SOME SEMISYMMETRIC GRAPHS
ARISING FROM FINITE VECTOR SPACES
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ABSTRACT. A graph is worthy if no two vertices have the same neighborhood. In
this paper, we characterize the automorphism groups of unworthy edge-transitive
bipartite graphs, and present some worthy semisymmetric graphs arising from vector
spaces over finite fields. We also determine the automorphism groups of these
graphs.
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1. INTRODUCTION

All graphs in this paper are assumed to be finite, simple and undirected.

Let I' = (V, E) be a graph with vertex set V' and edge set E. Denote by Autl’
the automorphism group of I, i.e., the subgroup of the symmetric group Sym(V)
preserving the adjacency of I'. Then Autl’ acts naturally on the edge set FE of I' by

{u, w}? ={uw,w}; V{u,w} € E, g € Aut!".

The graph I is said to be vertex-transitive or edge-transitive if Autl’ acts transitively
on V or E, respectively. If I is regular, edge-transitive but not vertex-transitive, then
I is called a semisymmetric ([10]) graph. It is well-know that a semisymmetric graph
is bipartite with two parts the orbits of its automorphism group on the vertices.

In 1972, Folkman [7] constructed some examples of semisymmetric graphs and
posed eight problems on the existence of semisymmetric graphs with restricted order
or valency. Folkman’s problems stimulated a wide interest in the study of semisym-
metric graphs. As a result, various constructions and also classification results of
semisymmetric graphs have been published, see [1, 2, 3, 4, 6, 5, 8, 9, 11, 12, 14] for
example.

A graph is worthy if no two vertices have the same neighborhood. It is easy
to see that every unworthy semisymmetric graph can be reconstructed from some
worthy edge-transitive bipartite graph by replacing each edge with a suitable complete
bipartite graph, see [14]. Thus, in the field of semisymmetric graphs, worthy graphs
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play an important role. In this paper, we construct several families of semisymmetric
graphs arising from finite vector spaces, most of which are worthy.

2. AUTOMORPHISMS OF GRAPHS WITH GIVEN REPEATEDNESSES

Let I' = (V, E) be a connected bipartite graph with bipartition V= U U W. Let
Aut™I" be the subgroup of Autl” which fixes the bipartition of I". Assume that Aut™ I’
acts transitively on E. Then U and W are orbits of Aut™I" on V. For v € V, denote
by I'(v) the set of neighbors of v in I

For uw € U and w € W, set
w={udeU|TIW)=T},w ={w eW|I'uw)=T(w)}.
Let U* = {u* | w € U} and W* = {w* | w € W}. Then U* and W* are Aut™ I'-

invariant partitions of U and W, respectively. The group Aut™I" induces two transitive
actions on U* and W* by

(u*)? = (u9)*, (w*)? = (W)*; uec U, we W, geAut'TI.

Moreover, the sizes ry := |u*| and ry := |w*| are independent of the choices of u € U
and w € W, called the repeatednesses of I' (see [14]). Let

r=ry, s=rw, k=|T)|,l =|[(w)|,m=|U*,n=|W".

Then
s’k, r|l7 mrk = nsl.

Note that U* UW™* is an Aut/l'-invariant partition of V. We define a bipartite graph
I = (V* E*) with V* = U* UW* and {u*,w*} € E* if and only if the subgraph
[u*, w*] of I" induced by u* Uw* is (isomorphic to) the complete bipartite graph K, ;.
Then Aut™I" induces a subgroup of Aut™ I'*, which acts transitively on E*. Moreover,
the vertices in U* have valency k* := f in I, and the vertices in W* have valency
[* = % in I'*. Clearly, no two vertices in I™* have the same neighborhood. Note that

each 0 € Autl’ \ Aut™ " if exists induces an automorphism of I'* interchanging U*
and W*. Then the following lemma holds, see also [14].

Lemma 2.1. If Aut™ I'™* = Autl™* then Aut™ ' = Autl". In particular, if k = 1 but
r # s than I' is semisymmetric.

Set
U ={uy; |1 <i<m}, W'={w;|1<j<n}
Let M be the subgroup of the symmetric group Sym(U) fixing every u} set-wise, and
let N be the subgroup of Sym(W) fixing every w} set-wise. Then M < Aut™I', where
M acts naturally on U and trivially on W. Thus M is contained in the kernel of
Aut™I" acting on W. On the other hand, if ¢ lies in the kernel of Aut™ I" acting on W,
then v and u9 have the same neighborhood. It follows that M is the kernel of Aut™ I’
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acting on W. Similarly, N is the kernel of Aut™I" acting on U. Then the following
lemma holds.

Lemma 2.2. Let Ky and Ky be the kernels of Aut™I" acting on U and W, respec-
tively. Then
Ky = Sym(w}) x - x Sym(w?), Ky = Sym(u) x - - x Sym(u,),

and Ky Ky = Ky X Ky is normal in Autl.

In particular, we have the following corollary.

Lemma 2.3. (i) Aut* I is faithful on U if and only if s = 1;
(i) Aut™I" is faithful on W if and only if r = 1.

Write uj = {uyi, . .., upi} and wj = {wyy, ..., wy;}, where 1 <i <mand 1 < j < n.
Then we may assume that the actions of Ky and Ky are given by

o ] e if z € Sym(u}),
| wu.; otherwise;

Wi = 4 W if 2 € Sym(wj);
fi wy;  otherwise.

Consider the semidirect product G := (Ky x Ky ):Aut*I'*, where o € Aut™ I'* acts
on KU X KW by

(Y15 Uns 1, )7 = (Yot o Yo 13 T o1y ooy T, o1 ).
Then G has an action on V' = UUW defined as follows: for g = (y1,...,Yn;%1,...,Tm;0) €
Gi1<i<m,1<j<n,1<e<randl1<f<s,

g.:

uez

Uez; o, w?j = 'l,Ufyj jo -

It is easily shown that this action is faithful, and each g € G gives an automorphism of
I" which fixes the bipartition of I". Thus Aut™I" > (Ky x Ky ):Aut™ I'*. (Note that the
action of G on U induces a group isomorphic to the wreath product S, ! Aut™I'™*, and
the action of G on W induces a group isomorphic to the wreath product Sy Aut™ I'*.)

Theorem 2.4. Aut™I" = (Ky x Ky ):Aut™ I'*.

Proof. By Lemma 2.2, Aut™ I'* is faithful on both U* and W*. Then Ky x Ky is
the kernel of Autl” acting on V*. In particular, Aut*I'/(Ky x Kyy) is isomorphic to
a subgroup of Aut® I'*. Recalling that Aut*I" > (Ky x Ky ):Aut™I'*, our theorem
follows. U

Suppose that Autl™ # Aut™I'*. Take o € Autl™ \ Aut™I'*. Then o interchanges
U* and W*, and hence m = n and k* = [*. In particular, I' is regular, that is k = [,
if and only if r = s. Assume that r = s. We define

O Ui = Weir, Wi upj 1<e, f<r1<i,7<m,
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where ' and j’ are such that (u;)” = wj and (wj)” = uj,. Then it is easy to check
that ¢ is an automorphism of I', which interchanges U and W. Thus, by Lemma 2.1
and Theorem 2.4, we have the following result.

Corollary 2.5. If k =1 then I' is semisymmetric if and only if either r # s or I'* is
semisymmetric.

3. A CONSTRUCTION OF EDGE-TRANSITIVE BIPARTITE GRAPHS

Let n be an integer no less than 4. For a positive power ¢ of some prime p, let
[F, be the finite field of order ¢, F} the n-dimensional column vector space over [,
and PG(n — 1,q) the (n — 1)-dimensional projective geometry over [F,. Denote by
P, L and H the sets of 1-dimensional (i.e., points in PG(n — 1, q)), 2-dimensional
(i.e., lines in PG(n — 1,¢)) and (n — 1)-dimensional subspaces (i.e., hyperplanes in
PG(n — 1,q)) of F}, respectively. Recall that an (n;,n,)-flag of F} is an ordered
pair (u, w) of an n;-dimensional subspace u and an ny-dimensional subspace w with
1 <n; <ny<n-—1and uC w. Let U and W be the sets of (1,2)-flags and
(1,n — 1)-flags of F}, respectively. Then

U={(p,)[peP,pclel}, W={(ph)[peP, pCheH}
and
o @ =D 1)
Ul =W| = ——5———
(¢—1)(¢—1)
Consider the actions of the projective semilinear group PI'L(n,q) on U and W.

Then PI'L(n,q) is transitive (and faithful) on both U and W. For (p,l) € U, the
stabilizer PI'L(n, ¢)(p,1) has exactly 7 orbits on IW:

Olz{p/,h eW |1=pap,1Nnh=p'}, which has length ¢"~;
p,h) e W |1nh =p # p’}, which has length o),

q 1 !

(p’,h)

(p’,h)

(p’,h) e W |Inh € P\ {p,p'}}, which has length Lf‘l);
(p',h) €W |1=p®p’ C h}, which has length 4 f2),
(p’,h)
(p’,h)
(p’,h)

p ,h)e W |1Ch1np =0}, Whlchhaslengthq( (;1)1()(”)3 DR
p’.,h) € W |1Nnh = p = p'}, which has length ¢";
p’.h) € W [1C h,p = p'}, which has length £

{
{
{
{
{
{
d

For each i define a bipartite graph F;(n,q;1,2;1,n — 1) on U U W with edge set

E; = {{(p?,¥), (p)*, 1)} | g € GL(n,q), (p’,h) € O:}.

Then every F;(n,q;1,2;1,n—1) admits PI'L(n, ¢) acting transitively on the edge set
but not on the vertex set.

It is easy to check that both Fg(n,¢;1,2;1,n—1) and F7(n,q;1,2;1,n—1) are not

connected. In the following section, we shall prove that, for 1 < ¢ < 5, the graphs
Fi(n,q;1,2;1,n — 1) are connected and semisymmetric.



4. THE NUMBERS OF PATHES IN J; WITH LENGTH 2

For 1 < i <5, welet I, = F;(n,q;1,2;1,n — 1). For distinct vertices v; and vy
of I';, let Or,(v1,v2) be the number of pathes with length 2 joining v; and ve, that is,
9112.('1]1, U2) = |Fl(1)1> N FZ<'U2)| Set

0:(U) = {0r,(u1,uz) | ur,us € U, us # us},
0;(W) = {0r,(wy,ws)| | wy,ws € W, wy # ws}.

Note that every I is regular and bipartite. Then [} is connected if and only if
every pair of vertices in U are joined by some path in [}, or equivalently, every pair
of vertices in W are joined by some path in ;. Further, if [ is connected and
©,(U) # ©,(W) then there is no automorphism of I interchanging U and W, and so
I'; is semisymmetric in this case.

Lemma 4.1. Let 1,1, € £ and write l; = p; + p} and 1y = py + p,, where
P1, P}, P2, Py € P with p) # p,. Then there are hy,hy € H such that 1; Nh; = pl,
h;, = p, +h; Nhy, where i =1,2.

Proof. Let H; ={h € H | p, C h}, and H, ={h € H |]; C h}, where i = 1,2. Then
|H; \ H| = ¢" 2, and each h € H;\ H/ intersects I; at p;. Let Hio = H; NHs, the set

qn72_1

of (n — 1)-dimensional subspaces containing both p} and pj. Then |Hs| = PR
and so H; \ H, \ Hi2 # 0. This yields our lemma. O

Theorem 4.2. (i) ©,(U)={0,¢"3(qg —1),q" *(¢—1)}.

(i) ©:(W) ={0,¢ = 1,¢" (¢ — D)}
(ili) I 4s connected and semisymmetric.

Proof. (1) Let u; = (p1,11) and uy = (p2,1z) be distinct (1,2)-flags. Then, by the
construction of I, it is easily shown that I'i(uy) N I'1(uz) = 0 if and only if either
]1 N 12 = O, or 11 N 12 € {p17p2}-

Suppose that I'1(u1) N I (uz) # 0. Then either I; = I, or I} and 1, intersect at
some p € P\ {p1,p2}. Note that a (1,n — 1)-flag (q,h) is connected I'(u1) N I'(uz)
if and only if q & {p1,p2} andq=L1 Nh=1LNh. Let H; ={heH|l;Nnh=
lbNnh e P\ {p1,p2}}. Then Op, (uy,us) = |H4|. If I =15 then

qn_1 qn—l_l qn—2_1 Ly
M| = —9 — g —1).
[H.] o =) 1 (¢—1)
If,Nly =p & {p1,p2} then
n—1 n—2 n—3
¢ -1 ¢ -1 g¢"-1 3
|1, | | o (¢—1)

Thus ©(U) is known as in (i).

Suppose that I'1(uy) N 1 (ug) = 0. We write I = q; @ g} and I, = q2 @ d), where

qi=prand qu =p2if;, Ny =0,0r qy =qz =p1 if , Nl = p;1, or q; = q2 = p2 if
1,Nl; = p2. By Lemma 4.1, we take hy, hy € H such that I;nh; = g, h; = q}+h;Nh,,
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where ¢ = 1,2. Then, choosing a suitable 1-dimensional subspace q of q} + q5, we

get a path: (p1, 1), (a3, i), (@, 4] +d3), (43, ha), (P2, 12). It follows that every pair
of vertices in U are joined by some path, and so I is connected.

(2) Take distinct (1,n — 1)-flags wy; = (p1,hy) € W and wy = (p2, hy) € W. Then
I (wy) N Iy (wsy) # 0 if and only if either p; = py or h; = p; @ (hy Nhy) for i = 1,2.
For the latter case, (q,1) € I'1(w;)N I (we) if and only if 1 = p;+ps and q & {p1, P2},
yielding 6p, (wy,ws) = g — 1. Let p; = p2 = p. Then (q,1) € I'i(wy) N I (ws) if and
onlyifl=p+q. Let £L; ={l€ L|1Nnh; =1Nhy =p}. Then
n—1 n—2 n—3
¢ -1 ¢ -1 g1 —3

Li| = 9 — " 3(g—1

|1£4] ) e (¢—1),
and each 1 € £; contributes ¢ common neighbors (q, 1) of wy and ws. Thus 0r, (wy, we) =
q"%(q —1). Then part (ii) of this theorem follows.

Finally, noting that I} is connected and ©,(U) # ©;(W), there is no automorphism
of I} interchanging U and W. Thus [I" is semisymmetric. U

By the argument in the above proof, we have the following fact.

Corollary 4.3. (i) If ui,uy € U, then Op (uy,u) = ¢"2(q — 1) if and only if
uy = (p1,1) and uy = (p2,1) for somel e L.
(i) If wi,wy € W, then Op, (w1, ws) = ¢"%(q — 1) if and only if wy = (p,hy) and
wy = (p, hy) for some p € P.

Theorem 4.4. (i) ©2(U) = {0,¢" *(¢" " —2¢ + 1), qn73(qr;:11—2q+1),qn72(qn72 _
1)}.

.. _ n— n— n— n— n— n—2¢(,n—1__
(i) ©2(W) = {¢"(¢" 2 =2 +1),¢" 2(¢"® —1),¢" 3(g" 2 — 1), LL_—2atlly
(iii) Iy s connected and semisymmetric.

Proof. (1) Take distinct vertices u1 = (p1,11) and ug = (p2,12) in U. Then I'(uy) N
I'y(ug) # 0 if and only if p; = pg, or 1Nl =0, or Iy N1y € P\ {p1,p2}-

If p1 = p2 then (q,h) € I(uy) N Iy(ug) if and only if s, Nh =1, Nh = p; # q,
and hence

n—1 n—1 n—2 n—3
¢ —q,q" —1 g —1 ¢ -1 2
pl ~2 + )=¢"¢"? = 1).

QFQ(ULW): g—1 g—1 q—1

If 11 N 12 = 0 then

n—2 n—3 n—4
¢ -1 J¢" -1 ¢ -1 4 -1
0 _ _ — =" g - 2¢+1).
1, (U1, us) (q—l ) —1 i—1 q—l) 7" (g q+1)
Ifl,Nnl, e P \ {pl, pg} then
qnfl_l 1172_1 qn73_1 qn73(qn71_2q+1)

0 =
1y (1, ug) = ( g—1

Thus ©5(U) is known as in part (i).
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(2) Take distinct (1,n — 1)-flags wy = (p1,h;) € W and wes = (pa,hy) € W.
Then (q,1) € I'y(wy) N Iy(wy) if and only if INh; =1Nhy = q & {p1,p2}. Let
Li={l€ L|1Nnh; =1Nhy & {p1,p2}}. Then each 1 € L£; contributes a unique
common neighbor (1N hy,1) of w; and we, and then O, (wy, ws) = [L4].

If h1 = h2 then
20+ 1)(¢" —¢"")
q(qg—1)?

Thus we assume that h; Nhy has dimension n — 2. If h; = p; @ (h; Nhy) for i = 1, 2,
then

Or (s ws) = | L] = (g —2g 4 1),

("2 =1)(¢" —2¢" " +¢"?)

Or, (w1, w2) = [L1] = REESIE

— qn—3<qn—2 _ 1)'

If p1 # p2 and p; + p2 € hy Nhy then

-2 —1 —2
q" " —=2q+1)(¢" —2¢" +¢" n
O (wrs ws) = |L] = ) ) _

q(qg — 1)
If p; = p2 or only one of p; and ps is contained in h; N hy, then

"Pog(et 2" g0 2P — 1)
(g —1)? '

q”_2 —2q+1).

O (wn, w9) = | £a] =

By the above argument, we have ©2(W) as in part (ii). In particular, since n >
4, every pair of distinct vertices in W have common neighbors, and hence I is
connected. Noting that O9(U) # O2(W), part (iii) follows. O

By the argument in the above proof, we have the following fact.

Corollary 4.5. (i) If uy,us € U then Op,(ui,us) = ¢"2(¢" 2 — 1) if and only if
u; = (p, L) and uy = (p,La) for some p € P.
(i) If wy,we € W then Op,(wy,ws) = ¢"2(¢" ' —2¢+1) if and only if w; = (p1,h)
and wy = (p2, h) for some h € H.

Theorem 4.6. (i) ©3(U) = {¢" *(¢" —2¢*+2¢—1),¢" *(¢" ' =2¢+1),¢" ' (¢" % -
1) w}

(i) ©3(W) = {(¢"2=1)(q" " —g+1),q"2(g" ' =2q+1), " (¢"2-1), Loy
(iii) I3 is connected and semisymmetric.

Proof. (1) Take distinct (1,2)-flags u; = (p1,11) and uy = (p2,lz). Note that (q,h) €
Fg(ul) N Fg(UQ) if and OIlly if 11 NheP \ {pl,Q} and 12 NheP \ {pg,Cl} Let
le{h€H|p1ﬂh:p2ﬂh:O}.
If P1 = P2 then
B qn -1 qn—l -1
] = q—1 ¢g—1
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and each h € H; contributes (qnq__# — 2 to O, (uy,usz), and thus

qn—1<qn—1 _ 2q + 1)

Or, (u1, uz) = —1 .
Assume that p; # p2. Then
qn -1 qn—l -1 qn—2 -1 .
M| = —— =2 + =q¢"?(qg—1).

q—1 q—1 q—1
If 1, =1, then each h € H; contributes (qan% — 1 to Op,(u1,us), and thus
Or, (w1, u2) = ¢" ' (¢" > — 1).
n—lil)

IfL Nl =0o0rl;Nly € {p1,p2}, then each h € H; contributes (g =
Ory(u1, uz), yielding

— 2 to

Ory(ur,u2) = ¢"2(¢" ™" — 20 + 1).
The remain case is that I} N1y € P\ {p1,p2}. Let Ho ={h € H; | 1, Nl C h}.
Then |Hs| = ¢"3(¢—1), each h € H, contributes (qnql# —1 to 0p,(u1,us), and each
n—1
h € H; \ Hs contributes (qq__1—1) — 2 to O, (u1,ug). It follows that

Or, (w1, us) = ¢"°(¢" — 2¢* +2q — 1).

Thus ©3(U) is known as in part (i). In particular, any two vertices in U have common
neighbors, and so ' is connected.

(2) Take distinct (1,n — 1)-flags wy = (p1,h;) and wy = (pa, hy). Then (q,1) €
I'3(wy) N I3(wy) if and only if 1Nh; € P\ {p;,q} for i =1, 2.

Let £1 = {IE L ‘ lﬁhl EP\{pZ},Z: 1,2} Ifhl :hg then
(qnfl - 2q + 1)(qn - qnfl)
q(q — 1) ’
and each 1 € £, contributes ¢q to fp,(wy, ws), and thus
"¢ —2q+1)
q—1 '

L] =

9F3(w17w2) =

Assume next that h; Nhy have dimension n—2. Let £, = {l € £; | 1nh; = 1INhy}.
Then each 1 € £, contributes ¢ to O, (w1, ws), and each 1 € £, \ Lo contributes ¢ — 1
to 9]“3 (wl, IUQ).

Let p; = p2. Then

o - WM ZR 200 st 1)
and - g
0\ £ = (q:’f)Q L _ o,
Thus

Or, (w1, ws) = q¢" ("> = 1) + (¢ — 1)@?"? = ¢" H(g" 2 = 1).



Let P1 7é Pa. If l’lZ = DP: @hl N hQ for ¢ = ]_,27 then
("2 = D" —2¢""+¢" %) _ 3

el = aa—17 ool
and
e\ o] = =T (e
and hence

Or,(wi,ws) = (¢ —1)(¢" > = 1)*+q¢" ("> = 1) = ("> = 1)(¢" " —q+1).
If P1 + P2 Q h1 N hg, then

("2 =20+ 1)(¢" —2¢" "+ ¢"?)
q(g—1)?

‘£2‘ — :qn73(qn72 _2q+ 1)

and
B (qn—l _ qn—2)2 B
L1\ Lof = RS

and so
Or,(w,wy) = (¢ — 1)@ +q¢" ("> = 2¢+ 1) = ¢" *(¢" " —2¢ + 1).
If only one of p; and ps is contained in hy N hy, then

n—2 __ n_9 n—1 n—2
(q q)(q q +q ) — qn72( n—3 1)

E p—
L] q(q— 1) !
and
(qn—l _ qn—2)(qn—1 _ qn—2 —q + 1) . .
“Cl\£2‘ = (q—1)2 =q 2<q 2_1)7
and so

Ory(wi,wz) = (¢ = 1)q" (¢" 7 = 1) +¢¢" ("> = 1) = ¢"2(¢"" =20 + 1)
Thus O3(WV) is known as in part (ii).
Clearly, ©3(U) # O3(W). Recalling that I3 is connected, I is semisymmetric. [

By the argument in the above proof, we have the following fact.

Corollary 4.7. (i) If uy,us € U then Op,(ui,us) = ¢" (¢"? — 1) if and only if
uy = (p1,1) and us = (p2,1) forle L.
(i) If wy,wy € W then Op,(wy,wy) = % if and only if wy = (p1,h)
and we = (p2,h) forh € H.

n—3_1

Theorem 4.8. (i) ©4(U) ={0,L—=,¢"2 — 1}.

g—1 7
.. n—3__
(ii) ©4(W) ={0,q — 1, %}-
(ili) Iy is connected and semisymmetric.
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Proof. (1) Let u; = (p1,l1) € U and uy = (po,ln) € U with u; # wus. Then
(q,h) € I'y(uy) N Iy(us) if and only if I; = p; & q C h, i« = 1,2. In particular, if
F4('LL1) M F4('LL2) 7£ @ then either 11 = 12, or 11 N 12 ep \ {pl,pg}.

If ; =1, =1then (q,h) € I'y(uy) N I[y(uz) if and only if 1l = p; @q=p2®dq =
pP1 @ p2 C h, thus

n—2 __ 1
br(uru2) = (g = )—= =¢" 7~ L.

If 1, N1y € P\ {p1,p2}, then (q,h) € I'y(u1) N Iy(ug) if and only if I; + 15 C h and
q=1 N, and so O, (u,us) = qnq_jl_l. Thus

n—3

q —1 n—2

A —— 1
64((]) {07 q—1 4 }7

as in part (i).

Suppose that I'y(uy)Ny(ug) = (. Then p; = po, or 1Nl =0, or 1Nl € {p1, p2}.
If p; = po, writing ; = p; @& q; for ¢ = 1,2, choosing h € H with p; +q; + q2 C h,
and taking q € P with q; + 9 = q2 + q = q1 + q2, then we get a path:

uy = (P1,11)a (Qbh) (q, q: + q2)7 ((l2,h)a (P2,12) = Uz.

If 1;N1y = 0 then there are a path between (p1,1;) and (p1, p1+p2) and a path between
(p2,12) and (p2, p1 + P2), and so there is a path between u; and uy as (p1, p1 + P2)
and (p2, p1 + p2) have common neighbors. Assume that 1; N1, € {p1, p2}. Without
loss of generality, we let 1; N1y = py, and write I; = p; ® q;. Choose q2 € P with
2N (l;+1) =0. Let 1 = q; +q2. Then 1N1, = 0, and so (qy, 1) and wus are joined by
a path. Noting that I, N1 = q; ¢ {p1,q2}, we know that u; and (qy,1) have common
neighbors. It follows that u; and uy are joined by a path. Then I’y is connected.

(2) Take distinct (1,n — 1)-flags wy = (p1,h;) and wy = (pg, hy). Then (q,1) €
Iy(wy) N Ty(wy) if and only if 1 = p; ® q € hy Nhy for i = 1,2. In particular, if
F4<U}1) N F4(w2) 7é @ then P1 + P2 Q h1 N h2.

Let P1 + P2 g h1 N h2. If P1r = P2 =P then (q, l) e I (wl) N F4(U}2) if and

only if 1 = p@® q C h; N hy, and hence Op, (wy,wy) = qqn;jl_l. If p;1 # p2 then
(q,1) € I'y(wy) N I'y(we) if and only if 1 = p; @ ps = p1 B q=p2®q C hy Nhy, and

then O, (wy, wy) = ¢ — 1. Thus ©4(W) is known as in part (ii).

Since O4(U) # O4(W), recalling that Iy is connected, we conclude that Iy is
semisymmetric. 0

By the argument in the above proof, we have the following fact.

Corollary 4.9. (i) If uy,us € U then Op,(uy,us) = ¢" 2 — 1 if and only if u; =
(p1,1) and uy = (po,1) forle L.
(ii) If wy,wy € W then Op,(wy,ws) = q(q7;:31—1) if and only if wy = (p,h;) and
Wy = (pahQ) fOT' p € P.

Theorem 4.10. Let t = ¢"* — 1.
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(i) ©5(U) = {L=2gtly, (2D 2 20b) @121y

s a(¢" "2 —q*—q+1) q2(tggj?1’)—21) (q"”Z—1)(q"£%_—11))2 a(q" 3 -1)(q" "' —¢*—q+1)
(11) @5(W) = { (q_1)2 ta (q_1)2 tv (q_l)z ) (q_1)2 }

(iii) I'5 is connected and semisymmetric.

Proof. (1) Let uy = (p1,Lh) € U and uy = (pg,lz) € U with u; # wuy. Then
(q,h) € F5(U1) N F5(U2> if and Ol’lly if 11 + 12 g h and 11 N q = 12 ﬂq =0. In
particular, if I'5(uy) N I5(ug) = @ then n =4 and 1; N1, = 0. Thus, if 1; N1y # 0 or
n > 4 then there is a path joining u; and uy. Suppose that 1; N1y = 0, and write
I, = pi®q; for i = 1,2. Then (qi,q; + q2) and each of u; and us have common
neighbors, and so u; and us are joined by a path. Therefore ' is connected.

If 11 = 12 then

e A et S Ul U A )
g—1 q-1 (¢ —1)?

9F5 (U1, Uz) =

If1; N1y € P then

9F5 (Ul, U2) =

If 1; N1y = 0 then

QFS(Ul, U2) =

Thus O5(U) is known as in par (i).
(2) Let w, = (p17h1> € W and Wy = (pg,hz) € W with w1 §é Way. Then (q, l) c
Is(up) N Is(ug) if and only if 1 C hy Nhy and pyNl=psN1=0. Let £L; ={l € L |
1ChyNhy,piN1=pyN1=0}. Then Op (wy,ws) = (q+ 1)|L4].
If hl = h2 then
n—1 _ 1)(qn72 - 1) 2qn72 -1
- _
(> =1)(g—1) q—1

|£1| = (q +17

and so
q<qn—3 _ 1)<qn—1 _ q2 —q + 1)

Or, (w1, wz) = (¢ + 1)|L4] = (q— 1)

If P1 = P2 then
‘£1| _ <qn—2 B 1>(qn—3 B 1) . qn—S —1
(> =1)(g—1) g—1"

"= D" - 1)
(¢—1)
Let h1 7é h2 and P1 7é P2. prlﬂhlth =0 = pgﬂhlﬂhg then |£1| =

(@"—2=1)(g"~3—1)
i and so

and then

Or, (w1, ws) = (q+ 1)| L] = 2

(= Vg~ 1)

Or; (w1, w2) = (q+ D]Ly] = (q—1)2
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If P1 + P2 Q h1 N hg then

n—2 1)(qn—3 o 1) 2qn—3 -1
5 _

(¢>=1)(¢—1) q—1

!£1!=<q

and so A s

e )1 Ut M )
(¢ —1)?

If only one of p; and ps is contained in hy N hy, then

n—2_1 n—3_1 n—3_1
|£1|:(q ) ) 4

O, (s 02) — (g + 1)|£a] = 4

(¢ =1Dlg—1) g—1"~
and so (=4 1)) 1)
¢ (" = 1)(¢"" —
Or, (wi,wa) = (¢ + 1)|L4] = ((—1)
Thus O5(1V) is known as in part (ii).
Noting that ©5(U) # ©5(W), we conclude that I'; is semisymmetric. O

By the argument in the above proof and Theorems 4.2, 4.4, 4.6 and 4.8, we have
the following fact.

Corollary 4.11. (i) If wy,we € W then Op (w1, ws) = q(qn_tl)((qq:)l[qkqﬂ) if
and only if wy = (p1,h) and wy = (p2,h) forh € H.
(ii) Two wvertices vi,vo € U U W have the same neighborhood in I if and only if
i =5 and v; = (p1,1), v1 = (po,1) forle L.

5. THE AUTOMORPHISM GROUPS OF GRAPHS F;

For 1 < i < 5, let A; be the automorphism group of I; = F;(n,q;1,2;1,n — 1).
Clearly, every A; contains the projective semilinear group PT'L(n,¢) as a subgroup.
Then, by Lemma 2.3 and Corollary 4.11, the following lemma holds.

Lemma 5.1. (i) PI'L(n,q) < A; for 1 <i <5.
(ii) A; is faithful on both U and W, where 1 <1i < 4.
(iii) As is faithful on U.

Theorem 5.2. A; = PT'L(n,q) for 1 <i<4.

Proof. (1) Leti=1or4. Forqe P andl € L, set Uy = {(p,]) | (p,1) € U} and
Wq = {(q,h) | (q,h) € W}. Then, by Corollaries 4.3 and 4.9, we conclude that
U:={Uy|1€ L} and W := {W, | q € P} are A;-invariant partitions of U and W,
respectively.

Define a bipartite graph I; on U U W such that {U;, Wy} is an edge if and only if
there are some u € Uy and w € W adjacent in ;. Then T is isomorphic to the point-
line incidence graph of the projective geometry PG(n — 1,¢q). Let K be the kernel of
A; acting on U UW. Then A;/K is isomorphic to a subgroup of Autl; = PT'L(n, q).
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Take an edge {Uy, Wq} of T}, and consider the subgraph [U;, W] of I} induced by
Uy U Wy. Then U, contains only one isolated vertex of [Uy, Wy], say (q,1). Noting
that K fixes both U; and Wy set-wise, K fixes the vertex (q,1). Since K is normal
in A;, all K-orbits on U have the same length. It follows that K fixes U point-wise.
Then K =1 as A; is faithful on U by Lemma 5.1. Then we have A; = PI'L(n,q) as
PT'L(n,q) < A;.

(2) For p € P and h € H, set Uy = {(p,]) | (p,1) € U} and Wi = {(q,h) |
(q,h) € W}. Then, by Corollary 4.5, we conclude that U := {Up | p € P} and

W :={Wy | h € H} are As-invariant partitions of U and W, respectively.

Define a bipartite graph I; on U U W such that {U,, Wy} is an edge if and only
if there are some u € U, and w € W), adjacent in I;. Then T, is isomorphic to the
point-hyperplane incidence graph of PG(n — 1,q), and so Autl, = PI'L(n, q).Z,. Let
K be the kernel of A, acting on U UW. Then A,/K is isomorphic to a subgroup of
Autlh. Since A, fixes U and W set-wise, A,/ K isomorphic to a subgroup of PT'L(n, q).

Take an edge {Up, Wy} of Iy, and consider the subgraph [Up, Wy]. Then W)
contains a unique isolated vertex of [Up, W), say (p,h). Since K fixes both U, and
Wh set-wise, K fixes the vertex (p,h). It follows that K acts trivially on W, and so
K = 1. Then we have Ay = PI'L(n, q).

(3) For h € Hand 1 € L, set Uy = {(p,]) | (p,]) € U} and W}, = {(q,h) |
(q,h) € W}. Then, by Corollary 4.7, we conclude that U := {U; | 1 € £} and

W :={Wy | h € H} are As-invariant partitions of U and W, respectively.

Define a bipartite graph I'; on U U W such that {U;, Wy} is an edge if and only
if there are some u € Uy and w € Wy, adjacent in I3, Then I is isomorphic to the
graph on £ UH such that {1, h} is an edge if and only if I h has dimension 1. Note
that Autls contains a subgroup isomorphic to PT'L(n, ¢) which acts 2-transitively on
W. It follows from [13, Proposition 6.1] that Autl; and PI'L(n,q) have isomorphic
socle. Thus we have Autls = PT'L(n, q).

Let K be the kernel of A3 acting on UUW. Then A3 /K is isomorphic to a subgroup
of Autl’s = PT'L(n, q). If {U;, Wy} is an edge of I'; then W}, contains a unique isolated
vertex of [Uy, W], say (Inh, h). Then a similar argument as in (2) implies that K = 1,
and hence A3 = PI'L(n, q). O

Theorem 5.3. A5 = (S;41 X -+ X Sy11):PT'L(n, q), where m = |L| = %.

~~
m factors

Proof. By Corollary 4.11, I's has repeatednesses ¢+ 1 and 1. For 1 € L, let 1* be the
set of (1,2) flags with form of (p,1). Set U* = {1* | 1 € L}, and consider the graph
I'* on U* U W with edge set {{I*,(p,h)} |1€ L,(p,h) € W,1 C h,1np =0}. By
Lemma 2.1, Theorem 2.4 and Corollary 4.11, we have

A5 = (Sq+1 X o X Sq_A'_l/):AUtF*,
m f;gtors
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where m = |L£|. It is easily shown that Aut/™ contains a subgroup isomorphic to
PI'L(n, q). Next we show Autl™ = PI'L(n, ¢), and then the result follows.

By Lemma 2.2, Autl™ is faithful on both U* and W. For h € H, denote by W), the
set of (1, n—1)-flags with form of (p, h). Then, by Corollary 4.11, W = {W}, | h € H}
is a As-invariant partition and hence an Aut/*-invariant partition of W. Consider
the graph I on U* U W with edge set {{1*,W},} |1 C h,1 € £L,h € H}. Then I'
is (isomorphic to) the line-hyperplane incidence graph of PG(n — 1,¢), and Autl™
induces a subgroup of Autl’. Noting that Autl” contains a subgroup isomorphic to
PI'L(n,q), by [13, Proposition 6.1], we conclude that Aut" = PI'L(n,q). Let K
be the kernel of Autl™* acting on W. Note that no two vertices in I" has the same
neighborhood. It follows that K acts trivially on U*, and so K = 1 as Autl™ is
faithful on U*. Then Autl™ is isomorphic to a subgroup of PI'L(n,¢). This implies
that Aut/™ = PI'L(n, ¢). Then our theorem follows. O
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