C* := C\{0} and define sg(r) := 1 for n > 0 and sg(r)
.= —1 forn < 0. Then

faveltyoq) = > sg(r)(=1)raryrqi(e)torsre(s),

sg(r)=sg(s)
It is clear that

fa,b,a(x7 Y, Q> = fa,b,a(y7 X, Q)

The definition of Appell-Lerch sums is stated as follows.
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Definition 1.2. Let x, z € C* := C\{0} with neither z nor xz an integral power of q.
Then

1 (1))
Z( )C]

j(zq) l—qgtaz

r=—00

m(z,q,z) =

Andrews [2] first established Hecke-type double sums for the fifth and seventh order
mock theta functions by applying Bailey’s lemma and Bailey pairs. Then Andrews and
Hickerson [5] gave Hecke-type double sums for the sixth order mock theta functions.
Around 2000, Choi [8,9] discussed the tenth order mock theta functions. Moreover,
Hecke-type double sums for the third order mock theta functions are found in [3,7,10,
14,17]. The first object of this paper is to establish Hecke-type double sums for the
second and eighth order mock theta functions.

Theorem 1.3. We have

i@ 6°)A(Q) = qf131(0°, ¢, ¢°), (1.6)
i(q:¢*)B(q) = fisa(@® ¢*, ¢%), (1.7)
i(=a%*)ula) = fisa (=~ &%) — afisa(—d*, —d*, @) (1.8)
Theorem 1.4. We have

3(@=q)So(q) = 2f131(q, —q, —9), (1.9)
3(q; —9)S1(q) = 2f131(¢%, —¢* —q), (1.10)
3(@%qNTolq) = ¢ frsa(@d® a2 ¢") — ¢* frsa(@® ¢ g, (1.11)
3% 4" T(q) = fisaldh, ¢, ") + ¢  fisa(a® ¢ ¢, (1.12)
3(@% =) Uo(q) = 2f131(%, =, —¢°) + 2¢f131(¢", —¢*, —¢%), (1.13)
i@ =*)U(q) = ¢fr31(=0*, ¢, =), (1.14)
i@ ¢YWole) = frsa(—a, =", —q), (1.15)
2j(q;¢")Wa(0) = afr31(—¢", =4, —q). (1.16)

Notice that Garvan [10, Eq. (1.25)] provided another proof of (1.8) by using univer-
sal mock theta functions. Furthermore, with the aid of Ramanujan’s 17); summation
formula and a 915 transformation formula due to Bailey [6], we prove the following
identities for these mock theta functions. In [12,13], Gordon and McIntosh provided
different proofs of (1.17)-(1.19).

Theorem 1.5. We have

B(q) + B(=q) = 2(=¢* ¢*)a(d"; ¢")oo; (1.17)
Vo(q) + Vo(=4) = 2(=¢*¢")5 (4% ¢°) oo (1.18)
Vilg) = Vi(—=q) = 29(=¢% ¢*) oo (—q"; ¢")2.(¢%; ¢ ) oo (1.19)
250(¢%) +4To(¢*) = Uo(q) + Uo(—q) + 2U1(q) + 2U1(—q), (1.20)
2¢51(¢%) + 4471 (¢*) = Uo(q) — Us(—q) + 2U1(q) — 2U1(—q). (1.21)



4 S.-P. CUL N. S. S. GU, AND L.-J. HAO
2. PROOFS OF THEOREMS 1.3 AND 1.4

In this section, applying the Bailey pair due to Andrews and Hickerson [5], we
establish Hecke-type double sums for the second and eighth order mock theta functions.

In addition, we give different proofs for the generalized Lambert series for A(q), Us(q),
and Uy(q).

Definition 2.1. The sequences (ay, 5,) are called a Bailey pair relative to (a,q) if
(aun, Bn) satisfy

n

571,:2 o

—0 (@n—r(a@)nsr

Bailey’s lemma says that if (a,, 8,) is a Bailey pair relative to a, then

nn _ (ag/p1)sc(ag/pa)e (p1)n(p2)nlag/pip2)"
g(m)n(pz)n(aq/mm) B = (@laalpip 2 (@aprn(o]72)n (2.1)

provided both sums converge absolutely.

Lemma 2.2. [5, Theorem 2.3] Let a, b, ¢, and q be complex numbers with a # 1,
b#0,c#0, q+#0, and none of a/b, a/c, qb, and qc of the form ¢~ with k > 0. For
n >0, define

, 00" (1 — ag) (/)6 < (—1)(1 — ag¥ V) (a); 1 (), (),
Ao besd) = D o 2= Ui (a) (e (af ),
(2.2)

Jj=0

and
1

(gb)n(qc)n

Then the sequences { A, (a,b,c,q)} and { B! (a,b,c,q)} form a Bailey pair relative to a.

Bl (a,b,c,q) = (2.3)

The limiting case of {A! (a,b,¢,q)} with n > 1 in Lemma 2.2 when a = 1 was given
in [5, Eq. (2.16)].

(—1)mg("2) (1 + ¢m) (1 = b)(1 — )
(1—-¢"b)(1 —q"c)
¢" (be)" (1 = ¢®™)(1/b),(1/¢)n(be — 1)

Al (1,b,¢,q) =

(gb)n(q )
—1)7(b);(e);(1 + ¢’)
<(1 —0)(1—¢) ; (1/b>J+1(1/0)J+1) 24
and
AL(1,b,¢,q) = 1. (2.5)

Based on Lemma 2.2, we derive the following results.
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Lemma 2.3. The following sequences form Bailey pairs:

_1)nq2n2+2n(1 . q4n+4) n
A/ 4 2 — (
(05 —0,4,07) =D

g7,
7=0
1
—3 (@3 4%)n
q2n2+n(1 _ q2n+1)
I—gq
B (%, —1,—q,¢%) = . ;
AR (=2 ) (=% )’
q3n2+n(1 . q4n+2) n
1—¢?
1 .
(—¢%¢®)n’
¢+ (- ¢ ¢
(1—¢*)(1—q*)

B.(¢",—q,4,¢°) = (

A;l<q27_17_Q7 q2) = Z (_1>]q7] )

j=—n

> (1Y,

j=—n

A;(q27 _17 07 q2) =
B;(q27 _]-7 07 q2> -

A;L(q4>—%0,6]2) = (_1)jq—2j2—3j’

j=—n—1
/(.4 2 1
Bn<q 7_Q7O7q ) = W,
3n2+2n on+1
q 14+4q)(1—gq L
A;(q2>—q70¢]2) = ( 1_)<2 ) ( 1)Jq 2j 7
q ~
(.2 2 1
Bn(q 7_Q7O7q ) - W;
n n—1
AL, =1,0,67) = ¢ Y (1) =gt Y (1)
j=-n j=—n+1
: ) 1
Bn(17_1707q ) = W,
n n—1

) e ey L
AL =g 10,¢°) = > (1) = Y (=)

j:—n j=—n+1

1

B;L 17_q71707q2 = 7 o\ -

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

Proof. First, by means of Lemma 2.2, we obtain (2.6)-(2.15). Next, we prove the last
two Bailey pairs. With the aid of (2.3)-(2.5) with replacing b, ¢, and ¢ by —1, 0, and

q?, respectively, we have

Al (1,-1,0,¢%)

n—1
n, n(n n2—n n 1 S 542
= 2(=1)"g"") — 2¢°" (1 — ¢*") (5 +) (~1)g¥ )
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n—1

— 2(_1>nqn(n+1) . q3n2—n(1 . q2n) . 2 3n2—n 1 _ q

M

j:l
n—1
n_n(n n?—n n n?—n i —252
=2(=1)"q"" ) — (1 = ) = 27 Y (1)
j=1
n—1
+ 2q3n2+n Z(_l)jq_QJQ
j=1
n n—1
_ 2q3n2+n Z(_l)jq_2j2 _ q3n2—n(1 _ q2n) _ 2q3n2—n Z(_l)jq_2j2
J=1 Jj=1
n n—1
n2+n i —242 n2—n n24n n2—n S 50
=" (g =T P T Y (1Y
j=—n j=—nt1
J#0 J#0
n n—1
n24n L2 n2—n S 542
=™t Y (1) — ¢ > (=g
j=-n j=—n+1
and
B, (1,-1,0,¢°) = S
SR (=% @*)n

Similarly, in light of (2.3)-(2.5) with replacing b, ¢, and ¢ by —¢~*, 0, and ¢,

tively, we derive that

(_1)nqn2+n(1 + q2n>(1 + q_1> o 3n2—2n(1 o 4n)
1 _|_q2n71 q q

x (LJF"EE (—1)jQ‘2j2+j(1+Q)(1+q2j)>

A;L(lv _q_la 07 q2) =

1+q (1+ g% 1)1+ ¢%H)
and
By(1,—¢,0,¢%) = ———
(=4 ¢*)n
Let
n—1 _
R e e
j=1
Since
A+9+e?) 1 . q
(14 D)1+ ¢q¥t)  14¢% 1 1+ gutl
we have

(=1 L (—1)ig A

q
A= —— — .
1_’_(]—1—; 14 ¢%-1 1+ g%+

j=1

respec-
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Jq2t+i n-l (_1)jq72j2+j+1

_Z 1+q231 +Z 1+ ¢%+1

J=0

n—1 —2j245j—2
)Jq J )=

R (i
_Z 14 ¢%-1 _Z 14 ¢%-1

j=1 Jj=1

= Z (~1Yq ¥ (1L = gh?)  (~1)rg

= Lt g%t L g2
n—1 n ,—2n2+4+5n—

N e (e P S
P 1_'_q2n71

Then we derive that

A;’L(17 _q_la Oa q2>

—1)™ n2+n —1+ 2n —1)" n2+3n—2 1 — an
:(_1)nqn2+n+( A U o B G ' (1—4q¢")

1 + q2n—1 1 + q2n—1
n—1
— (L= g™ Y (1) (=g
j=1
etV i o Vi il G Vi i
1 + q2n71
n—1 n—1
_ (, 3n%2-2n _ 3n2+2n> <Z _1Vi 272+ _1Vi 2524351
(q q (=1)q > (~1Yq )
j=1 i=1
n n2 n n TL2 n— n TL2 n n—
= (=1)"g" T (=) 4 (=) (1 = ¢
n—1 n—1
77,27 n R 2] . 7’L2 n - 5.2 .
. q3 2 Z(_1>]q 25243 +q3 +2 Z(_l)jq 2j%+j
j=1 j=1
n—1 n—1
+ q3n272n2<_1)jq72j2+3j71 i q3n2+2n2(_1)jq72j2+3j71
j=1 j=1
n—1 n
_ (_1)nqn2+n . q3n2_2n Z(_l)jq_2j2+j + q3n2+2n Z(_l)jq_2j2+j
j=1 j=1
2 . ] - 2 . ) .
+ q?m —2n Z(_l)]q—Qj +3j-1 q3n +2n Z(_l)gq—2] +3j—1
Jj=1 J=1
n—1 n
n_n2+n n2—2n j —24245 n2+42n i —2j j
= (=1)"g" T = g Y (1 4 gy (1)
j=1 j=1
n—1 n—1

n2—9n S 542 n219n T
— g2 Z(_l)yq 2% 4 g2 Z(_l)]q 2j%—j

J=0 J=0
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n—1 n

_ _q3n2_2n (_1)jq_2j2+j 4 q3n2+2n Z(_l)jq_zj2+j
1 j=1
n—1 n

3n2—2nz —2] —j +4q 3n2+42n Z(_l)jq_2j2_j,

j=0 7=0

J=

which implies (2.18). We compete the proof. O

Next, we review some properties for Hecke-type double sums which were given in
Propositions 6.1, 6.2, and Corollary 6.4 of [14].

Lemma 2.4. [1}] For z,y € C*,

fa b c( ) fa b c( 332qa> _quC q4) - xfa,b,c(_x2q3a> _y2q0+2b7 q4>

. yfa,b,c< 2qa+2b y2q3c q4)

+ $yqbfa,b,c( x2q3a+2b y2q30+2b q4)7 (220)

qa+b+c oath erh
fa,b,c(xyy,Q) = — - fa,b,c(q ot /%q ot /y7Q)7 (221)
Jape(@,4,0) = =y fape(dr, ¢y, q) + j(x;¢%), (2.22)
fa,b,c(xa Y, Q) = _xfa,b,c(qaw7 qby7 Q) + ](y’ qc)' (223>

Proof of Theorem 1.3. Substituting (2.6) and (2.7) into (2.1) with replacing ¢, a,
p1, and ps by ¢2, ¢*, —¢%, and —¢3, respectively, we get

Z ¢ (=% )n(—¢* ) Bh(d" —¢.4.¢°)

- ( (qq qq)) 7 Oozq (q4a_Q7Q7q2)‘

In light of (1.4), we have

q - n 2n2+43n n - —j2—j
Alg) = ——5 > (=D)L= g2 g7
3(q:9%) =0 j=0
q - n _2n2+3n 2n+2 - —j2—
= — (=1)"q (1—q g’
25(q; 4%) nzg )j;n:l
q = n_2n n —je— n n n _i2_
Tl O “3Zq”—2 e 3
2](Q7q ) n=0 j=—n—1 j=—n—1
0o n o) n—2
4q n_ 2n24+3n—j2—j n 2n —3n—j°—
= — (_]_) q J°=7 —j%—j
2j(¢; ¢°) (; j_;_l z; -
4q - - n_2n2+43n—j2— n n2+2n
= — 1)"q —*=i 4
2J(q;q2)(z- =) Z
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_ - n 2n —3n—j%2—j + n n 2_2n o —1)
;j—zn—i-l Z !
_ q & 2= ) P (P
2j(g; 4%) nz%]z_:n o ;];ﬂ o ))
—n—1
_ q n n2+3n—j2— n n n— j . .
= 500 ) ;g}ﬂ gt nz_:m];l 2n°+3n—j° J+j(q37q2)>

q n, 2n24+3n—j2—j (3 o2
_ - (=1 T 4 (g ) | (2.24)
2j(¢; ¢?) n;o n;o

n—j>0 n—j<0

Then setting n = 52 and j = 52 in (2.24) yields

q r+s Mmr% ./ 3 2
Alq) = == —1) = sg(r)g & T2 TTE 4 (g% q
(q) 25 ) > (-1 (r) ( )

sg(r)=sg(s)
r=s (mod 2)

q .
B —2) (f131(¢°, 6%, ¢%) = @ frsa(d" & ) + 5 (d% ¢))

2j(q;q
j(q,q )f131(q q ‘J) (by (223)),

which implies (1.6).
Next, substituting (2.8) and (2.9) into (2.1) with replacing ¢, a, p1, and ps by ¢?,
¢, q, and —¢?, respectively, we arrive at

> (1" )~ ) Bi(@®, —1,—q, ¢°)

n=0

(QQ) q q o , ,
(q q Z]__an—f—l q7_17_q;Q)-

Then based on (1.5), we have

B(—q) = Z gy (1) (2.25)
n= Jj=—n

Multiplying 2 on both sides in (2.25), we derive

—n—1

2B(~q) = (ZZ 3 Z)

n=0 j=—n  n=—o00 j=n-+1

1 : 2 -2
= —— Z _ Z (_1)n+]q2n +2n—j
j(_q’ q2) n+j>0 n+j<0

n—j>0 n—;j<0
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1 T‘2 32 T8
——— Y (—D)sglr)g T T

J(=a:6*) sg(r)=sg(s)
r=s (mod 2)
1
= < f1,3,1 —qg,—QS,QQ —C]4f1,3,1 —q7,—q7,q2
J(—q;q2)( ( ) ( )
2
= fis1(=¢* —¢%, ¢ (by (2.21)), 2.26
D (—¢ ) (by (2.21)) (2.26)

which implies (1.7) by replacing ¢ by —q.

Similarly, substituting (2.8) and (2.9) into (2.1) with replacing ¢, a, p1, and py by
¢, ¢*, —¢3, and ¢, respectively, we deduce

(e}

Z(—l)”(—q3;q2)n(q;q2)nB;(q2,—1,—q,q2)
n=0
(= qq l—q ) +¢ ),
A 2.27
(59 ZO 1+q —¢*"t) oL d) @20
Notice that McIntosh [15, p.287] gave that
Us(—q) — 203 (— Z ) | (2.28)
=0
Uo(—q) = 2U1(—q) +4A(q) = (=4;6*)%(0°; ¢*) oo (2.29)

where the right-hand side of (2.28) is the average of the even and odd partial sums. In
addition, Andrews [1, Eq. (3.28)] showed

4A(q) = (= 4:0)%(0% ¢)oo — p(—0). (2.30)
Therefore, it can be seen from (2.28)-(2.30) that
2
"(4:4%)n
- _22 2 o (2.31)
n=0 7 Tl,
Combining (2.27) and (2.31), we have
1 - . TN 2
w=a) = ———% Z(—l)nq% RO R I GV
J(=a% %) = =,
1 +g 2n24n—j2 +5 2n%+3n+1—j52
= n n n— _F n ] n +rn+ 7
J(=a%a*) §J_Zn %_Zn
—n—1
1 n+j 2n24n—j2 n+] 2n +nj2>
e DI Y Y
j( q’q) n=0 j=—n n=—oo j=n+1
1 : 2 ;2
= — _ -1 n+jq2n +n—j
i(=4* ) n;t) n;() =

n—j3>0 n—3<0
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1 7‘2 S2 7S T8
= === Z (=1)"sg(r)q P

J(=a* ) sg(r)=s9(s)
r=s (mod 2)
1
= = (fiaa (¢~ ") = Cfriaa(—d°, ", ¢
J(=¢% %) (i ) ( )
1
— ﬁ (f1,3,1(_q27 _q2a q2) + Qf1,3,1(_q47 _q47 q2)) (by (221))7
J(=a* ¢*)
which implies (1.8) by replacing ¢ by —g. Therefore, we finish the proof. 0

Proof of Theorem 1.4. First, replacing ¢, a, p; by ¢%, 1, —¢ and letting p, — oo in
(2.1), and then applying (2.16) and (2.17), we obtain

o0

So(q) =Y (—q;4%)uq" B,(1,—1,0,¢%)

n=0

_ J(q%q) Z AL (1, —1,0,¢%)
n n—1
= ZQ“"Q*” > e Zq“” > (_l)jq_2j2>

j=-n Jj=—n+1

2 — 4n2+n 2;52
P IPIED 2)

n=0 j=—m  n=—00 j=n+1

2 | an24n—252
BTl PPN B

n+35>0 n+3<0
n—3>0 n—j<0

2 r—s 12452 3 rts
= Y syl ()
](q7 _q) sg(r)=sg(s)
T=S8 (mOd 2)
2

= m (f1,3,1(q3> C]3> CI4) + q5f1,3,1(q11, q11’ CI4))

2
- .—fl,S,l(Q7 —q, _Q)7

(g —q)
where in the last equation, we apply (2.20) with replacing ¢, =, and y by —¢, ¢ and
—q, respectively. So we prove (1.9).

Replacing q, a, p1 by ¢2, ¢*, —q and letting ps — oo in (2.1), and then using (2.10)
and (2.11), we find that

Si(q) = (—4;6%)aq" "B (¢, —1,0,¢%)
n=0
n +2n )

— q
Z 1+q2n+1 A;z(q2a_1a07q2>

n:()
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< q4n +3n q2n+1) Z (_1)jq—2j2>

j=—n

—n—1
q4n +3n ( 723 Z q4n2+3n Z (_1)jq2j2>

j=-n n=—00 j=n+1

—n—1
§ E 4n +3n—252

j=—n  n=—o0 j=n+1

( Z ( 1)jq4n2+3n—2j2

n+j>0 n+]<0
n—j>0 n—3<0

M8 m

Il
=)

n

3
3

O

n=

r—s T2 52 T S
- sg(r)(~1) T

=7<q _Q) sg(r) 59(s)
r=s (mod 2)
2
= ——(fiz1(d, " ¢") + ¢ frz1(d", ", ¢*
J(qr—Q)( ( ) ( )
2
= .—f1,3,1 QQ, —q2, —q),
J(¢:—q) ( )

where in the last equation, we apply (2.20) with replacing ¢, x, and y by —q, ¢* and
—q?, respectively. Therefore, we derive (1.10).

Replacing ¢, a, p1 by ¢%, ¢*, —¢* and letting p, — oo in (2.1), and then employing
(2.12) and (2.13), we get

o0 4. 2 X n243n 2
2 (=0%¢%)o0 N~ ¢ (1+4q) ,,, 4 5
(=¢% ¢*)ng" "Bl (¢", —4,0,¢%) = Al(q¢* —q,0,¢%).
22; (4% ¢%)oc g;% L4 g t2

Rewriting the above identity, we obtain

1 > - o
TO(Q) = Zq4n2+7n+2(1 _ q2n+2) Z (—1)](] 252 3J>

j=—n—1

1 —n—2
_ Z Z Z Z 4n2+7n+2 2j2-3j
S92 4
)

n=0 j=—n—1 n=—o00 j=n-+1

— ( 21 4) Z Z Z nzl> 4n2+7n+2 252 -3j
VAU,

n=0 j=—m  n=—o00 j=n+1

00 —2
1
+j(q2-q4) (Z(_l)n+1q2n2+6n+3+ Z (_1)n+1q2n2+6n+3+q1>

n=0 n=-—o00

10 SpSED DD D [T A

n=0 j=—n  n=-—o00 j=n-+1
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1 = >
+ - (_1)n+1q2n +6n+3
Ji(a% q") ( 2.

n=—0o0

1 j An?4+Tn+2—2j2—3j
= A D= > | (gt
) n+j>0 n+j<0

n—j>0 n—;<0

= 21 Y sg(r)(—1) 7% g F a2
j(q 4 ) sg(r)=sg(s)
r=s (mod 2)
1
== (q2f1,3,1(q67 q%,q") + q13f1,3,1(q147 >, Q4)>
J(a% ")
1
== (q5f1,3,1(q10, 9% q") - q4f1,3,1(q87q14,q4)) (by (2.21) and (2.23)),
J(a% ")
where using (1.1) in the fifth step, we have
n n2 .
Yo (SO = (g g") = 0.

Hence, we arrive at (1.11).

Replacing ¢, a, p1 by ¢2, ¢*, —¢* and letting ps — oo in (2.1), and then invoking
(2.14) and (2.15), we derive

- n2+4n q q S n“+n
> (=% )" "Bl (¢*, —q.0,4°) = Z AL, —4,0,¢%).
n=0 n=0

Rearranging the above identity yields that

O~ i (Z A=) Y <—1>fq‘2”'2_j)

i 4 \ &= ~
= % <i q4n2+3n zn: (_1)jq—2j2—j _ i q4n2+3n _il (—1)jq_2j2_j>
i(a?qh) \ = j:_n = ot
<Z Z Z _izl) Y An2+3n—242—j
n=0 j=—n n=—o0 j=n+1

1 Sy 5
= Z - Z (_1)jq4n +3n—252—j
j(q2’ q4> n+j20  n+j<0

n—j3>0 n—j<0

1 res r24s® gt ryos
S e
j(q 4 ) sg(r)=sg(s)
r=s (mod 2)
1

= (fraa(a", ¢ q") + 4 frsa(d?, ", ¢Y)

which is (1.12).
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Note that Gordon and Mclntosh [12, p. 323] gave the following identities:

Uo(q) = So(q®) + ¢S1(¢?), (2.32)

Ui(q) = To(q*) + qT1(q%). (2.33)

Combining (1.9), (1.10) and (2.32) yields (1.13). Then in light of (1.11), (1.12) and
(2.33), we derive

i(q (@) = ¢ fr30(6, 1 ¢°) — ¢ F3a(0', 6, &)
+qfi31(% 4%,6%) + 4 fsa (a4, ¢°). (2.34)
On the other hand, employing (2.20) with replacing ¢, z, and y by —¢?, —¢?, and ¢°,
respectively, we have
fraa(=, @, —a%) = fis1(d® ¢, ¢%) + @ fsa(a”?, ¢, @)
= ¢ fr31(6*, 4% ) + " fr31(6*, 6, %)
= f131(¢%, 4% ¢%) = ¢" fus1(6®, 4", %)
+ ¢ fraa(d®, @ %) + a" fisa (@6, ¢%)  (by (2.21)).
Examining (2.34) and the above identity yields (1.14).

Finally, inserting (2.18) and (2.19) into (2.1) with replacing ¢, a, p» by ¢*, 1, ¢ and
then setting p; — oo, we have

14 Vo(—q)

9 00
_ E § n+] 4n2+2n 252 - _ E § n—l—j 4n?—2n—252—j

n=0 j=—n n= 1]——n+l

2 Sy 5
- _ . Z _ Z (_1)n+]q4n +2n—252—j
i—adh) | & S

n—j>0 n—j<0

2 r 7"2—&-52 s r+3s
e 2, OO

sg(r)=sg(s)
r=s (mod 2)

9
= m (f173,1(—q37 —q5, (14) - 96f1,3,1(—q11, —C]13> q4)) .
That is,
i@ d") +3(a:dWole) =2 (frsi(d® @, q*) — ¢ fraala™ d".q%)). (2.35)

On the other hand,
f1,3,1(_q7 —q2, —CI)
= f131(¢°, 0", ¢") = ¢° fiza (" ¢, q")
+qfisn(@® q' d) + @ frsa(d®,d" q")  (by (2.20))
= fis1(d’, 6% q") — ¢° frsa(a', ¢, ")
— ¢ f13100"7, 4", ¢") + 4i (") — ¢ fsa(ad ¢ qY)  (by (2.22))
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= f131(% ¢, q") — ¢° fisa(d, 4%, q")
+ 13006, ¢, q¢") — 3 (64" — ¢ frsala', 4", ¢")  (by (2.21))
=2 (fi31(¢* ", q") — ¢ frza(ad™, a®,qY) — i(a; 4"). (2.36)
Based on (2.35) and the above identity, we prove (1.15).

Substituting (2.14) and (2.15) into (2.1) with replacing q, a, p1 by ¢, ¢%, ¢ and then
letting ps — 0o, we obtain

> n n +2n( 2 n
qq) (1+q qa oo 4n+4n i _—942_4
= )" (=1)q .
> ICITEEDY
That is,
- 2V1(— )
Z n 4n +4n Z (_1)jq—2j2—j
n= j=—n
— q . Z Z n+] 4n2+4n 22— +Z Z n+j 4n2+4”*2j27j
=64 \Z= =, n oj_fn
—n—1
=
.]( q?Q) n—= 0]——n n=-—00 j= n+1
_ q Z Z (—1)mti An%4+4n—252—j
ST - —1)"q
j(_q’ C]4) n4;5>0 n+j5<0

n—j3>0 n—j<0

q r r2+52 rs 3r+5s
=—-—x Z (—1)'sg(r)g = Tt

J(—=aq*)

sg(r)=sg(s)
r=s (mod 2)

q
= (f1,3,1(—q5, —q", C]4) - q8f1,3,1(—q13, -q", q4)) :

J(=a;q*)

Namely,

2j(q;¢"WVi(9) = qfi31(0°, a7 a*) — @ fr31(a", 4", ¢*). (2.37)
By (2.20),

fiai(—% =% —q) = fi31(¢°, ", ¢") + @ fr3.1(¢", 4", ¢")
+ ¢ fi51(¢", 4" ¢") — ¢ f151(¢", ¢, ). (2.38)

Since

f1,3,1<q77 q137 q4) = _f1,3,1 (q137 q77 q4) = f1,3,1 (q137 q77 q4)7
we have

fiza(d”,q", ¢*) = 0.



16 S.-P. CUI, N. S. S. GU, AND L.-J. HAO
Similarly,

f1,3,1(q117 qu q4) = 0

Hence, we have

fraa(=a* =", —a) = fi3a(d", ", ¢") = ¢* fr5a(a”, 4", ") (2.39)
Combining (2.37), (2.38), and (2.39) indicates (1.16). Therefore, we complete the
proof. O

Next, using Bailey’s lemma, we state another proof of the following generalized
Lambert series for A(q) given by McIntosh [16]:
1 °© <_1)jq2j2+3j+1
Alq) = . . 2.40
@ 27(g; ¢*) Z 1 — g%+t (2:40)

j=—o0

Proof of (2.40). Based on Lemma 2.2, we have

q2n2+2n(1 +q>(1 +q2n+1) n
(I=q)(1—g>*)

Al(?q,0,4°) =

and
SRR p——
n P R §) <q3, q2)72l
Substituting the above Bailey pair into (2.1) with replacing ¢, a, p1 by ¢?, ¢, —¢ and
then py — oo, we deduce

00 q”2+2”(—q; qg)n _ (_q;q2)oo(1 o q) f: n q3n2+4n(_1)jq—j2_j
— (%) (@5l +q) 2= &= 1—gH
Combining (1.4) and the above identity, we arrive at
1 & Pt ()it
Alg) = 4 Z Z 2
— g2n+1
i(e:9Y) = =, l1—g¢
1 o0 o0 3n2+4n+1 _1 ] *jQ*j —1 o0 3n2+4n+1 _1 ] 7‘7'27‘7'
- (I Y Y S
it _ A2n+1 _ A2n+1
](Q7 q ) j:O n:j ]' q j:—OO TL:—j 1 q
1 ii q3n2+4n+1<_1)jq—j2—j - i i q3"2+4n+1(—1)jq—j2—j
et 1 — g2t 1= gt
) j=0 n=j 7=0 n=j5+1
1 i (—1)i g% +3i+1
= il oA _ g2+l
64" = 1—-¢¥
Thus,

1 X (—1)igt L (1) g2
AlQ) = ———— ' |
@) 25(g: q*) (; 1 — g%+t + ; 1 — g%+ )

which implies (2.40). We complete the proof. O
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Notice that (2.40) is equivalent to

A(Q) = _m<Q7 q47 q2)
which was provided in [14, Eq. (5.1)]. Observe that
(_1)jq2j2+3j+1

1

j_—OO

1 i (—1)ig%* 4341 1 4 g2+
q*)

e — gt 2j+1
2j(4:q) =, 1—q¥ 1+ g%
o0 - -2 . fe'e) . .9 .
B q (_1)Jq23 +3j+1 e (_1)jq2] +5j5+1
- 2j(aiq") ;oo T (g ;oo 1 — g2
aj (4% q*) g s CildhdY) 4
= (g, q",¢°) + ——m(q ", q",q
27(q; ¢*) 27(q; ¢*) )
1 4 5 q! 1 4 7
= —§m(q,q N Tm(q .4, q")
= _m(q7 q47 q2)7

where we apply the following properties of Appell-Lerch functions given by Hickerson
and Mortenson [14]:

m(x,q,z) = m(zx,q, x_lz_l),

m(xa q, Z) = m(a:, q, QZ),
m(x,q,z) =a"'m(z ", q,27").
Gordon and McIntosh [12] established the following generalized Lambert series for
Up(q) and Ui (q) by the Watson-Whipple transformation formula [11, Eq. (II1.17)].

n 2n +n

(] C_I oo
2n2+3n+1

n=—oo

Next, in light of the Bailey pair given by Andrews and Hickerson [5], we give different
proofs of (2.41) and (2.42).

Proof of (2.41). Based on (2.3) and (2.4), we have

2(_1)nqn2+n<1 +q2n)
1+ g*

A;(l, iu _iu q2) =
and

1
Bl(1,i,—i,¢*) = ——————.
( ) (=% ¢*)n
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Substituting the above Bailey pair into (2.1) with replacing ¢, a, p; by ¢?, 1, —q and
setting ps — oo, we deduce

Ul = L) (f: 21y (1 ) 1)

(6% 6% \ = L+ g
_ (44 i (-4 g™ i (04 g™
(%) \ = 1+ gt — 1+ gt

& n 2n°+n n -1 n 2n°+n n
_ (64 Z(—l) (g™ 3 (=Drg* (1 + ¢’ )+1>
1+q4n
=1

(4% ¢*) oo (n S 1+q*

(=4 ¢*) o i (—1)"q2"2+”(1+q2”)>

(4% %) 1+ ¢in

_ (50
(4% %)oo

_ (_q’ q2)oo f: (_1)nq2n2+n N f: (_1)nq2n2—3n
2. 2 1+q4n 1+q—4n ’

i (_1)nq2n2+n+ i (_1)nq2n2+3n
1+q4n 1+q4n

n=—oo n=—oo

(% 6% \ S~
which implies (2.41). O
Proof of (2.42). Invoking Lemma 2.2, we get
2n2+2n(1 +q2)<1 _q4n+2> n L
AL (P, ~ig iq.q%) = 1 > (=1yg o (2.43)
n\d s T Y — 2 An+2
T=g)(1+g"+?) =,
and
. 1
B, (¢*, —iq,iq,¢%) = EroTOR (2.44)

Substituting (2.43) and (2.44) into (2.1) with replacing ¢, a, p1 by ¢*, ¢°, —q and then
setting py — 0o, we have
©© 3.2 o n242n
2 n2+2nB/ 2 2y (_q 4 )OO q (1 + Q)
nZ:O( q;4 )nq n(q , —q,14,q ) (q4’ qg)oo par 1+ q2n+1

That is,

A%(QQ, _ZQJ ZQJ q2)

. 2)00 o~ q3n2+4n(1_q2n+1)

)oo =0 1+ q4n+2

S (1

j=—n

(

(
_Q( q n q3n +4n( 1 q —j2—j oo n 3n2+6n+1(_1>jq—j2—j
S (S y OIS s )

n=0 j=—n n=0 j=—n
(2.45)

Notice that
o0 n q3n2+4n(_1>]q_]2_]

Z Z 1+ q4n+2

n=0 j=—n
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oo o0

¢ (1)

1 + q4n+2

3n2+4n(_1)jq7j27j

>

1 + q4n+2
_1)i g3

N
=) T

and

n o 3n246n+1 (— 1)jq—j2—j

NE

1 + q4n+2

q3n2+6n+1<_1)jq*j2*3

>y

1 + q4n+2

q3n2+6n+1<_1)jqu2fj

D>

j=—ocon=—j

1+ g*n+2
_1)jq2j2+5j+1

1+ ghit2

J=0

-2

¢ (1) g

1 + q4n+2

j=—oon=—j
A G VL

1 + q4n+2

7=0 n=j5+1

o q3n2+6n+1(_1)jq7j27j

1 + q4n+2

x> q3n2+6n+1(_1)jq7j27j

1 An—+2
7=0 n=j5+1 + q

Thus, the identity (2.45) is equivalent to the following equation:

2. 2 4j+2 4512
(4% ¢%) g 1+ q¥ = 1+ q¥
) [N (—1)ig¥ 3 — ()23
:(J(QQ) Z( ) ‘ +Z( )q‘ :
q2; q2)oo — 1+ q4j+2 ' 1+ q4j+2
Jj= j=—00
which implies (2.42). Therefore, we complete the proof. O

Notice that (2.41) and (2.42) can also be proved by (1.13), (1.14), Theorem 1.3

n [14], and Corollary 3.10 in [17].

3. THE PROOF OF THEOREM 1.5

In this section, employing Ramanujan’s 17); summation formula and a 51, transfor-
mation formula due to Bailey [6], we prove some identities for the second and eighth

order mock theta functions.

The general bilateral basic hypergeometric series in base ¢ with » numerator and s

denominator parameters is defined by

ai, G2, ..., G o =
7‘1/}8( bla bQ, b 7Q7z) T Z

Y S

(a17a27 e

) a?"; Q)n

I (b17b27 Tt 7bs; q)n
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Ramanujan’s 191 summation formula [11, Eq. (5.2.1)] says that

a (¢.b/a,az,4/az; ¢)o

: = 3.1
(i) = G S (&1)

where |b/a| < |z| < 1. We also require the 915 transformation formula from [6].

a b <a27 d/a7 C/b, dQ/CLbZ, Q)oo a (le/d d
C = ’ g~ ). 2
22 ( c, d ,q,z) (z,d,q/b,cd/abz; q) 2¥2 az, c D a (3:2)

Proof of Theorem 1.5. Based on (1.5), we have

B(q) ZCI Z 2)

n—l—l —0 n+1

= 7" (
_2 q;q n+1 nz_oo q q n+1
B "(=4:9)n

B Z n+1 .

n=—oo

Replacing ¢, b, ¢, d, and z by ¢, —q, a, ¢*, and g, respectively, in (3.2), we derive

ZCI

n=—oo

1—q

_ (—a7'q ;q2)oo(—aq‘1;q2)oo(aq;Q) (a'¢% ¢*) oo Z a ”q3" a4 (3.3)
(ag; q )

B (—a:¢*)2(a:¢%)% S~
In addition, it can be seen from (3.1) with replacing ¢, a, b, and z by ¢*, —aq™', aq,
and a~'¢?, respectively, that
x g g
2 (

n=—oo

(—ag” ' ¢%)n

aq; ¢*)n

_ 2(=¢* )% (0% %) | (3.4)
(—a7¢% %) oo (—aq™ 5 4%)oo(aq; ¢*) o (@71 4% ¢%) o

Combining (3.3) and (3.4) yields that

q"( _ 2% 0°)%(¢% %)
nzoo ?)nt (=4 ®)3.(4:¢*)%

Simplifying the above identity yields (1.17).
Next, it follows from (1.2) that

Vola) + Vo(—q :—2+2<Zq +§: q(q) 2)”>
B 7" qq - 1)”61"2( ¢*)n
(S L S
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_2<an Zq )

n=—oo

— 9 Z 0 (¢ (3.5)

Then replacing ¢, a, b, ¢, d by ¢?, —q/z, —q, ¢, 0 and then letting z tend to 0 in (3.2),
we see that

o0 2712

Z o), =2(=¢" ") Y <2q—4 (3.6)

S = (@%q4")n

Furthermore, applying (3.1) with replacing ¢, a, b by ¢*, —¢*/z, ¢* and then letting z
tend to 0 yields that

i I G e WL O 57)
= (*qY)n (—1,¢% ¢ '
Examining (3.6) and (3.7), we derive
(4 n
Z = (—¢%4")%(¢% ). (3.8)

Thus, we establish (1.18) from (3.5) and (3.8).
Similarly, with the aid of (1.3), we have

& n24+2n+1 (

O PRV b il o L U s i

— (¢ 4*)nt — (=4 ¢*)n
n=0 n=0

e’} —1 n
B qn2+2n+1(_q; qz)n qn2+2 +1(—q; q2)n
- Z .2 + .2

—~ (4% S (@@)an

o0 n24+2n+1(_ . 2
o (G

Additionally, it follows from (3.2) by setting b = b/z that
a, b/z (az,d/a,cz/b,dq/ab; q)so a, ab/d d
, : — ’ ¢, — . (3.10
2¢2 < ¢, d 14, Z> (Z, d, QZ/b, cd/ab, Q)oo 2¢2 az, c 14, a ( )

Then replacing ¢, a, b, d by ¢*, —q, —¢>, ¢* and then letting ¢, 2 tend to 0 in (3.10),
we derive

00 qn2+2n _q;qg . 00 o
(Q' éz) o ) = (_q2§q2)oo Z (—1) q2 (q2;q4>n' (3'11>

n=—oo n=—oo

Furthermore, it can be seen from (3.1) with replacing ¢, a, b, and z by ¢, ¢, 0, and
—q?, respectively, that

> (1" (% qM)n = 2(=¢" ¢")% (6% ¢) e (3.12)
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Examining (3.9), (3.11), and (3.12), we deduce (1.19).

Notice that Gordon and McIntosh [12, Eq. (1.6)] established the generalized Lam-
bert series for V;(q).

n 4n2 +4n+1

q q 00
Vl(Q)_ Z gin+1

Using the above identity, we give another proof of (1.19).

(0" M [ = (—1)rgtniantt & gt
Vi) - = = (S SR Y

<q 4q >OO n=-—o00 n=-—00

n 4n +4n+1

q qooz 1_q8n+2

n=—oo

_ 2q(—q 100 (4% ¢°)2
(4% 4o (0% ¢*) oo
where in the last line, we use the following identity given by Andrews and Berndt [4,
Entry 12.2.2]:

9

n+1)

= (-1l (g )
Z 1—q"z '

Hence, we obtain (1.19).

Finally, we prove (1.20) and (1.21). Replacing q, a, b, and z by ¢*, —¢?, 0, and g,
respectively, in (3.1) yields that

[e.9]

S ) = (—¢: qQ%Q(QQ;QQ)OO‘ (3.13)

n=—oo

Combining (3.13) and the following identity [12, Eq. (1.9)]:
Uo(q) +2U1(0) = (—=4:¢*)3 (0% ) o (0% ¢*) oo

we have

Uo(q) +2U1(q) = 2a(q*; ") Z ¢"( (3.14)

n=—oo

Replacing ¢, a, b, d by ¢*, —q, —q, —q* and then letting ¢, z tend to 0 in (3.10), we
obtain

q - n
Z =2(¢: "o >, (4 D2n1. (3.15)
Moreover, replacing ¢, a, b, d by q2, —q, —¢°, —¢? and then letting ¢, z tend to 0 in
(3.10), we have

o0

(_qz;;ﬁ)f)" =240 D, ¢"(~0 D)o (3.16)

0 qn2+2n ( o

n=—oo n=—oo
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In addition, Gordon and McIntosh [12] gave that

So(q) + 2Ty (q Z ¢ (G4 , (3.17)

n=—0oo

= (g )

Si(q) +2Th(q) = 2 e, (3.18)
Combining (3.15) and (3.17) implies
So(®) +2To(q”) = 2(¢* ¢oe D 0" (—0% ¢*)201
=29(¢% 0" > (=010 )ons
= 4(¢% ¢ > (1= (=1)")¢"(=¢" ¢")n- (3.19)

Examining (3.14) and (3.19), we arrive at (1.20). Similarly, applying (3.16) and (3.18)
yields that

o

Si1(@®) + 2T0(0") = 2(¢% ¢")oe Y ""(—0%¢%)n
= (%0 Y, 1+ (=D)")¢"(=¢% ¢")n- (3.20)
Using (3.14) and (3.20), we deduce (1.21). Therefore, we complete the proof. O

Notice that based on the following results established by Hickerson and Mortenson
[14]:

B(q) = —q"'m(1,¢",¢%),
%(q) = _m(q27 qu Q)a
we can also prove (1.17) and (1.19) by using the following identity [14]:

205%(¢; ¢*)j(21/ 203 0)j (220215 q)
7(2050)j (215 9)j (2205 ¢)J (2215 q)

m(x, q, Zl) = m(:v, q, ZO) +
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