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ABSTRACT

We generalize the kernel method to equation systems in which the number of unknowns
is allowed to exceed the number of equations. With this generalization, we derive
the generating functions for several kinds of sequences and generating trees whose
recursions are dependent on the parity of the indices.
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1. INTRODUCTION

The kernel method is a powerful tool in solving equations of generating functions. The
standard model deals with the case of a functional equation of the form

K(z,y)Fu(r,y) = A(r,y)Gu(r) + B(z,y),

where F,(z,y) and G, (x) are unknown functions. It was generalized to the following
equation system in [7] (for another kind of equation system see [11]):

(1.1) K(z,y)Fu(r,y) = A(z,y)Gu(r) + B(z,9),

where K(z,y) = (K, j(x,y)) and A(z,y) = (4;,(z,y)) are n x n matrices, B(z,y) =
(Bi(z,y)) is a column vector, and F,(z,y) = (Fi(z,y)), Gu(z) = (Gi(z)) are unknown
column vectors.

Notice that in the above system, we require that F,, and G, have the same dimension.
In fact, we can remove this restriction and consider the more general form

(1.2) K(z,y)Fu(r,y) = A(z,y)Gu(r) + B(z,9),

where K(z,y) = (K, (x,y)) and A(z,y) = (A;;(z,y)) are n x n and n X ¢ matri-
ces, respectively. The case of n = 1 has been discussed for combinatorial structures.
For example, Elizalde showed that a class of permutations are enumerated by such a
functional equation, see [6, Equation (28)]. Bousquet-Mélou and Jehanne [3] provided
a strategy for solving a polynomial equation involving several unknown formal power

series. In this paper, we provide two methods for solving the system for general n.
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Recently, the second author used the kernel method to solve several recurrence relations
with two indices; see [5,8,9]. In this paper, we show how to apply the new methods to
obtain explicit formulas for other kinds of recurrence relations with two indices where
we fix the parity.

This paper is organized as follows. In Section 2, we describe the induction method and
the elimination method for solving equation systems of the form (1.2). Using these
methods, we derive formal power series solutions F,(z,y) and G, (z). In Section 3, we
provide several equation systems to illustrate the power of our methods. We derive the
generating functions for several sequences and generating trees whose recursions are
dependent on the parity of the indices.

2. SOLVING (1.2)

With a slight modification to the methods given in [7], we can solve the equation system
(1.2) as follows.

2.1. The induction method.

Step 1. Multiply both sides of (1.2) by a suitable matrix so that the system becomes
(2.1) D(z,y)Fu(z,y) = AV (z,y)Gy(x) + BY(z,y),

where the entries of D, A B are all polynomials and D = diag(d,, ds, . . ., d,)
is a diagonal matrix.
Step 2. Find a solution (Gi(z),...,Gy(z)) to the system (2.1) by induction on the
dimension n.
Case n = 1. For each root of di(z,y) of the form yo(x) € xC[[z]] with
multiplicity m, we have a system of linear equations on Gy (), ... Gy(z):

OH (x,y) O™ 'H(x,y)

(2.2) H(zx, y)} =0, ——== D1

y:yo(z) - ay - O) ey

=0,

y=yo(z) y=yo(z)

¢
H(z,y) = > A(z,9)Gj(x) + B (z,y).
j=1

Combining these equations for all such roots, we get a larger system of linear
equations on G (z),...,G(x). Solving this linear system, we obtain a solution
(Gr(a),.... Ge(x)).

Case n > 1. As above, by substituting the roots of di(x,y) into the first
equation, we have a system of linear equations on Gy(z),...,Gy(x). Solving
the system leads us to an equivalent linear system:
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Now substituting (2.3) into (2.1) and deleting the first equation, we obtain a
new equation system of dimension n — 1:

(2:5) D'(z,y)F,(z,y) = Al(z,y)G,(2) + B'(z,y),
where
D'(z,y) = diag(da(z,y), ..., du(x,y))
is an (n — 1) x (n — 1) submatrix of D(x,y). By induction, (2.5) is solvable.
Let (Ga(x),...,G(x)) be a solution to (2.5) and G;(x) be given by (2.3). Then
(G1(x),...,Gy(x)) is a solution to the system (2.1).

Step 3. Substitute G, (z) into the original equation system (1.2) and multiply both
sides by K~!(z,y). We obtain the vector F,(z,y).

We also have the elimination method for obtaining algebraic equations that the solu-
tions satisfy.
2.2. The elimination method.
Step 1. Transform the system to
D(z,y)Fu(z,y) = AV (z,y)Gy(z) + BY(z,y),

as in the induction method.
Step 2. For each root of d;(z,y) of the form yo(z) € xC[[x]] with multiplicity m, set up

a system of linear equations on G1(x),...,Gy(z):
OH(z,y) 0™ ' H(x,y)
(26) H(x, y)}y:yo(x) — 5 T = O’ ce ey W = O’
Y ly=y(@ Y y=y0(x)
where

VA
H(w,y) =Y AY(2,9)G;(x) + B (2,y).
j=1

Adding the new equation d;(z,yo) = 0 to the system (2.6), we obtain a polyno-
mial system on Gy(x), ..., G,(x) and yy. We then use Grobner basis theory [1,4]
or Wu’s method [15] to reduce the system by eliminating the variable yo. Thus,
we obtain an algebraic equation P;(Gy,...,Gy) = 0.

Step 3. Apply polynomial elimination to the system P, = --- = P, = 0 to find the
algebraic equation that G;(x) satisfies for each 1 < i < (.

As a special case, we can solve the equation system of the form

K(z,0)F,(z,v) = Z Ai(z,v)F,(z, z) + B(z,v),

i=1
where K, A are matrices of size n X n and z; is a real or complex number. In fact, let
Grii—1)+j(x) = Fj(z, %) for 1 < j <n,1 <i <. Then, the system becomes

K(z,v)F,(z,v) = (Ai(z,v), As(z,v), ..., Ay(z,0))Gy(z) + B(x,v),

which falls into our framework.
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For n = 1, the system becomes

K(x,y)F, Z )+ b(z,y).

Thus, we can immediately solve the equation that appears in the enumeration of the
column-convex polynominoes [3, P. 2[:

ut>  BuEF(t, u) t*u? F(t,u) — F(t,1)
+ +2
L—ut (1 —wut)? 1 —ut u—1
uF (t,u) —uF(t,1) — (u—1)F/(t, 1)
(u—1)2

F(t,u) =

+ ut

There is an important application of the methods. Suppose that we are given an
equation system of form (1.2). We eliminate Fy(x,y),..., F,(z,y) to obtain an equa-
tion on Fi(z,y) and Gi(x),...,Gy(x). Then, we can use the above methods to find
Gi(z),...,Gy(z) directly, which reduces the computation. We have implemented the
two methods in Maple [10] and will illustrate them in the following section.

3. APPLICATIONS

In this section, we give two examples for our methods. The first one deals with solving
two kinds of recurrence relations with two indices, and the second one deals with a
special kind of generating tree with two labels.

3.1. Recurrence relations with two indices. A sequence with k indicesis a function
a: A* — B, and is denoted by {an, _n}ny..npea OF {antnear, where A C N. The
element a, of a sequence {ay }nea is called the n-th term, and the vector n of integers
is the sequence vector of indices. A recurrence relation is an equation that defines a
sequence recursively, that is, each term of the sequence is defined as a function of the
preceding terms, together with initial conditions. The initial conditions are necessary
for ensuring the uniqueness of the sequence. The aim of this subsection is to use our
methods to solve two kinds of recurrence relations with two indices (standard kinds of
recurrence relations and the kernel method can be found in [5,8,9]).

Example 3.1. (Recurrence relations with two indices) Let {a, } be a sequence with
two indices defined by a;1 =1 and

Z(H—l)/Z Un-12j-1, if i <n andi is odd,

n—1 .
Ap i = Zj:l Ap—1,5, L=n,
0, otherwise.

In order to solve this recurrence relation we define A, (v) = Y 0 | @ 0"

the above recurrence relation in terms of polynomials A, (v), we get that

Agni1(v) = 72 (A (v) = 0¥ Az, (1)) = S Az 1 (1) 4 07" A (1),
Agn(?}) = 1= U2 (Agn 1( ) — v2nA2n_1(1)) + v2n71A2n_1(1)'

. Rewriting

2n1



SYSTEMS OF FUNCTIONAL EQUATIONS WITH SEVERAL CONDITIONS 5

Now, we define

OA(z,v) = ZA2n+1(v)x2”+1 and EA(z,v) = Z Ay (v) 2",

n>0 n>1
Then,
x x z?
OA(z,v) = 2 EA(x,v) + (x — m) EA(zv,1) — o UOA(JJU, 1)+,
EA(z,v) = . _xUQ OA(z,v) + (x — %) OA(zv,1).
Eliminating EA(x,v), yields
x? z?v3 rv?

By substituting in x = x/v, our Maple program yields
2343232+ (32— 1) f+ 2 =0,
rlgd + (32 — 22 g% + (Bt —42? + 1)g + 2t — 222 = 0,
where f = OA(x,1) and g = EA(x,1). The first few terms are
OA(z,1) = 2 4 32° 4+ 122° + 5527 +2732° + - - -
and

EA(x,1) = 22% 4+ T2* +302° 4 1432% 4+ 728210 4 - - - .

Note that the above example can be generalized as follows. Let p be any positive
integer, and let {a, } be the sequence defined by a;; =1 and

Ap-11+ Apo1pt1+ -+ ap14, fi<nandi=1 (mod p),
(3.1) i = 3" a1y, i=n,
0, otherwise.

Define 4,,(v) = Y1 a, 0" and AV (z,0) =Y o Apnrj(v)aP"H forall j = 1,2,...,p.
By a similar discussion, we derive that -

(1) = T AW _ (@)
AV (z,v) = 1—UPA (x,v) + (x 1—UP>A (zv,1)
7%(1 —v)
A A=Y
- A (zxv,1) + x,
p—1
AP (z,v) = . _xva(l)(x, v) + (x — iw_ vp) AW (zv, 1),
AW (z0) = LA(S_l)(:zc v)+ |z — e A D (g0, 1)
’ 1—wp ’ 1—wp ’

2 1 — p+2—s
_ = 1_va )A(sfz)(xv,l), s=3,4,...,p.
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Eliminating A® (z,v),..., AP)(2,v), we finally derive that

P P ooppHl=ip2r—5
7 ) AW S B — €))
(1 = Up)p) A (z,v) = Z = /Up)pHijA (zv,1) + .

For the case p > 2, our Maple program cannot help much since it runs out of memory

after hours of computation..

More generally, for any integer r, we can define a sequence {b, x} by b1 1 =1 and
bo—1r+bo1pir+-Fby1 ifi<nandi=r (mod p),
(3.2) bni = § D074 b1 i=n,
0, otherwise.

However, it can be proved by induction that these sequences are just shifts of the
sequence defined by (3.1). More precisely, we have b,y 1471 = ay; for 1 <r < p,
where {a,;},{bni} are the sequences defined by (3.1) and (3.2), respectively.

Example 3.2. (System of recurrence relations with two indices) Now, we consider two
interacting sequences with two indices.

Let {a,;} and {b,;} be two sequences defined by a;, =1, by; =0, and

(bn_u + 22:1 An-1j, ifi<mn andi is even,
-1 .

Ap i = 2?21 Up—1,5, v =n,

L0, otherwise.

4 3 . . ..
Up—1; + 23:1 bo—1,, ifi<mn and?i is even,

n—1 .
bn,i = Zj:l bn—l,ja =N,
L0, otherwise.
In order to solve these recurrence relations, we define A,(v) = >0  a,;0""" and

B,(v) = Y0 b, 0"t Rewriting the above recurrence relations in terms of polyno-

mials A, (v) and B, (v) yields

Agpi1(v) = 02" Az (1) + 755 (Aon (v) — v 1 Ay, (1)) 4 Bay(v),
Agnya(v) = ﬁ(Aan(U) - U2"+3A2n+1(1)) - %Azn(l) + Bant1(v) — UQnBQn(1>7
Bopi1(v) = v*"Bay(1) + 157 (Ban(v) — 0¥ By, (1)) + Az (v),

)

U2n

Bonya(v) = 72 (Bans1(v) = v Byyy1 (1)) — 75 Ban(1) 4 Agnga (v) — 02" Agy (1),
If we define
OA(z,v) = 3 o Aon1 (V) 2?1 EBA(z,v) = 37 o) Agn(v)2?",
OB(z,v) = 37,50 Bant1(v)2™ ', EB(x,v) = 37, - Ban(v)2™,
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then we have

(3.3) OA(x,v)
=z+axEA(zv,1) + .

(3.4) EA(z,v)

€T

(EFA(xz,v) —vEA(zv,1)) + 2EB(z,v),

— 2

T 2

_ _ 2 _ .t
=71_ UZ(OA(x,v) v°OA(zv,1)) 5o
+20B(z,v) — 2> EB(wv, 1),
(3.5) OB(z,v)
=zEB(zv,1) + %

(3.6) EB(z,v)

(1+ FEA(xv,1))

(EB(z,v) —vEB(zv,1)) + zEA(z,v),

— 2

2

T X

=T (OB(z,v) — v*OB(xv,1)) — o
+2(0A(2,v) — x) — 2* EA(2v, 1).

Although we can deal with the above equation system directly, the computation time is
unacceptably long. Therefore, we solve the system by using the following process which
18 much faster.

Taking the difference of equations (3.3) and (3.5), (3.4) and (3.6), respectively, we ob-
tain a system of equations on fi(x,v) = OA(x,v)—OB(z,v) and g (x,v) = EA(z,v)—
EB(z,v):

fi(z,v) + (x ~3 f02> gi(z,v) = (x— . ivqﬂ) g1(zv, 1) + x,

EB(zv,1)

(x - %@2) hzv) +giz,v) = —7—hlev, 1)+ (902 - 1:1'0) g1(zv,1)

Eliminating g1(x,v) and substituting v = x/v in the above equations, our Maple pro-
gram yields

(3.7) Sile, 1) =

x x?

T )= —.
1—33'27 gl(xa ) 1—.1'2

Now taking the summation of equations (3.3) and (3.5), (3.4) and (3.6), respectively,
we obtain a system of equations on fo(x,v) = OA(z,v) + OB(z,v) and gs(x,v) =
EA(z,v) + EB(z,v):

fo(z,v) — (x + ﬁ) ga(z,v) = (x — %) g2(xv, 1) + x,

xv?

2+ 5 ) falev) + galzv) = - Folzv, 1) — (22 +
(r+ %) (

1 — 2

33'2

1+v

) g2(xv, 1)
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Our Maple program yields
(3.8) (1 —322)f3 + (4o + x3)f22 (1422 fy +2 =0,
(3.9) (1—32%)g3 — (24 722 g2 + (1 — 5a?)gy — 2° = 0,
where fo = fo(x,1) and go = go(x,1). From equations (3.7), (3.8) and (3.9), we can
easily derive the equations that OA(x,1), EA(x,1),0B(x,1) and EB(z,1) satisfy. For
exzample, substituting fo(x,1) = 20A(x,1) — x/(1 — 2?) into (3.8), we obtain
(—122% 4 402° — 482* 4 242 — 4) f* + (22° — 1627 + 242° — 8% — 22) f?
+ (=5r* + 422 +1)f — 2 =0,
where f = OA(x,1). The few first terms are
OA(x,1) = o + 22 + 132° + 13427 + 16172° + 211062™ + - -
Similarly, g = EA(z,1) satisfies

(242° — 802° + 962" — 482% + 8)g® + (642° — 1602° + 120" — 162° — 8)g”
+ (562 — 1042° + 542" — 8% + 2)g + 162° — 202° + 82* — 22 = 0,
and a few first terms are

EA(z,1) = 2° + 42" + 352° + 4002° + 50712 + 6826822 + - - -

3.2. Generating trees. A generating tree is an infinite rooted tree, which is essen-
tially a process for generating labels from a single label of the root by successively
applying certain rules. Formally speaking, a generating tree consists of the label of the
root and the succession rules. The use of generating tree in combinatorial problems,
which was systematized in [13,14], has received much attention in the last decade; see [2]
and references therein. For instance, the number ¢,, of permutations © = aqas - - - a,, of
length n such that there is no a; < a; < a; with 1 <7 < j < k < n is equal to the
number of vertices at level n in the generating tree

(1)

() = ©2)3)--(p+1).
A standard method of finding an explicit formula for the number of vertices in the
n-th level of the tree is given by translating the rules to functional equations that the

generating functions satisfy. In our example, we define ¢,, , to be the number of vertices
labelled with p in the n-th level of the tree, and let

V)= ) bt =Y fpla)e?
n,p=0 p=1
Then, the above rule gives
f(x,v):v+x2fp(x)(1)2+v3+ Pt —v—l— pr )(1 —oP),
p=>1 p>1

which implies that
2

v
f(x7v>—v+1_,u

(f(x,1) — f(x,v)).
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This equation can be solved systemically using the kernel method [7]. In this case by
1—/1—4x

assuming v = ~—5——, we obtain
1—-v1—-4x 1 2n\
f@,l):—vzz o
2z n+1
That is, ¢, +1( ) the n-th Catalan number; see [12, Page 219 and Exercise 6.19].

In this subsection, we present the following example in which our methods are used to
find the number of vertices in the n-th level of the generating tree.

Example 3.3. Let T be the following generating tree:
(0)
(kp+7)—=G+)(k+7+1)---(kp+5+1), j=0,1,....k—2
(kp+k—1)— (1)(2)---(kp + k).

Define A(x,u) = 3 - Ag(z)u? to be the generating function for the number of vertices

labelled with q in the n-th level of T'. Transforming the above rules to ones in terms of
generating functions we arrive at

k=2 Wit _ kit u — kL
A(l’, U) =14z E E Akarj % +z E Akarkfl

: 1—u 1—u

=0 p>0 p>0

If we denote the generating function

+
E:Akarj upj

p>0
by Aj(z,u) for all j =0,1,...,k —1, we obtain
(3.10)
k—
Alz,u) =1 +1 Z (W A (2,1) — T A (2, u)) + 1f (wAp_1 (2, 1) — P Ap_ (x,u)).
=0

For k=1 (A(z,u) = Ao(z,u)), (3.10) becomes

CCU2

z,1) —
( Y ) 1
Substituting u = u/x, our Maple program obtains

1—\/ﬁ:Z 1 <2n>xn

Az,u) =

Az, u).

—Uu

Az, 1) = 5

For k = 2, we obtain

A(z,u) =1+

i 3 x

(uA;(z,1) — v Ay (2, u)),

1.€.,
2

(1—1—1_u3 >A0(x,u)+(1+1xit >A1(x,u):

u

zu
—3 Ap(z,1) (x,1) + 1.

Substituting —u for u in the above equation, we obtain another equation:

,CC’LL3 IEUQ ru ru
1-— | A — (1 A =———A 1) — A 1 1.
< 1_u2> 0(1'7’UJ) ( + 1+u> 1(1‘,’&) 12 0(.%', ) T+ u 1(.%', )—|—
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Substituting u/x for u, our Maple program yields
PP vrff—(x+1)f+1=0, 222+ @*-22)* +(1—-x)g—2=0,
where f = Ag(x,1) and g = Ai(x,1). The few first terms are
Ag(z,1) = 14224 2%+ 42" + 825 + 2525 + 642" + 19128 + -+ |
Ay(z,1) = x+22+32° 4 62 + 172° + 432° 4+ 12327 + 3432% + 100427 + - - - .

For the case p > 2, our Maple program can not help much since it runs out of memory after
hours of computation.
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