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Abstract

Let G be a finite commutative semigroup. The Davenport constant of G is
the smallest integer d such that, every sequence S of d elements in G contains a
subsequence T (6= S) with the same product of S. Let R = Zn1⊕· · ·⊕Znr . Among
other results, we determine D(R×) − D(U(R)), where R× is the multiplicative
semigroup of R and U(R) is the group of units of R.

Key Words: semigroup, Davenport constant, reducible sequence, homogeneous sub-
sequence.

1 Introduction

Let G be a finite abelian group. The Davenport constant D(G) of G is defined as the
smallest integer d ∈ N such that, every sequence S of d elements in G contains a nonempty
subsequence with product 1. D(G) was first introduced by H. Davenport in 1965. Since
then a huge variety of interesting work concerning D(G) has been aroused (For e.g., see
[1-13]). For its historical comments the reader is referred to [6]. In this paper, we first
give a natural generalization of D(G) to any finite commutative semigroup G, then we
determine D(R×)−D(U(R)) as mentioned in the abstract (see Theorem 1.3 below). The
relative Davenport constant for semigroups is also investigated (see the final section 3).

Since G was often considered as the multiplicative semigroup of a ring in this paper,
we write G multiplicatively. Let F(G) be the free commutative monoid, multiplicatively
written, with basis G. To avoid confusing with sequences, we denote by ∗ the operator
symbol of G. Let S = g1 · · · gk ∈ F(G) be a sequence of elements in G (repetition
allowed). Denote π(S) by the product g1 ∗ · · · ∗ gk ∈ G. By λ we denote the empty
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sequence. If G has the identity 1, then we adopt the convention that π(λ) = 1. Let T
be a subsequence of S. We call T a proper subsequence of S if T 6= S. We call S is
reducible if π(T ) = π(S) for some proper subsequence T (Note that, T is probably the
empty sequence λ if G has the identity element 1 and π(S) = 1). Otherwise, we call S is
irreducible.

Definition 1.1 Let G be a finite commutative semigroup. Define the Davenport constant
D(G) of G as the smallest integer d ∈ N such that, every sequence S of d elements in G
is reducible.

For any finite abelian group G, we can formulate D(G) in various ways. For example,
we can first define d(G) to be the maximal length of a sequence in G which contains
no nonempty subsequence with product 1 and let D(G) = d(G) + 1 (see [7], Definition
2.8.12).

Let R be a finite commutative ring with identity 1. Let R× = R \ {0} be the
multiplicative semigroup of R, and let U(R) be the group of units of R. Then, U(R) is
a subsemigroup of R×. So we have

Proposition 1.2 If R is a finite commutative ring with identity then D(U(R)) ≤ D(R×).

Let Zn denote the residual class ring modulo n, and let Zn1 ⊕ · · · ⊕ Znr be the direct
sum of Zn1 , . . . , Znr . Our main result in this paper is the following

Theorem 1.3 If R = Zn1 ⊕ · · · ⊕Znr then D(R×) = D(U(R)) + P2, where P2 = #{1 ≤
i ≤ r : 2 ‖ ni}.

Remark 1.4 If G is a finite abelian group, and if H is a proper subgroup of G, then it
is well known that D(G) > D(H). Theorem 1.3 shows that the result above is not true
for semigroups in general.

2 Proof of Theorem 1.3

Lemma 2.1 ([7], Lemma 6.1.3) Let G be a finite abelian group, and H be a subgroup of
G. Then, D(G) ≥ D(G/H) + D(H)− 1.

Lemma 2.2 Let r ≥ 1, and let n1, . . . , nr be positive integers. Let i ∈ {1, . . . , r}, and
let p be a prime divisor of ni. Let mi = ni/p, let R1 = Zn1 ⊕ · · · ⊕ Znr and let R2 =
Zn1⊕· · ·⊕Zni−1

⊕Zmi
⊕Zni+1

⊕· · ·⊕Znr . If p2 | ni, then D(U(R2)) ≤ D(U(R1))−p+1.
If p ‖ ni, then D(U(R2)) ≤ D(U(R1))− p + 2.
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Proof. Let Cn denote the cyclic group of n elements. Note that U(R2) is a subgroup
of U(R1), and U(R1)/U(R2) ' U(Zni

)/U(Zmi
) ' Cp or Cp−1 according to p2|ni or not.

Now the lemma follows from Lemma 2.1. 2

Let r ≥ 1, and n1, . . . , nr be positive integers. For each i ∈ {1, . . . , r}, let κi denote

the canonical projection from
r⊕

i=1

Zni
onto Zni

given by

κi(a1, . . . , ai, . . . , ar) = ai,∀(a1, . . . , ai, . . . , ar) ∈
r⊕

i=1

Zni
,

and ιi denote the canonical injection from Zni
to

r⊕
i=1

Zni
given by

ιi(ai) = (1, . . . , 1, ai, 1, . . . , 1),∀ai ∈ Zni
.

Let S = g1 · · · gk be a sequence of elements in
r⊕

i=1

Zni
. A subsequence T of S is called

homogeneous if gcd(κi(π(T )), ni) = gcd(κi(π(S)), ni) for every i ∈ {1, . . . , r}.

Lemma 2.3 Let r ≥ 1, and n1, . . . , nr be positive integers. Let R =
r⊕

i=1

Zni
and let S be

a sequence of elements in R×. Let ti = gcd(κi(π(S)), ni) for every i ∈ {1, . . . , r}. Then S
is reducible if and only if there exists a proper homogeneous subsequence T of S such that

ST−1 contains a nonempty subsequence W with π(W )− 1R ∈ (n1

t1
, . . . , nr

tr
)R =

r⊕
i=1

ni

ti
Zni

.

Proof. Suppose that S is reducible. Then S contains a proper subsequence T such that
π(T ) = π(S). Let W = ST−1. Let h = (κ1(π(T ))

t1
, . . . , κr(π(T ))

tr
) and t = (t1, . . . , tr). Since

t∗h = π(T ) = π(S) = π(T )∗π(W ) = t∗h∗π(W ), it follows that (h∗π(W )−h)∗t = 0R,
and so (h ∗ π(W )− h) ∈ (n1

t1
, . . . , nr

tr
)R, or

h ∗ (π(W )− 1R) ∈ (
n1

t1
, . . . ,

nr

tr
)R.

Since ti = gcd(κi(π(S)), ni) = gcd(κi(π(T )), ni), we have gcd(κi(π(T ))
ti

, ni

ti
) = 1 for every

i ∈ {1, . . . , r}. Therefore, π(W )− 1R ∈ (n1

t1
, . . . , nr

tr
)R.

Conversely, suppose that T is a proper homogeneous subsequence of S such that ST−1

contains a nonempty subsequence W with π(W )− 1R ∈ (n1

t1
, . . . , nr

tr
)R. Put T0 = SW−1.

Since T is contained in T0, we see that ti | κi(π(T0)) for i = 1, . . . , r. It follows that
π(T0) ∗ (π(W )− 1R) = 0R, and so π(T0) = π(T0) ∗ π(W ) = π(S). 2

3



For any positive integer t > 1, write t = p1 · · · p` where p1, . . . , p` are primes (not
necessarily distinct). Define Ω(t) = ` the number of prime factors of t. For convenience,
let Ω(1) = 0.

Proof of Theorem 1.3.

Choose an arbitrary sequence S in R× of length D(U(R))+P2. Let ti = gcd(κi(π(S)), ni)
for i = 1, . . . , r. Let R0 = Zn1

t1

⊕ · · · ⊕ Znr
tr

and let φ be the canonical epimorphism from

R onto R0.

If π(S) ∈ U(R) then S is a sequence in U(R) of length ≥ D(U(R)). Therefore,
S is reducible. Otherwise, π(S) 6∈ U(R). We can choose a homogeneous subsequence

T of S and of length at most
r∑

i=1

Ω(ti). Since φ(π(ST−1)) ∈ U(R0), it follows that

φ(ST−1) is a subsequence in U(R0). Applying lemma 2.2 repeatedly, we have |φ(ST−1)| =
|ST−1| ≥ |S| −

r∑
i=1

Ω(ti) = D(U(R)) + P2 −
r∑

i=1

Ω(ti) ≥ D(U(R0)). It follows that

ST−1 contains a nonempty subsequence W such that π(φ(W )) = 1R0 , or, equivalently,
π(W ) − 1R ∈ ker(φ) = (n1

t1
, . . . , nr

tr
)R. Using lemma 2.3, we have that S is reducible,

which implies that D(R×) ≤ D(U(R)) + P2.

Next, we shall provide an example to show that D(R×) ≥ D(U(R)) + P2. We can
assume without loss of generality that {1 ≤ i ≤ r : 2 ‖ ni} = [1, P2]. Let mi = ni/2
for each i ∈ [1, P2], and let mi = ni for each i ∈ [P2 + 1, r]. Let R1 = Zm1 ⊕ · · · ⊕ Zmr .
Then, U(R1) ' U(R). Let ϕ be the canonical epimorphism from R onto R1. Choose
a sequence W in U(R1) of length D(U(R1)) − 1 = D(U(R)) − 1 such that W contains
no nonempty subsequence V with π(V ) = 1R1 . Note that ϕ induces a homomorphism

ϕ̃ : F(R×) → F(R×
1 ). Let W̃ ∈ F(R×) such that ϕ̃(W̃ ) = W , and

S = W̃ ·
P2∏
i=1

ιi(2).

Applying lemma 2.3, we have that S is irreducible, which implies that D(R×) ≥ |S|+1 =
D(U(R1)) + P2 = D(U(R)) + P2. This completes the proof. 2

3 Relative Davenport constant

M. Skalba formulated the relative Davenport constant in finite abelian groups in [13] as
follows. Let G be a finite abelian group. For every g ∈ G, let Dg(G) denote the greatest
integer d ∈ N with the following property that there exists a sequence S ∈ F(G) of length
d and of product g which contains no nonempty, proper subsequence with product 1. The
constant Dg(G) is called the relative Davenport constant.

In this section, we shall give the version of relative Davenport constant in semigroups.
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Definition 3.1 Let G be a finite commutative semigroup. For any element g of G, we
define Dg(G), the relative Davenport constant of G with respect to g, as the greatest
integer d ∈ N with the property that there exists a sequence S with π(S) = g and of d
elements in G, which contains no empty, proper subsequence T such that π(T ) = π(S).

Note that if g is not unity 1, then Dg(G) is the greatest integer d ∈ N such that there
exists an irreducible sequence S in G with π(S) = g and of length d.

Theorem 3.2 Let R = Zn1 ⊕ · · · ⊕ Znr . For any element g = (g1, . . . , gr) of R×, let
ti = gcd(gi, ni) for i = 1, . . . , r. Let R0 = Zn1

t1

⊕ · · · ⊕ Znr
tr

. Then

Dg(R
×) =





Dg(U(R)) : g ∈ U(R)

D(U(R0)) +
r∑

i=1

Ω(ti)− 1 : g /∈ U(R)
.

Proof. Suppose that g ∈ U(R). For any sequence S in R×, if π(S) = g, then S must
be a sequence in U(R). Thus, it follows that Dg(R

×) = Dg(U(R)).

Suppose that g /∈ U(R), that is, ti > 1 for some i ∈ [1, r]. We can assume without
loss of generality that t1 > 1. Let φ be the canonical epimorphism from R onto R0.

For any sequence S of length D(U(R0)) +
r∑

i=1

Ω(ti) such that π(S) = g, similarly as

Theorem 1.3, we can prove S is reducible. Thus, we conclude that Dg(R
×) ≤ D(U(R0))+

r∑
i=1

Ω(ti)− 1.

Next, it suffices to show that Dg(R
×) ≥ D(U(R0)) +

r∑
i=1

Ω(ti)− 1. For each i ∈ [1, r],

let ti = pi,1pi,2 · · · pi,Ω(ti) be the prime factorization of ti. Let g0 = (g1

t1
, . . . , gr

tr
). Choose

a sequence W in U(R0) of length D(U(R0)) − 1 such that W contains no nonempty
subsequence V with π(V ) = 1R0 . Since φ(g0) ∈ U(R0), there exists an element h ∈
U(R0) such that π(W ) ∗ h = φ(g0). For any element a of W (or h), we can choose
an element ã (h̃) of U(R) such that φ(ã) = a (φ(h̃) = h, respectively). Let sequence

W̃ =
∏
a|W

ã. Put S = W̃ · (h̃ ∗ ι1(p1,1)) · ι1(p1,2) · · · ι1(p1,Ω(t1)) ·
r∏

i=2

Ω(ti)∏
j=1

ιi(pi,j). Since

π(W̃ ) ∗ h̃− g0 ∈ ker(φ) = (n1

t1
, . . . , nr

tr
)R, it follows that π(S) = g. Applying lemma 2.3,

we have that S is irreducible, which implies that Dg(R
×) ≥ |S| = D(U(R0))+

r∑
i=1

Ω(ti)−1.

This completes the proof. 2
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