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Abstract

Let A1, Ag, ..., An be the eigenvalues of a graph G of order n. The energy of G is defined as E(G) =
[A1] 4+ A2 + -+ |[Apnl. Let P,?’G be the graph obtained from two copies of Cg joined by a path P,_jq,
4, be the class of all bipartite bicyclic graphs that are not the graph obtained from two cycles C, and Cp,
(a,b > 10 and a = b = 2 (mod 4)) joined by an edge. In this paper, we show that Pn6 0 is the graph with
maximal energy in 4,,, which gives a partial solution to Gutman’s conjecture in Gutman and Vidovi¢ (2001)
[I. Gutman, D. Vidovié, Quest for molecular graphs with maximal energy: a computer experiment, J. Chem.
Inf. Sci. 41 (2001) 1002-1005].
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Given a graph G (without loops and multiple edges) of n vertices labeled by 1,2, ..., n.
We can form the adjacency matrix A(G) = (a;j)nxn of G, defined by a;; =1 if v; and v; are
adjacent, a;; = 0 otherwise. The adjacency matrix depends on the labeling of the vertices but its
characteristic equation depend only on the graph G itself. As A(G) is a symmetric matrix, these
eigenvalues of A(G), called the eigenvalues of G, are real.
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We denote by ¢ (G, x) the characteristic polynomial det(x/ — A(G)) of G. It is well known
[1] that if G is a bipartite graph, then

L5 %]
¢(G,x) = Zazikn_zi = Z(_l)ibzi)»"_Zi,
i=0 i=0

where by; (G) = (—1) ay; and by; (G) > Oforalli =1, ..., L5]. Clearly, bo(G) = 1 and b>(G)
equals the number of edges of G.

In chemistry, the experimental heats from the formation of conjugated hydrocarbons are closely
related to the total w-electron energy. And the calculation of the total energy of all r-electrons in
conjugated hydrocarbons can be reduced to (within the framework of HMO approximation) [3]
that of

E:E(G)=Z|/\,~|, (D
=0

where A; are the eigenvalues of the corresponding graph G. The right-hand side of Eq. (1) is
defined for all graphs (no matter whether they represent the carbon-atom skeleton of a conjugated
electron system or not). In view of this, if G is any graph, then by means of Eq. (1) one defines
E(G) and calls it the energy of the graph G.

It is known [3] that for bipartite graph G,E (G) can be also expressed as the Coulson integral
formula

o) 400 1 [n/2] )
E(G) = —/ —In| 14+ ) byx? | dx. 2
T Jo X i=0

If for two bipartite graphs G and G2, b2 (G1) < by;(G2) holds foralli = 1,2, ..., [n/2], we
say that G is smaller than G, and write G| < G or G2 > G1. Moreover, if by; (G1) < by (G2)
holds for some i, we write G1 < G or G, > G1. From Eq.(2) we know that for two bipartite
graphs G and G;

G 2 Gy = E(G1) L E(Gy), G1=<Gy= E(Gy) < E(G2).

If a graph G has n vertices, then we say that G is an n-graph; if G has n vertices and m edges, then
it is referred to as an (n, m)-graph. Especially, we call a connected graph with n vertices a tree if
it has n — 1 edges, a unicyclic graph if it has n edges, and a bicyclic graph if it has n + 1 edges.
If G is a tree on n vertices, Gutman [2,5] showed that E(S,) < E(G) < E(P,), where S,, P,
denote the star and path with n vertices and they reach the respondence equalities, respectively.
Let SS be the graph obtained from the star graph with n vertices by adding an edge, Pn6 be the
graph obtained by connecting a vertex of the cycle Cg with a terminal vertex of the path P,_g.
Hou [6] showed that S,3, is the graph with minimal energy in all unicyclic graphs; In [7], Hou
et al. showed that Pn6 is the graph with maximal energy in all bipartite unicyclic graphs except
C,.

Let S,% 3 be the graph formed by joining n — 4 pendant vertices to a vertex of degree three of
the graph K4 — e, P,,6 % be the graph obtained from two copies of Cg joined by a path of order
n — 10 (see Fig. 1). Let G (n) be the set of bicyclic graphs on n vertices and containing no disjoint
odd cycles of lengths k and [ with k + [ = 2 (mod 4). The authors of [10] proved that S,3, 3 is the
graph with minimal energy in G (n).
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Fig. 1. Graphs P,,6’6 and By;.

About the bicyclic graphs with maximal energy Gutman proposed the following conjecture [4]:

Conjecture 1. For n = 14 and n > 16 the bicyclic molecular graph of order n with maximal

energy is the molecular graph of the «, B diphenyl-polyene C¢ Hs(C H),,—12Cq Hs, or denoted by
6,6

Pﬂ ’

Let 4, be the class of all bipartite bicyclic graphs that are not the graph obtained from two
cycles C, and Cyp, (a, b > 10 and a = b = 2 (mod 4)) joined by an edge. In this paper, we show
that Pn6 0 is the graph with maximal energy in %,,.

Let P be the unicyclic graph obtained by connecting a vertex of C, with a terminal vertex of
Py_4, C(n; a, s, t) be the unicyclic graph obtained by attaching a pendant vertex of P;; to the
(s 4 1)-th vertex of P,_4—;+1 in P{'_,, and P (n; s, t) be the tree obtained by attaching a pendant
vertex of P;41 to the (s + 1)-th vertex of P,_; (see Fig. 2). Following results are applied in the
proof of our result:

If T is a tree with n vertices and not isomorphic to P,, P(n; 2, 2), then P(n;2,2) > T (see
[3D).

Let U (n, a) be the set of all unicyclic graphs obtained from C, by adding to it » — a pendant
vertices.

If G ¢ U(n,a)(a =0(mod4)) is a unicyclic graph and C, is the unique cycle in G, then
G < P

If C,(a = 2(mod 4)) is the unique cycle of unicyclic graph G, then G < P (see [8]).

In order to obtain the result we need some auxiliary lemmas.

Lemma 1 [1]. Let uv be an edge of G, then

oG, L) =¢(G—uv,A) —¢dp(G—u—v,A)—2 Z ¢(G —C, ),

Ceb(uv)

where € (uv) is the set of cycles containing uv.
In particular, if uv is a pendant edge of G with the pendant vertex v, then

(G, L) =2p(G —v,A) — (G —u—v,A).

.2/'1 .2/'1
c, t, .
C}H"Sﬁﬁ:" 3 2 1 s+ﬁ 3 2 1
C(n;a,s,t) P(n;s,t)

Fig. 2. Graphs C(n;a,s,t) and P(n;s,t).
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Lemma 2 [9]. Let uv be an edge of a bipartite bicyclic graph G, then
1
b2i(G) = b2i (G —uv) + bri—2(G —u —v) +2 Z (=D by (G - C)),
C1e6(uv)

where € (uv) is the set of cycles containing uv.
In particular, if uv is a pendant edge of G with the pendant vertex v, then

b2 (G) = b2 (G —v) + byi 2(G —u —v).

Proof. By Lemma 1, we have
0i(G) = azi(G —uv) —azi2(G—u—v) =2 ) ai-1(G—C)
Cie6(uv)
and

(=D'azi (G) = (=1)'a2 (G —uv) + (=1)'Lag; (G —u —v)

+2 ) (DD a6~ O,
Cie%(uv)

Since by; (G) = (— 1)ia2i (G) and G has at most two cycles containing uv, the result follows. [J

Let G be a graph with characteristic polynomial ¢ (G, 1) = > 7, a; A" " Then fori > 1
a; = Z (_1)17(5)20(5)’

SeL;
where L; denotes the set of Sachs graphs of G with i vertices, that is, the graphs in which every
component is either a K, or a cycle, p(S) is the number of components of S and c(S) is the
number of cycles contained in S. In addition, ag = 1. It is called Sachs Theorem (see [1]). From
Sachs theorem we can obtain the following propositions for bipartite graphs:

1. If G and G are all bipartite graphs, then by (G| U G3) = Z{‘(:O b2 (G1) -br—2i (Gp);

2. Let G, G + e be all bipartite graphs, where e ¢ E(G) and G + e denotes the graph obtained
from G by adding the edge e to it. If either the length of any cycle containing e equals 2 (mod 4)
or e is not contained in any cycle, then G < G + ¢;

3. If Go, G1, G3 are all bipartite and G| < G2, since by; (Go) = 0 and by; (G1) < b2 (G») for
all positive integer i, we have Go U G| < G U G». Moreover, for bipartite graphs G;, G;, if
G, has the same order as G} and G; < G| fori = 1,2, then G| U G, < G| U G),.

Lemma 3 [3]. Letn = 4k, 4k + 1,4k + 2 or 4k + 3. Then

P,>PyUP, 2> PrUPy_4>...> Py UPy_ 2k > Poks1 U Pyrop—1
> Py 1 UPi k41 >...>P3UP,_3>P1UP,_;.
2. Main result

Let 4,, be defined as above, %’,1, a subset of 4, all graphs with exact two edge-disjoint cycles,
and 93% =%, \ .93,1“ all graphs with exact three cycles.
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2l 6,6 6,6
Lemmad. Let G € B, (n > 16) and G 2 P,"", then G < P,"".

Proof. Since G € e%’,ll, G contains exactly two cycles, say C, and Cj, that are connected by a
path P;(t > 1). This subgraph is called the center construct of G, denoted by @(a, b; t). In this
way, G is also viewed as the graph obtained from @(a, b; t) by planting some trees on it.

Casel.r > 2.

Subcase 1.1. There is not an edge uv of P; such that G — uv contains two components whose
orders are of at least 6. Then G contains the center construct @ (4, a; 2) (or @ (4, a; 3)) and there
is at most one edge planted on the C4 of ©(4, a; 2)( or no tree is planted on C4 of @ (4, a; 3)).

If G contains @ (4, a; 2) and no tree is planted on the Cy4, let uv be an edge of C, and u be the
vertex of degree 3 in @ (4, a; 2). By Lemma 2 we have

b2i(G) = b2i(G — uv) + by 2(G — u — v) + (=1)"+22b3;_ (G — Cy)
b2i (P80) = by (PO) + bpi—2 (P8 ¢ U P4) + 2b3i—6(PL ).

From [7] we know that Pn6 > G —uv and bz,-_(,(PnG_6) > bz,-_(,(Pj_6) > bgi_g(P,ig) > e >
byi_q(G — Cp) for a = 2 (mod 4). If a = 0 (mod 4), the result is obvious.

Itsufficestoprovethat G —u — v < Pn676 U P4.Clearly, G —u — v < C4 U P,_¢. By Lemma
2 we have

by (G —u —v) < bog (P U Py_g) + bog—2(Pr U Py_g) — 2bog—4(Pr_¢)
= bo (P4 U Py—¢) + bog—2(P2 U P4 U P,—_10)
+b2i—a(P2U P3U Py_11) — 2bog—4(Py—6)
K bop(Py U Pyg) + bop—2(P2 U Py U Py_10) — bog—4(Py—6)
< bok (P4 U Py—g) + bog—2(2P, U P4 U Py—12)
+b2i—4(P2U Py U PLU Py_13) — bog—4(Py—6)
< by (P4 U Py_g) + Dok—2(Py U Py U Py—_12) + 2bog—(P4 U Py_12)
= b2k(P,?_6 U Py).

If G contains @ (4, a; 2) and only one pendant edge is planted on the C4, or G contains @ (4, a; 3)

and no tree is planted on the Cy4, similar to the above proof we can also prove G < Pn6 6,

Subcase 1.2. There exists an edge uv of P; such that G — uv contains two components with
orders at least 6.

If there is at least one cycle C4, suppose that G is the graph obtained from @ (4, a, t) by planting
some trees on it and uv be an edge of C, that is incident to P,. By Lemma 2 we have

b2i(G) = b2i(G — uv) + by 2(G — u — v) + (=1)"+22b3;_ (G — Cy),
b2i (PO) = bai (PS) + bai—2 (P U Py) + 2b2i (PP ().

Similar to above discussion, it suffices to prove by; 2 (G — u — v) < bzi_z(Pf_ﬁ U Py). Since the
component containing C4 in G — u — v has at least 6 vertices and a > 4, we write the component
Gy (x > 6). From Lemma 2 of [8] we have G, < Pf (or G, € U(x,4), the proof of this case is
similar). it is reduced to the following claim:
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Claim 1. P,f_x U P, < P,izU P, < P 4 U Py, wheren —x 2 6and x > 1

Proof. Deleting the edge of P,_,_3 thatis incident to C4 in Pf_x U Py and the edge of P,_s that
is incident to C4 in P:_z U P,, and Combining Lemmas 2 and 3 we can obtain the first inequality.
By Lemma 2 we have
bi(Py_5 U Py) = byi(Py—2 U Py) + bai—2(2P2 U Py_6) — 2b3i—4(Py—6 U P2)
=b2i (2P, U Py—4) + b2i—22P2 U Py—¢) + boi—2(P1U P2 U Py _5)
—2bzi4(Py—c U P2)
< bi(2Py U Py_4) + b2i2(2P, U P4 U Py—10) + b2i—2(3P1 U Py _s)
< b (2P U Py_g) + b2i2(2P1 U Py_4) + b2i 2(2P4 U Py—10)
+2byi—6(P4 U Py—10)
=b2i (P4 U Py_g) + b2i 2(2P4 U Py_10) + 2b2i 6(Ps U Py_10)
= by; (P 4 U Py).

Thus we complete the proof of the claim. [l

In the following cases we assume that G contains two cycles C, and Cy, (a, b > 6).
Subcase 1.2.1. G = O@(a, b;2)(a,b > 6). Thusn = a + b.

If there is a cycle of length 6, then a > 10. Let xy be an edge of C, that is incident to the P>
of O(a, 6; 2). By Lemma 2 we have

b2i(G) = b2 (PE) + b2i—2(C6 U Pu_g) + (—=1)'722b2;_4(Ce)

b2i (P0) = bi (PY) + bai—2(PS_¢ U Py) + 2b2i_6(PL ).
It suffices to prove

bai—2 (PS¢ U Py) + 2b3i_6(P®_¢) = bai—2(Ce U Pu—g) + (—1)1+22b2;_4(Co).
By Sachs Theorem we have that fori = 1,2, 3

bai—2(PS U Py) +2b3i_6(PS () = 1,n —3,n* — 9n + 24,

b2i—2(Ce U P,_g) + (—1)1+22b2,'_a (Ce) =1,n -3, n* —9n + 20.
Assuming i > 4, we have

bri—2(Ce U Py—g) = b2i—2(Ps U Py—38) + boi—4(Ps U P,_3)
+2b2i (P4 U Py_12) + 2b2i —10(P3 U Py_13)

b2i—2(PS_¢ U Ps) = bi_2(Py—6 U Ps) + b2i—4(2P4 U Py_12)
+2b2i—8(Pu—12 U Py)

and

2b2i—6(PS ) = 2b2;—6(Pu—6) + 2b2i—§(Ps U Py_12) + 4b2i_12(Py—12)
= by 6(P4U P3U Py _13) + b g(P3U Py_11)
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+b2i—g(P4U Py U Py_14) + b2 —6(Pn—¢)
+2b2i (P4 U Py—12) + 4b2i—12(Pr—12)-
Since
boi—a(PsU Py_g) = b2i—a(QPs U Py_12) + bri—6(P4 U P3U P,_13)
bai—g(P3U Py_11) = byi g(P1U P3U Py_12) + b2i—10(P3 U Py—13)
boi—g(PyU Py U Py_14) = byi—g(P4U2P1 U Py_14) + boi—10(Ps U Py_14),
we have
b2i—2(PS (U Py) + 2b2i—6(PS ) > b2i—2(Ce U Py—g) + bai—g(P1 U P3 U Py_12)
+b2i—g(P4U2P U Py_14) + boi—6(Pu—6)
+2b2i (P4 U Py_12) + 4b2i —12(Py—12).

For a = 0 (mod 4) the result is obvious, we thus assume a = 2 (mod 4) and since 2by; _,(Cg) = 0
for 2i < a, 2by;—4(Cg) = 2 for 2i = a, 2byi_,(C¢) = 12 for 2i = a + 2, 2by;_,(C¢) = 18 for
2i =a+4,and 2by;_,(Ce) = 8 for 2i = a + 6 = n. By simple computation we have

bi—2(P® U Py) + 2b2i_6(P®_¢) > b2i—2(Ce U Py—g) + (—1)'F22b3;_,(Co).

n
If there is a cycle of length O (mod 4), say b = 0 (mod 4), thus b > 8. Similarly, we have
by (G) = byi(P])) + b2i—2(Ca U Pp_3) — 2b2i_p(Cy).
Deleting an edge of C, in C, U P,_; and an edge of C¢ in C¢ U P,_g, and applying Lemma 3,
we can prove Cq U P,_g > C, U P,_>. Thus, we also have
b2i—2(PS_¢ U Ps) + 2b2i_6(PC_¢) > b2i—2(Ce U Py_g) > b2i—2(Cy U Py_),
and P¢ < P®, we complete the proof of the subcase.

Subcase 1.2.2: ¢+ > 6. We can choose an edge rs of P; such that G — rs and G — r — s contain
two components of orders at least 6 that are either unicyclic graphs or trees and each component
is not isomorphic to a cycle. Thus we choose an edge uv of P,_1¢ of Pnﬁ’6 such that P,?’6 —uv
contains two components with the same valencies to those of G — rs. Note if G — r — s has at
least three components, we can obtain a larger graph G/ who has just two components by adding
some edges to G — r — s. We thus have

bZi(G) = bzi(G — rs) —+ b2i72(G [ — S)
< boi (PE® — uv) + byi o (P® — u — v)
= b2 (P)°),
and G < Pn6’6.

Subcase 1.2.3: 2 < t < 5. If there are some trees planted on both cycles, similar to the proof of
Subcase 1.2.2 we can obtain the result. Let C,, Cp(a, b > 6) be two cycles of G. Assume that
there is no tree planted on C,. In order to prove the result we first give the following claim:

Claim 2

@) P,f’HUPy5P}?_HUPy5P,?74UP4,wheren=b+x+yandx21,y>4,b>8.
(i) P ,UP, < PS ,UPsforn—t#8n—t>Tandt > 4.
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Proof. (i) The first inequality is obvious. In the following we will prove the second inequality. It
is reduced to prove (ii).
(i) By Lemma 2 we have
bi(PS_, U Py) = boi(Py—y U Py) + bi2(P4 U P, U Py_y_g) + 2b2i _6(Pu—i—6 U Pr)
b2i (PS4 U Py) = bai(Py—s U Pa) + boi—2(Ps U Py U Py_10) + 2b2i—6(Pu—10 U Py).

By Lemma 3 we can obtain the result. [

If t = 2, there must be some trees planted on Cj,. Let uv be an edge of C, and u be a vertex of
P;. By Lemma 2 we thus have

b2i(G) = b2 (G — uv) + bai 2(G —u — v) + (=D)'F22b3 (G — C,)
b2i (PS0) = by (PO) + boi 2 (PS¢ U Py) + 2byi—6(PS ).

Similar to the above proof, it suffices to prove by; _>(G —u — v) = by;_ 2(P ¢ Y Pa).

If b > 8, by Claim 2 the result follows.

Ifb=6andG —u—v = P86 U P,_10, then G is the graph obtained from @ (6, n — 8§, 2) by
attaching P; to Cg. Similar to the above proof we can prove G < @(6 n—38,4).

If 3 <t <5, let uv be the edge as above. If G —u — v 22 P U P,_10, similar to above we

can obtain the result. If G —u — v = P U P,_10, then G = @(6, n — §,4). Deleting the edge
of Cg that is incident to P4 and applying Lemma 2 we can also obtain the result.

Case 2. t = 1. Then G contains two cycles C, and Cp(a > b) which have exactly one common
vertex w. Let wi be an edge of C,. Deleting it, we have

b2(G) = b3 (G — wl) + b3i—2(G — w — 1) + (=)' +22by;_ (G — C,)
< b2i(PY) + b2i—2 (P2 U Py_sg) + 2b2i o (Py—q)(a = 2mod 4)
< b2i(PY) + boi—2(PE_¢ U Py) + 2boi_6(PL_¢)
= by (P20),

inwhich B, UP, 4 < P(n—2;2,2) < Pn67 4 U P4 and the second inequality is proved in Claim
3.

Claim 3. P(n;2,2) < P® , U Py.

Proof. It is clear that bo(P(n;2,2)) = bo(Pog U P1) = 1, ba(P (13 2,2)) = ba(Fya U Py) =
n—1, b4(P(n 2,2)) =m(P(n;2,2),2) = n?—5n+4 and b4(P 4 U Py =m(P 4V
Py, 2) =n?—5n+16.
In the following we suppose i > 3. By Lemma 2 we have
byi (P(n; 2,2)) = bpi(Py—5 U Ps) + by 2(P2U P, U Py_g)
= b2i(Py—5U P5s) + by 2(P2U P, U Py U Py_10)
+b2i—4(2P, U P3U Py_11)
= b2i(Py—5U Ps) +baj2(P2 U P, U P4 U Py_10)
+b2i—42PyU P2 U P3U Py_11) + boi—6(P2U P3U Py—11)



X. Li, J. Zhang / Linear Algebra and its Applications 427 (2007) 87-98 95

thus we have

byi (P (n;2,2)) < bi (Py—4 U Py) +boi—2(P2U P, U Py U Py_10)
+b2i—4(2P1 U Py U Py_10) + b2j—6(Pr—a U Ps)
< b2i(Pp—a U Py) + b2j—2(P4 U P4 U Py_10) + 2b2i—6(Pn—10 U Ps4)
= byi(PY_4 U Py),

we thus complete the proof of Claim 3. [
Combining above all cases we complete the proof. [
Lemma 5. Let G € #2(n > 16), then G < P'°.

Proof. Since G € 93,% G also have an center construct which can be viewed as the graph obtained
from three paths Py, P, and P, by identifying three pendant vertices (each from one path) into
one vertex, and the other three pendant vertices into another vertex. We write it as Q(x, y, z)(x >
¥ 2 z). Then G contains three cycles Cyyy—2, Cxy;—2 and Cyy, 5.

Case 1. There is no cycle of length 0 (mod 4). Suppose C,, Cp and C, are three cycles of G.

Subcase 1.1. The length of longest cycle equals 10. Then G contains one center construct that is
isomorphic to one of (6, 6, 2), Q(6, 6, 6) and Q2(8, 4, 4).

If G contains the center construct (6, 6, 2), sincen > 16 we can always find an edge uv of C1g
with vertex u of degree 3 in (6, 6, 2) such that G — u — v is not a path, G — Cg is disconnected
and is not isomorphic to P,_g U P>, where uv is an edge of C.

By Lemma 2 we have

b2i(G) = b2i (G — uv) + b2i2(G —u — v) + 2b2i_10(G — Ci9) + 2b2i—6(G — Cp)
bai (PE0) = i (PY) + bai —2(P_g U Py) + 2b2; _6(PL_¢).
Clearly, by; (G — uv) < bz,'(P,f). By Claim 3 and Lemma 3 we have by;_2(G —u — v) < by;

(P(n —2;2,2)) < bsi—2(PY 4 U Py).
It suffices to prove

bai—6(Py_g) > b2i-10(G — C10) + b2i—6(G — C).

Since uv is the edge such that G — Cq 22 P> U P,_g, it is easy to prove G — C¢ < P4 U P,_19.
We thus have

b2i—6(P,16_6) 2 boj_6(Pr—g) + b2i—g(P4U Py_12)

2 bai—6(Ps U Py—10) + b2i—g(P3 U Py—11) + b2i—g(Pa U Py_12)
2 byi—6(PsU Py—_10) + b2i—10(P3 U Py—13) + b2i—8(Ps U Py—_12)
= bi—6(Ps U Py_10) + b2i—g(Pr—3)

2 byi—6(P4 U Py—10) + b2i—10(Pr—10)

2 b1i—10(G — C10) + b2i—6(G — C).
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If G contains the center construct Q2(6, 6, 6) or (8, 4, 4), we choose the edge uv such that
u is the vertex of degree 3 in the center construct and contained in two C1q’s, say C 110 and Cfo.
Similar to above proof we can prove

bai—6(P_g) > b2i—10(G — Clg) + bai—10(G — Ciy).
Similarly, we can obtain the result.
Subcase 1.2. There is a cycle of length at least 14.
bai—6(P8 ) = bai—6(Pu—6) + b2i—s(Ps U Py_12) > b2i—6(Pu—g) + bai—14(Py_14).
Similar to the proof of Subcase 1.1 we can obtain the result.
Subcase 1.3. The center construct of G is 2(4, 4, 4).

Let B, be the graph obtained by attaching a pendant vertex of P,_7 to a vertex of degree 2 in
Q(4,4,4) (see Fig. 1).

Claim 4. If G contains the center construct (4,4, 4), then G < B,, with equality if and only if
G = B,.

Proof. We apply induction on n. By simple computation the result is true forn = 8 and n = 9.
We suppose that n > 10 and the result is true for smaller values. Assume that uv is a pendant
edge with the pendant vertex v.

If u is a vertex of (4, 4, 4), then

b2i(G) = b2 (G — v) + b2i—2(G —u —v)
< b2i(By—1) + bai—2(PL_,)
< byi(By—1) + b2i2(By—2)
= by (By).

If u is not a vertex of (4, 4, 4), then

b2 (G) = b2i(G —v) + b2i—2(G —u —v)
< byi(By—1) + b2i2(By—2)
= by (By),

in which we obtain b; (G — v) < by; (B,,—1) by induction hypothesis. Thus we complete the proof
of the claim. [J

Claim 5. B, < P,?’6.

Proof. By Lemma 2 we have

bai (Py%) = bi (PY) + bai—2(PY_g U Pa) + 2bi 6(PY_¢)
> byi(PP) + bai—2(Ps U Py_g) + boi—4(2P4 U Py_12)
+4byi g (P4 U Pyr_12) + 2b2i—6(Pr—¢)
= b2 (PY) + byj—2(Py U Py U Py_g) + byj—4(P4 U Py U Py _g)
+b2i—42Py U P4U Py_12) + bri—¢(2P1 U P4 U Py_12)
+4byi g (P4 U Py_12) + 2b2i_6(Pr—¢)
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= b2 (PY) + bai-2(Ps U Py U Py g) + bai—a(Py U P U PyU Py11)
+b2i_42Py U P4 U Py_12) +2bsi_6¢(2P1 U P4 U P, _11)
+4bi_g(P4 U Py_12) + 2byi—¢(Pr—s),

and
b2i (By) = bi (P8) + byi 2 (P(6;2, 1) U Py_g) + 4ba; (P2 U P,_g)
= b2i(PO) + boi—2(Ps U Py U Py_g) + boi—a(2P1 U Py U P, )
+4bsi_6(P2 U P,_3)
Since

2(bri—6(2P1 U P4 U Py_y1) + 2b2; g (P4 U Py_12))
2 2(bri—6(P2U P4 U Py_12) + byi _g(P4 U Py_11))
2 2bsi_6(P2 U P,_3g)

We have by; (P,,6 ‘6) > by (B,) and complete the proof of the Claim. [

Case 2. There is a cycle, say Cy, such thata = 0 (mod 4). If G 2 Q(n — 2, 3, 3), we can always
find a cycle of length 0 (mod 4), say C, and an edge uv of it such that u is the vertex of degree 3
of Q(x, y,z) and G — u — v is not a path. Deleting it, and applying Lemma 2 we have

b
b2i (G) = b2 (G — uv) 4 by _2(G — u — v) — 2b3; _u(G — Ca) + (=)' T22by; _1(G - Cp)
6
bai (PE®) = b (PO) + byi 2 (PO U Py) + 2bn; _6(PC_).

Similar to above proof it suffices to prove G —u — v < P,_¢ U Py4. Since G — u — v is not a
path, G —u —v < P(n — 2; 2, 2). By Claim 3 we obtain the result.

If G = Q(n — 2, 3, 3), there are two cycles of lengths n — 1 in G, since n > 16, similar to the
Subcase 1.2 we can also prove the result.
Combining all cases we complete the proof of the lemma. [

By Lemmas 4 and 5 we have

Theorem 1. Let G € %,(n > 16). Then G < P>°. Moreover, E(G) < E(P2®) with equality if
andonly if G = Pnﬁ‘6.
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