Author’s Accepted Manuscript

2-binary trees: Bijections and related issues

Nancy S.S. Gu, Nelson Y. Li, Toufik Mansour

PII: S0012-365X(07)00197-5

DOI: doi:10.1016/j.disc.2007.04.007

Reference: DISC 6682

To appear in: Discrete Mathematics www.elsevier com/locate/disc
Received date: 6 March 2006

Revised date: 23 October 2006

Accepted date: 3 April 2007

Cite this article as: Nancy S.S. Gu, Nelson Y. Li and Toufik Mansour, 2-binary trees: Bi-
jections and related issues, Discrete Mathematics (2007), doi:10.1016/j.disc.2007.04.007

This is a PDF file of an unedited manuscript that has been accepted for publication. As
a service to our customers we are providing this early version of the manuscript. The
manuscript will undergo copyediting, typesetting, and review of the resulting galley proof
before it is published in its final citable form. Please note that during the production process
errors may be discovered which could affect the content, and all legal disclaimers that apply
to the journal pertain.


http://www.elsevier.com/locate/disc
http://dx.doi.org/10.1016/j.disc.2007.04.007

2-BINARY TREES: BIJECTIONS AND RELATED ISSUES

NANCY S. S. GU', NELSON Y. LI?, TOUFIK MANSOUR?

1,2:3Center for Combinatorics, LPMC, Nankai University, Tianjin 300071, P. R. China
3Department of Mathematics, University of Haifa, 31905 Haifa, Israel

Lgu@nankai.edu.cn, 2nelsonli@eyou.com, >toufik@math.haifa.ac.il

ABSTRACT

A 2-binary tree is a binary rooted tree whose root is colored black and the other vertices are
either black or white. We present several bijections concerning different types of 2-binary trees
as well as other combinatorial structures such as ternary trees; non-crossing trees, Schroder
paths, Motzkin paths and Dyck paths. We also obtain a number of enumeration results with
respect to certain statistics.

KEYWORDS: Binary tree, Ternary tree, Non-crossing tree, Schroder path, Motzkin path,
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1. INTRODUCTION

Trees play an important role'in combinatorics [19] and appear in a large number of appli-
cations in other branches of mathematics, in physics, in biology, etc. For example, trees are
natural structures for representing hierarchical data (see e.g. [7]). A rooted tree is a tree with
a distinct vertex called the root. In what follows, we always draw a rooted tree with the root
on the top level. A vertex w is said to be a child or successor of a vertex v if w is on the
next lower level connected to v; the vertex v is then said to be the parent of w. The degree
of v is the total number of its children. A leaf is a vertex with degree 0, that is a vertex
with no child. A rooted tree in which the children of each vertex are ordered is also called
a plane tree. A classical algorithm is used throughout this paper to run over all the vertices
in a plane tree, which is the preorder traversal (or the worm crawling around the tree, see
2], [9, p.239], [12, pp. 21-27] and [19, pp. 33-34] for details and applications), i.e. visiting
the root and then the subtrees from left to right recursively. A binary tree is a plane tree
in which each vertex has at most two children and each child of a vertex is designated as its
left or right child. Define the leftmost (resp. rightmost) path of a vertex v in a binary tree to
be the longest path starting from v with each vertex being the left (resp. right) child of its
parent. Now we give our main combinatorial structure as follows.

Definition 1.1. A 2-binary tree is a binary tree with each of its vertices colored with one of
two colors, for instance, black or white and the root is colored black.
1
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We would like to emphasize that 2-binary trees always refer to black rooted trees; if the root
is allowed to be white also, we will refer to 2-binary trees with white root permitted.

It is well known that the number of binary trees with n vertices is the n-th Catalan number
Cp = = (2") (see [18, Sequence A000108] and [19, Exe. 6.19]). Hence, the number of 2-

ntlil\n
binary trees with n vertices equals %(2:) for n > 1. According to the definition, an edge
e in a 2-binary tree is of the following eight types: /., 7/, ./, <, N\, \, \, and,. We say a
2-binary tree T' is e-free if and only if there is no edge of type e in T.

In 1994, Pallo [14] considered a special class of 2-binary trees, namely hybrid binary trees,
which are 2-binary trees with no restriction on the color of the root and no edge of type\.
A straightforward computation gives that the number of hybrid binary trees with n vertices
equals Z?Z:L %(nil) (2n +j1 _j). In this paper, we consider other classes of 2-binary trees, and
give their enumerations and statistical properties in a bijective way with other combinatorial
structures. For this purpose we need the following definitions.

A ternary tree is a plane tree in which each vertex has degree 0 or 3, and each child of a
vertex is designated as its left, middle, or right child (see [10, 15]). In the literature, this kind
of tree is often called complete ternary tree.

A non-crossing tree is a plane tree drawn with n vertices on a circle such that the edges lie
entirely within the circle and do not cross. Non-crossing trees have been studied by Chen et
al. [1], Deutsch et al. [5, 6], Flajolet et al. [8], Hough [11], Noy et al. [13], and Panholzer et
al. [15].

A Schréder path of length 2n is a lattice path going from (0,0) to (2n,0) consisting of up
steps U = (1,1), down steps D = (1, —1) and horizontal steps H = (2,0), which never goes
below the z-axis. The number of Schroder paths of length 2n is called the n-th Schroder
number S,, ([18, Sequence A006318] and [19, Exe. 6.39]).

A little Schrider path of length 2n is a Schroder path of length 2n with no peak at level 1,
where a peak of a lattice path is an up step followed immediately by a down step, say UD,
and its level is defined by the y-coordinate of the intersection point of its up and down steps.
The number of little Schréder paths of length 2n is called the n-th little Schroder number
L, ([18, Sequence A001003] and [19, Exe. 6.39]). In our paper, we give a new combinatorial
explanation for the well-known relation S,, = 2L,, for n > 1 (see [3, 17, 20] for the previous
proofs).

A Motzkin path of length n is a lattice path going from (0,0) to (n,0) consisting of up steps
U =(1,1), down steps D = (1, —1) and horizontal steps H = (1,0), which never goes below
the z-axis. The number of Motzkin paths of length n is called the n-th Motzkin number M,
([18, Sequence A001006] and [19, Exe. 6.38]).

A Dyck path of length 2n is a lattice path going from (0,0) to (2n,0) consisting of up steps
U = (1,1) and down steps D = (1, —1), which never goes below the z-axis. It is known that
the number of Dyck paths of length 2n is the n-th Catalan number C,,.

In Section 2, we give a bijection between the set of \,-free 2-binary trees with n vertices
and the set of ternary trees with n internal vertices. In Section 3, we define a representative
set for N\ -free 2-binary trees with n vertices and then construct a bijection between this
representative set and the set of non-crossing trees with n + 1 vertices on a circle. In Section
4, we relate 2-binary trees with many kinds of lattice paths. More precisely, we present not
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only a bijection between the set of {\,\ }-free 2-binary trees with n + 1 vertices and the set
of Schroder paths of length 2n, but also a bijection between the set of {\, "\ }-free 2-binary
trees with n vertices and the set of little Schroder paths of length 2n. Moreover, we create a
bijection between the set of {/, ./, /, \}-free 2-binary trees with n vertices and the set of
Motzkin paths of length n. Finally we conclude this paper by describing a bijection between
the set of {/, ./, / }-free 2-binary trees with n vertices and the set of Dyck paths of length
2n.

2. 2-BINARY TREES AND TERNARY TREES

In this section, we present a bijection between the set of \,-free 2-binary trees with n vertices
and the set of ternary trees with n internal vertices.

We begin by pointing out that from an enumerative point of view there are only two interesting
cases to consider for any e-free 2-binary tree, where e € {/,/,/,/,\,NoN,N}. Given
an e-free 2-binary tree T with e € {/,/,/,/}, all the other e-free 2-binary trees with
e € {\N,N,N\,N\ } can be obtained by the following map f : T'— T”, where 77 = f(T) is the
tree obtained from T' by defining the left (resp. right) child of each vertex in 7" as the right
(resp. left) child of that vertex in 7. Clearly, f? = id and a 2-binary tree T is e-free if and
only if the 2-binary tree T" = f(T) is f(e)-free.

Recall that Pallo [14] proved that the generating function for hybrid binary trees, which

is denoted by h(z), is given by 1 + f_fég(%, where g(z) satisfies g(z) = (1 + zg(x))(1 +

rg®(x)). Using the Lagrange inversion formula, see [19, Sec. 5.4] and [21, Sec. 5.1], we
know that the number of hybrid binary trees with n edges is zfzﬂrl %(nil) (2n ﬁl_j) (see
also Sequence A007863 in [18]). What’s more, the generating function for "\,-free 2-binary
trees with n vertices is 1 + zh?(x) and the generating function for \-free 2-binary trees
is h(z)(1 — zh(z)), and their enumerations are given by Sequence A011270 and Sequence
A011272 in [18], respectively. ‘Hence we only need to enumerate the remaining two cases,

namely \,-free 2-binary trees and "\ -free 2-binary trees.

We now consider the set of \,-free 2-binary trees. As an example, the twelve \,-free 2-binary
trees with 3 vertices are illustrated below:

LY ST N

Theorem 2.1. There is a bijection between the set of \, -free 2-binary trees with n vertices
and the set of ternary trees with n internal vertices.

Proof. We recursively define a map « from the set of \,-free 2-binary trees with n vertices
to the set of ternary trees with n internal vertices. Let T' be a \,-free 2-binary tree with n
vertices. We have three steps for the map «. In each step, we use «; (i = 1,2,3) to denote
the map.

Step 1:

We can decompose T' into several \,-free 2-binary subtrees by eliminating the edges / and
/ in the leftmost path of the black root v;. Then for each subtree, the leftmost path of
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the root consists of a black root and consecutive white vertices. Hence, according to the
decomposition, T' can be displayed uniquely as the left structure in Figure 1, where B, and
B, are \,-free 2-binary trees and R; with 2 < ¢ < m are \,-free 2-binary trees with white
root permitted (all of them can be empty also). In this case, we proceed to construct an
internal vertex in the ternary tree from a vertex in 7T as illustrated in Figure 1, where the
right picture in Figure 1 is the ternary tree corresponding to aq(7') with B; (resp. B,., R})
corresponding to the ternary tree of By (resp. By, R;).

Furthermore, the position of R; in Figure 1 will be determined by the color of the root of
R;. If the root of R; is black, we assign the subtree R, = a1(R;) as the middle subtree of v;.
Otherwise, if the root of R; is white, we assign the subtree R, = as(R;) as the right subtree
of v;, where as will be determined by Step 2.

v1 (root)

/N
US/"\
\ RN

o/\ A N
hite -

FIGURE 1. Step 1 of the bijection @ = ay

Step 2:

For a white rooted \,-free 2-binary tree R;, the rightmost path of its root w; can be repre-
sented uniquely as consecutive white vertices wi,wo, -+ ,w,;,. We illustrate the map a = as
in Figure 2. As before, B, is a \,-free 2-binary tree, and we assign its corresponding ternary
tree Bl = ay(B,) as the middle subtree of w),, which is the internal vertex corresponding to
Wy, The L (1 < j < m) are \-free 2-binary trees with white root permitted, and we denote
the ternary tree corresponding to L; by L;. Similar to the previous case, the position of L;

Vi
o - Rite W}
-->jw1

@@/.*- '

F1GURE 2. Step 2 of the bijection oo = vy

in Figure 2 will be determined by the color of the root of L;. If it is black, we assign the
subtree L, = ay(L;) as the middle subtree of w;_;. In particular, the L} will be placed as
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the middle subtree of v). Otherwise, if the root of L; is white, we assign the corresponding
subtree L, = as(R;) as the left subtree of w;, where a3 will be determined by Step 3.

Step 3:

Now we consider the map on L; when its root is white. Similar to Step 1, we decompose
L; into a \,-free binary tree L_] with white root whose leftmost part of the root consists of
consecutive white vertices, and B is a \,-free 2-binary tree. Then B; will be mapped to the
middle subtree B; = a1 (B;) of w)_;, and L; will be mapped to the left subtree a; (L) of w,
where o is applied on the structure of Figure 1 neglecting substructures v1, Bj, and B,.

Wj—1

a3
—

FIGURE 3. Step 3 of the bijection o = a3

In conclusion, we get a ternary tree with n internal vertices following the above constructions
recursively. It is not hard to check that in each step «; is reversable.

_'U-I.'
V1

{}‘/10\'”“ R ey fiﬁf";;\.m / N
v4.

ovs

FIGURE 4. 2-binary trees and ternary trees

In order to show that « is a bijection, we construct the reverse map of o. Given a ternary
tree  with root v}, one can find the path vjvjv} - - v/ such that v/ is the middle child of v}
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and v} is the left child of v,_; with 3 <1i < m. By the reverse map of o, we may have a ™\,
-free 2-binary subtree. Then go on to search the ternary subtree with root v for 2 < i <m
with no need of considering its left subtree. We may have a path vjwjw)---w}, such that
w) is the right child of v} and w;- is the right child of w;_l for 2 < 7 < m. We may create a
\o-free 2-binary subtree according to the reverse maps of as and ag. Thus, we have shown

that « is a bijection. O

Figure 4 illustrates an example of the bijection « step by step, where the subtrees in dash
ellipses are going to be transferred by the bijection « in the case of «; with 1 <17 < 3.

It is well known (see [10, 15]) that the number of ternary trees with n internal vertices is the
generalized Catalan number 2n1+1 (3:) (see [18, Sequence A001764]). Hence we have proved
the following result.

Corollary 2.2. The number of \,-free 2-binary trees with n vertices is 2n1+1 (3:)

3. 2-BINARY TREES AND NON-CROSSING TREES

In this section, we enumerate "\ -free 2-binary trees in terms of non-crossing trees on a circle.

We claim that the definition of the leftmost path of a non-crossing tree coordinates with that
of an ordinary tree, that is, beginning with the root and then each vertex except for the root
is the leftmost child of its parent. The length of the path is defined as the number of its edges.
For example, the non-crossing tree of 12 vertices with root v{, in Figure 5 has the leftmost

path vjvjvhvs of length 3.

We now give the following bijection that leads to an enumeration of \\ -free 2-binary trees.

Theorem 3.1. The number of \ -frec 2-binary trees with n vertices equals the sum of the
leftmost path’s length of all non-crossing trees with n + 1 vertices on a circle.

Proof. We prove the theorem in steps.:

We first, decompose the set of \-free 2-binary trees with n vertices into several subsets,
where all trees in a subset have the same number of vertices on the rightmost path of the
root and exactly the same subtrees except for that path itself. Since the 2-binary trees are™\
-free, the rightmost path of any vertex consists of consecutive black vertices (if any) followed
immediately by consecutive white vertices (if any). In particular, the rightmost path of the
root is of this type. Hence the cardinality of each subset equals the number of vertices on
the rightmost path of the root.

Secondly, in each subset, we choose the unique representative whose vertices on the rightmost
path of the root are all black. We then form a set with all these representatives and call it
representative set.

Finally, we construct a bijection § between the representative set of \ -free 2-binary trees
with n vertices and the set of non-crossing trees with n -+ 1 vertices on a circle, where we map
the vertices on the rightmost path of the root of a representative to the edges of the leftmost
path in the corresponding non-crossing tree. Then the theorem holds immediately.

We now establish the bijection (. It is constructed by the following three steps, where in
each step we concern with the rightmost path of some vertices in a "\ -free 2-binary tree and
we use the clockwise orientation for the corresponding non-crossing tree.
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Step 1:
For a’\\-free 2-binary tree 71" in the representative set, we consider its rightmost path vivs - - - vy,
where vy is the root of T. In this case, we place m + 1 vertices v(, v}, - , v, clockwise on

the circle, where v is the root of the corresponding non-crossing tree. Then we connect
the vertices from v]_; to v} (1 < i < m) to form a unique path, which turns out to be the
leftmost path of the corresponding non-crossing tree. What’s more, the edge v/_,v; and the
circle form an area A;_;;, where there is no edge within.

Step 2:

We create the corresponding edges of the left subtree L; of v; in the area A;_1; in a non-
crossing way as follows. Let wyws - - - wg be the rightmost path of the root wy in L;. We place
their corresponding vertices w/, wh, - ,wj, clockwise on the arc of A;_;;. Then we connect
the vertices v;_; and w’; (1 < j < k) if wj is black. Otherwise, we connect the vertices v; and
w;-. For the other vertices not mapped yet, we recursively use the following Step 3 to finish
the construction.

Step 3:

Let uy - - - wptrpqq - - - up, with 1 < £ < h be the rightmost path of the root w; in the left subtree
of wj, where uy,--- ,uy are black vertices, while w1, -- ,u, are white vertices. We place
their corresponding vertices as a sequence of consecutive vertices uj, -, up, wj, up, 4, -+ Uy,

clockwise on the arc of A;_1;. That is to say, w’; is the only intermediate vertex which

J
separates the sequence uj,---,uj. Now connect each of the vertices uj,--- ,uj with w/.

Obviously these edges are non-crossing and do not cross with any other edges.

Using these steps, we obtain a non-crossing tree € with n+1 vertices on a circle. It is obvious
that each step is reversable.

Y - eu
o . ev2 e i
/ //\ 3 Tk CLoeUe
R e e
U7
V10 V6 oU10 2
12 Novs.
ov11 U7 V11 i
12 U8
v
’ 0
U3
vl e
2 L U9
: v13 PN
vg Uy + ® V10 + [©]
V11
’
/ U1
v, 7
v Vs

FIGURE 5. 2-binary trees and non-crossing trees
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To show that ( is a bijection, we proceed to construct the inverse map of 5. Let Q) be a
non-crossing tree with n + 1 vertices on a circle. We can find the leftmost path vyv] - - - v},
with root v{, which maps to the rightmost path vivy - - - v, of the \.-free 2-binary tree in which
all the vertices are black. Then for all the children w} of the vertices on path vyv] -+~ vy, in
the area A;_1 ;, we read them off clockwise and map them to the rightmost path of v;, where
the corresponding vertex w; is colored black (resp. white) if v;_;w’ (resp. vjw}) is an edge
in . Then for all the children u) of w;, we can use the reverse map of Step 3 to construct
a rightmost path of w;. Recursively using the reverse map of Step 3, we can map the other
vertices to the vertices in the \-free 2-binary tree. Thus we have that 3 is a bijection which

completes the proof. O

An example of the bijection 3 is shown in Figure 5.

4. 2-BINARY TREES AND LATTICE PATHS

In this section, we investigate several enumerations of 2-binary trees characterized by the
e-free property. It turns out that they are related to Schréder paths, Motzkin paths, and
Dyck paths. Given a subset F C {/,/,/,/,N\,N. N, N\ }, we say that a 2-binary tree is
E-free if it does not contain any edge e € F.

4.1 {\, \\ }-free 2-binary trees and Schréder paths

In this subsection, we construct a bijection 71 between the set of {\,\ }-free 2-binary trees
with n + 1 vertices and the set of Schroder paths of length 2n. Let T be a {\, \ }-free
2-binary tree with n + 1 vertices. For each vertex in 1" except for the root, we proceed to
create a step in the corresponding Schroder path with respect to the preorder traversal. If
T contains no white vertex, it is a left-path v,v1vs---v,, where v, is the root of T, and we
put it in correspondence with n horizontal steps. Now suppose I’ contains at least one white
vertex. Since T does not contain any edge of type {\,\ }, it can be described uniquely as

v, (root)

= R .

F1GURE 6. The bijection v,

the first structure in Figure 6, where R; and R, are {\, \\}-free 2-binary trees with white
root permitted. We construct a Schroder path of length 2n from the preorder traversal as
follows. First, delete the root of T'. Each time we visit a black vertex, we get an horizontal
step H = (2,0). Each time we visit a white vertex, we get UR]DR,., where U and D are up
steps and down steps, respectively, and R} (resp. R).) is the Schroder path corresponding to
Ry (resp. R,). The process is also illustrated in Figure 6. Conversely, given a Schréder path,
we may decompose it uniquely into segments as the second structure in Figure 6, namely the
first return decomposition of a Dyck path [4]. More precisely, read the Schroder path from
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left to right and find the first up step and the first down step that returns to the z-axis.
Clearly, we may reverse the above procedure to construct a {\, "\ }-free 2-binary tree, and
we have the following result.

Theorem 4.1. There is a bijection between the set of {N\,\ }-free 2-binary trees with n + 1
vertices and the set of Schréder paths of length 2n.

An example of the above bijection is Shown in Figure 7.

FIGURE 7. 2-binary trees and Schroder paths

For a Schroder path of length 2n, we may first choose k horizontal steps H = (2,0) from all
its 2n — k steps, which is the binomial coefficient (2",; k), then the left 2n — 2k steps from
a Dyck path of length 2n — 2k, which is enumerated by C),,_;. According to the bijection
~1, each black vertex except for the root in a {\, N\ }-free 2-binary tree corresponds to a
horizontal step in the Schréder path. We can then formulate the following, more detailed,

result.

Corollary 4.2. The number of {\, \\}-free 2-binary trees with n + 1 vertices is the n-th
Schréder number Sy,. The number of {N\,\ }-free 2-binary trees with n+ 1 vertices and k+ 1
black vertices equals (an—k) Ch—p-

4.2 {\, \\ }-free 2-binary trees and little Schroder paths

In this subsection, we first construct a bijection 5 between the set of {\, \ }-free 2-binary
trees of n vertices with white root permitted and the set of Schroder paths of length 2n. Based
on this bijection, we then describe a bijection 73 between the set of {\,™\ }-free 2-binary trees
with n vertices and the set of little Schroder paths of length 2n.

Let T be a {\, \ }-free 2-binary tree of n vertices with white root permitted. It is obvious
that any vertex v in T" may have a left subtree R; and a right subtree W,, where R; is a
{\, N\ }-free 2-binary tree with white root permitted, while W, is a {\, \ }-free 2-binary
tree with white root. We proceed now to construct a Schréder path of length 2n by the
preorder traversal. Each time we visit a black vertex, we get RjHW], where H denotes a
horizontal step and Rj (resp. W) is the corresponding Schréder path of R; (resp. W;). Each
time we visit a white vertex, we get UR;DW,, where U and D are up steps and down steps
respectively. The process is also illustrated in Figure 8. Conversely, given a Schréder path,
we may reverse the above procedure to construct a {\, \}-free 2-binary tree with white
root permitted. That is to say, read the Schroder path from right to left and find the first
horizontal step H on the z-axis if it exist, then the path can be decomposed uniquely as
R/HW] where R} is a Schroder path and W) is a Schroder path with no horizontal step on
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the z-axis. Hence we can reverse the map 72 in Figure 8 to create a black vertex with subtrees
and proceed with the construction recursively. If there is no horizontal step on the z-axis,
the Schroder path can be decomposed uniquely as UR;DW,. Then we can also reverse 7y,
as illustrated in Figure 8 to construct a white vertex with subtrees and proceed recursively.
Thus we have the following result.

f>
&
I

F1GUurE 8. The bijection v

Theorem 4.3. There is a bijection between the set of {\,\ }-free 2-binary trees of n vertices
with white root permitted and the set of Schroder paths of length 2n.

According to the bijection 79, each black vertex in a {\, \ }-free 2-binary tree with white
root permitted corresponds to a horizontal step in a Schréder path. Similar to the arguments
in the pervious subsection, we can derive the following result.

Corollary 4.4. The number of {\, \}-free 2-binary trees of n vertices with white root
permitted is the n-th Schroder number S,. Moreover, the number of {\, \ }-free 2-binary
trees of m vertices with white root permitted and k black vertices equals (2",; k) Ch k.

An example of the above bijection is given in Figure 9.

FIGURE 9. 2-binary trees and Schroder paths

Note that white vertices and black vertices have the same distribution in the set of { \,
N\ }-free 2-binary trees with white root permitted. Hence over all of these trees, half of them
are white rooted, while the other half are black rooted. According to the bijection 2, a {\
, \ }-free 2-binary tree with white root corresponds to a Schréder path with no horizontal
steps on the z-axis. Hence the number of such Schréder paths is S, /2. There is a simple
bijection, which is constructed by replacing each horizontal step H by a peak UD. This
transforms Schroder paths with no horizontal step on the x-axis into little Schréder paths.
Hence we derive the equality S,, = 2L,, for n > 1 (see, for example, [19, pp. 178, 219, 256)),
which has been proved bijectively by Deutsch[3], Shapiro and Sulanke[17], and Sulanke[20]
recently, and the following property holds.
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Corollary 4.5. Both the number of {N\,\ }-free 2-binary trees of n vertices and the number
of such trees with white root are counted by the little Schréder number Ly, which is also the
number of Schroder paths with no horizontal steps on x-axis.

In addition, according to the bijection 7o, the number of consecutive black vertices beginning
from the root on the leftmost path of a {\, \ }-free 2-binary tree equals the number of
horizontal steps on z-axis in the corresponding Schroder path.

Now we consider {\, \ }-free 2-binary trees with the aim of giving a bijection 3 between
them and little Schroder paths, which turns out to be a pure combinatorial proof of the above
results.

Let T be a {\,\}-free 2-binary tree with n vertices. If the root v; of T has a left {\, \ }-free
2-binary subtree B whose root is black (by definition) and an empty right subtree, then it
corresponds to B’H, where H is a horizontal step and B’ is the corresponding little Schroder
path of B. The map here obviously does not create a peak at level one. Otherwise, if v; has
a white rooted left subtree or a nonempty right subtree, then 7' can be decomposed uniquely
as illustrated in Figure 10, since T' dose not contain any edge of type {\,\}. In Figure 10,

v1

v1
(®) —
vy

w
U, @ .... wz
w U1 — Lt @ ..
. O\ t. w1 uy
. ' um
@ @/ A @ v

F1cure 10. The bijection 73

B is a {\, \\ }-free 2-binary tree and its black root is the first black vertex (except for the
root v1) that appears in the preorder traversal, W is a {\, \\ }-free 2-binary tree with white
root, L; (1.< i <m) are {\,\ }-free 2-binary trees with white root permitted. We remark
that w (with W)-and u; (with L;) can not be both empty except in the final case. Hence, the
correspondence is constructed by mapping each vertex in T' to a pair of U and D steps or an
H step, which are illustrated in Figure 10, where B’ (resp. W’) is the little Schroder path
corresponding to B (resp. W) and the bijection 7 is used to transfer L; to L = yo(L;). It
is not hard to get the reverse map in this case. Recall that a peak is an up step followed
immediately by a down step. Since w and wu; can not be both empty in this case, then the
Schroder path we obtained does not possess any peak at level one. Hence recursively we get
a little Schroder path P of length 2n.

Conversely, given a little Schroder path, we may decompose it uniquely into segments as
shown in Figure 10 in the following way. Read the little Schroder path from right to left. If
it starts with a horizontal step, then create a black vertex with a left subtree and use the
procedure recursively. If it starts with a down step, find the next up step on its left that
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starts from the z-axis and recursively create the tree as indicated in Figure 10. Thus we have
the following result.

Theorem 4.6. There is a bijection between the set of {\, \ }-free 2-binary trees with n
vertices and the set of little Schréoder paths of length 2n.

An example of the above bijection -3 is given in Figure 11.

V1
4

o

N

0vs o v

et o

FIGURE 11. 2-binary trees and little Schroder paths

To study some statistics using the bijection ~3, we define the rightmost height of a little
Schroder path of length 2n as the number of consecutive down steps that end at (2n,0). For
example, the rightmost height of the little Schroder path in Figure 11 is 3. Let T be a {\,
N\ }-free 2-binary tree and P its corresponding little Schroder path. Then we have:

e Assume that the root of 7" has an empty right subtree. If the left child of the root is
black then the last step of P is a horizontal step, and the rightmost height of P is 0,
as shown in the first map in Figure 10. If the left child of the root is white, then the
rightmost height of P is 1, as shown in the second map in Figure 10.

e Assume that the root of T" has an nonempty right subtree. Then the rightmost height
of P equals the number of vertices on the rightmost path of 7" including the root, as
shown in the second map in Figure 10.

Note that according to Theorems 4.3 and 4.6, we again have a brand new way to arrive at
the equality S, = 2L,,.

4.3 {/,/,/,\ }-free 2-binary trees and Motzkin paths

In this subsection, we present a bijection # between the set of {/, ./, ./, \ }-free 2-binary
trees with n vertices and the set of Motzkin paths of length n, which leads us to an exact
enumeration for the number of white vertices in a {/, ./, /,\ }-free 2-binary tree.

Let T be a {/,/,/,\ }-free 2-binary tree with n vertices. If T' contains no white vertex, it
is a right path vivs - - - v,, that is to say, v;41 is the right child of v; forall 1 <i<n—1. We
then put this in correspondence to a Motzkin path with n horizontal steps. Now suppose T’
contains at least one white vertex. Since T' does not contain any edge of type {/,/,/,\},
it can be decomposed uniquely as the first structure in Figure 12, where R; and R, are {/,/
7y N\, }-free 2-binary trees which can be empty also. Bearing in mind that 7" has a black root
and does not have edges of type {/, 7/, }, each white vertex must be incident with an edge
.. We proceed to construct a Motzkin path of length n by the preorder traversal as follows.
Each time we visit a black vertex not incident with an edge \,, we get horizontal step. And
each time we visit a black vertex followed immediately by a white vertex which is incident
with an edge \,, we get UR/DR,., where R; (resp. R}) is the Motzkin path corresponding to
Ry (resp. R,). The process is also illustrated in Figure 12.
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FiGURE 12. The bijection 6

Conversely, given a Motzkin path, we may decompose it uniquely into segments as shown in
the second structure in Figure 12, according to the first return decomposition of a Dyck path
[4], and we may reverse the above procedure to construct a {/,/, /", }-free 2-binary tree.
Thus we have the following result.

Theorem 4.7. There is a bijection between the set of {/, ./, 7/, }-free 2-binary trees with
n vertices and the set of Motzkin paths of length n.

An example of the bijection 6 is shown in Figure 13.

vy (root)

V2

<\\ —
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F1GURE 13. 2-binary trees and Motzkin paths

For a Motzkin path of length-n, we may first choose 2k (0 <k < |5 ) steps to form a Dyck
path of length 2k, and then fill the left n — 2k positions with horizontal steps. This gives the
binomial coefficient (272,) Ck. -According to the bijection 6, each white vertex in a {/, /, /,
N\ }-free 2-binary tree corresponds to a down (up) step in the Motzkin path. Hence we can
formulate the following result.

Corollary 4.8. The number of {/,/,/, ™ }-free 2-binary trees with n vertices is the n-th
Motzkin number M,. Moreover, the number of {/, /, /, \ }-free 2-binary trees with n
vertices and k white vertices equals (272) Cy.

4.4 {/,/, / }-free 2-binary trees and Dyck paths

In this subsection, we present a bijection ¢ between the set of {/, ./, / }-free 2-binary trees
with n vertices and the set of Dyck paths of length 2n. Furthermore, we study the statistic
of black vertices in {/, ./, / }-free 2-binary trees.

Let T be a {/,/,/ }-free 2-binary tree with n vertices. Then any black vertex in 7" has no
left subtree, while any white vertex in 7' may have a {/, ./, / }-free 2-binary subtree. Now
we proceed to construct a Dyck path of length 2n by the preorder traversal inductively as
follows. Each time we visit a black vertex, we create a UD. And each time we visit a white
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vertex with left subtree T, we create P'UPD, where P is the nonempty Dyck path we get
before visiting this white vertex and P’ is the Dyck path corresponding to T”. Conversely,
given a Dyck path, we read it from right to left. If we encounter a peak UD, we map it to a
black vertex. If we encounter more than to consecutive down steps, we may decompose the
Dyck path uniquely as P’UPD with nonempty Dyck path P and Dyck path P’. Then we
reverse the above procedure to construct a white vertex with left subtree in a {/, ./, / }-free
2-binary tree. Thus we have the following result.

Theorem 4.9. There is a bijection between the set of {/,/ , / }-free 2-binary trees with n
vertices and the set of Dyck paths of length 2n.

An example of the bijection ¢ is shown in Figure 14.
vy (root)
v2

U3

o

FIGURE 14. 2-binary trees and Dyck paths

According to the bijection ¢, each black vertex in a {/,./,/ }-free 2-binary tree corresponds
to a peak in the Dyck path. It is known [4] that the number of Dyck paths of length 2n with
k peaks is the Narayana number (see [16, 20] and [19, Exe. 6.36]), N, = =(7)(,",)- Hence
we can formulate the following result.

Corollary 4.10. The number of {/, / /" }-free 2-binary trees with n vertices is Cy,. More-
over, the number of {/, /, / }-free 2-binary trees with n vertices and k black vertices is
Ny -

We would like to remark that there are still many types of 2-binary trees related to other
combinatorial structures. - These trees give new combinatorial interpretations of a number of
sequences from Sloane’s EIS [18]. Some of these are given in the table below.

Sequence for E-free Sequence for E-free
E 2-binary trees in [18] | E 2-binary trees in [18]
,N ) A000108 7,7} A006318
7,7} A001003 . 7,\ } A073155
., 7, N } A109081 ., 7.\ } A001002
.7,/ } A000245 /., \,/ } A052706
. 7.7} A002212 .7, 7} A007317
/. N7 ] A049124 /N7 ] A106228
. 7,\,/ } A052709 .7, 7,N } A001006
. 7.7, N\ } A105633 ./, 7, N} A014137
/., \,./,/ } A002026 ., \,/,/ } A025242
.7, \. 7,7 } | A000045 .7, \, 7,7/ } | A007477
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