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Abstract
Let n > 23 be an integer and let D,,, be the dihedral group of order 2n. It is proved that, if g1, g2, ..., g3, is a sequence of 3n
elements in Dy, then there exist 2n distinct indices iy, i3, ..., ip, such that g;, g;, - - - 8i,, = 1. This result is a sharpening of the

famous Erd6s—Ginzburg—Ziv theorem for G = D»,,.
© 2007 Elsevier B.V. All rights reserved.

MSC: Primary: 20D60; secondary: 05A15

Let G be a finite group of order n, and let S = (ay, ..., ar) be a sequence of k elements in G (repetition allowed).
We call S a 1-product sequence if 1 = ]_[f‘: | @z (i) holds for some permutation 7 of {1, ..., k}. We denote by [[(S)
the product I—[f=1 aj. Wecall T = (a;,...,a;,) a subsequence of S if 1 < i; < k for each j and i; # i, when
j # t. Furthermore, if 1 < i; < --- < iy < k, we call T a main subsequence of S. Clearly, every subsequence
of S can be reordered to form a unique main subsequence of S. For example, the subsequence (a3, aj) of S can be
reordered to a main subsequence (aj, a2) of S. We denote by I7 the index set It = {iy,...,i¢} of T and by ST—1
the main subsequence obtained by deleting the terms of T from S. If Ty = (aj,,...,a;,) and o = (ap,, ..., an,)
are two subsequences of S, we denote by 771 N 7> the main subsequence X of S such that Ix = Ir, N Ir,. Let
T Tl_1 be the subsequence obtained by deleting the terms of 7> N 77 from 73. Furthermore, if 71 and 7> are disjoint
(i.e. I, N I, = ¥), we denote by T, 75 the sequence (aj,, ..., aj,, ap,, ..., ap,). Foreach £ € {1, ..., k}, we denote
by >_,(S) the set consisting of all elements which can be expressed as a product of a subsequence T of S with |T| = ¢.
In particular,

> (S)={ai,---ai, | 1 <ij <kforeach j, andi; # i, when j # t}.
l

Set ) _,(S) = Uﬁzl Zj (S) and set > (S) = U’;Zl ZJ(S). For each g € G, we denote by v, (S) the number of times
that g occurs in S.

Let D(G) be Davenport’s constant of G (i.e. the smallest integer d such that every sequence of d elements in G
contains a non-empty I-product subsequence). We denote by s(G) the smallest integer ¢ such that every sequence
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of t elements in G contains a 1-product subsequence of length n. In 1961, Erd6s, Ginzburg and Ziv [2] proved that
s(G) < 2n —1 for every finite solvable group G, and this result is well known as the Erd6s—Ginzburg—Ziv theorem. In
1976, Olson [8] showed that s(G) < 2rn — 1 holds for every finite group G. He also conjectured the following stronger
result.

Conjecture 1 (/8]). If ay,---,ax,—1 is a sequence of 2n — 1 elements in a finite group G of order n, then
1 =ajai,---a;, forsomel <i; <ip <--- <i, <2n-—1

Olson [8] pointed out that Conjecture 1 is open even for solvable groups.

Let G be a finite non-cyclic solvable group of order n. In 1984, Yuster and Peterson [10] proved that s (G) < 2n—2;
in 1988, with the restriction that n > 600((r — l)!)z, Yuster [11] proved that s(G) < 2n — r; and in 1996, the first
author [5] proved that s(G) < %n — 1. For some recent related work, we refer the reader to [6].

For a finite abelian group G of order n, the first author [4] showed that s(G) = n — 1 + D(G). We note that
s(G) > n — 1 + D(G) for any group G of order n (see [12]). It is plausible to suggest the following.

Conjecture 2 ([12]). s(G) = n — 1 + D(G) holds for every finite group G of order n.

Zhuang and the first author [12] proved that the equality in Conjecture 2 is true for G = D3, with prime p > 4001.
If Conjecture 2 were true, then it, together with Lemma 4, would imply that s(G) < 3n/2 for any non-cyclic group G
of order n. In this paper we shall confirm Conjecture 2 for the dihedral group Dy, with n > 23.

Theorem 3. Let n > 23 be an integer and let Dy, be the dihedral group of order 2n. Then
$(Don) = |Doy| — 1+ D(D2y,) = 3n.

To prove Theorem 3, we need some preliminaries. It is well known that, if G is the cyclic group of order n, then
D(G) = n. Recently, Dimitrov [1] obtained an upper bound of D(G) for a finite non-abelian p-group G. In 1977,
Olson and White [9] obtained the following result for D(G) when G is not cyclic.

Lemma 4 ([9)). If G is a finite non-cyclic group of order n, then D(G) < [”—?], where [x] denotes the smallest
integer not less than x.

Lemma 5 ([12]). If Dy, is the dihedral group of order 2n, then D(Dy,;) = n + 1.

Lemma 6 ([4]). Let G be a finite abelian group of order n, and let S be a sequence of n elements in G. Let
k = max{vg(S)|g € G} be the maximal value of repetition of an element occurring in S. Then 1 € ka(S).

The following technical result is crucial in the proof of Theorem 3.

Lemma 7. Let G be a finite abelian group of order n and let r > 2 be an integer. Let S be a sequence of n +r — 2
elementsin G. If 1 € (S), then |Y_, ,(S)|=>,(S)>r—1

Proof. Since G is abelian and (n — 2) +r = |S|, we have | ), ,(S)| =D _,.(S)|. So, it suffices to prove that

>

r

>r—1.

Set k = max{vy(S)|g € G}. Let g € G with vg(S§) = k. We multiply every term of S by g !

sequence by S’. Since G is abelian, we have that

g E {h the Z(S)} =

r

and denote the resulting

and

gy (S) def gn ih ‘he Z(S)} =Y ).

n n
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Therefore, | Y, (S)| =1)_,(S)and > ,(S) =) ,(S"). Hence, 1 ¢ >, (S) = >_,(S). Then, replacing S by §’, we
may assume that g = 1. Furthermore, by rearranging the subscripts (if necessary), we may assume that

S=(g17'~-3gn+r—2—ka17-~-11)
N—
k
with g; # 1 foreveryi € {1,...,n+r —2 —k}.

Set

T = (gls ceey gn+r—2—k)-
Since 1 ¢ Zn(S), we have k < n — 1. We distinguish two cases:

Casel.n—1>k>r —1.Then

r—1<n4+r—-2—-k=|T|<n-1.
Let W be the maximal (in length) 1-product main subsequence of T (if T contains no 1-product subsequence, then
let W be the empty sequence). If |W| > n — k, then W(l,..., 1) is a 1-product subsequence of S with length n, a

——
n—|W|

contradiction. Therefore, [W| <n —k — 1l and [TW™'| > r — 1. By the choice of W we infer that 1 ¢ Z(TW’I).

Let X = (x1,...,x,—1) be any (r — 1)-term subsequence of TW—1. Then x;, X1X2, ..., X1X2 "+ Xp—] ATC pairwise
distinct. Leti € {1,...,r—1}.Sincek > r — 1, weinferthat x; - - x; = x1--- ;1" € Y (X(1, ..., D) S Y (5.
——

k
Therefore, | Y, (S)| = r — L.

Case 2. k < r — 2. Then |T| > n. By using Lemma 6 on T repeatedly, we can find some disjoint 1-product
subsequences T, ---, T, of T such that 1 < |T;| < k for every i € {1,...,u}, and |T (T} ~-~Tu)_1| <n-—1,
where u > 1. Therefore,

T4+ Tl =TI =TT T 2 4 r —2—k) = (=D =r—1-k
This gives that

T+ -+ Tyl +k>r—1 (1)

Let Wy be the maximal 1-product main subsequence of T (T T~ Gf T(Ty -+ T,)~! contains no 1-product
subsequence, then let Wy be the empty sequence). If |[WoTy---T,| > n — k, then either |WoT1---T,] < n —1

and WoTy---T,( 1,...,1 )isa l-product subsequence of S with length n, which is a contradiction, or
—_—
n—|WoTy-+Tul
[(WoTy -+ Tyl = n.
For the latter case, since |Wo| < |T(Ti---T,)"'| < n — 1, there exists v € {0,1,...,u — 1} such that

[(WoTy--- Tyl <n—1and |[WoTy---TyTy+1] = n (if v = 0, then let Wy T - - - T,, = Wp). It follows from |Ty+1| < k
that

n—k=<n—|Typyl =IWoT\---T,| =n—1
Therefore, WoT1---T,( 1,...,1 ) is a l-product subsequence of S of length n, also a contradiction. So, we may
N—

n—|WoTi Tyl
assume that

WoTy---Ty| <n—k—1.
It follows that
IT(Ty---T) "' Wo ' = |T| = [WoTt - Tyl = r — 1.
By the choice of Wy we infer that 1 ¢ > (T (T} -~-Tu)_1WO_1). Let X = (x1,...,x,—1) be any (r — 1)-term

subsequence of 7'(Ty - - - T,)" ! Wo_l. Then x1, x1x2, ..., x1x2 - - - X,_1 are pairwise distinct. We show next that

(o2, € ) (XL DT T) € ) (). 0)
r -\k/_ r
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Leti e{l,...,r —1}.Ifi > r — k, then
Xixp - xi € Z(xa )< Z(xa DT T) S ) ().

k
Now assumei <r —k —1.By (1) wehavei > 1 >r —k —|T1| —--- —|T,|, and there is an integer m € {1, ..., u}
such that
izr—k—ITi| = =Ty
and
i<r—1—k—|T\|— - —|Ty-1| (@(fm=1,thenlet|Ty|+ -+ |Ty—1] =0).
Therefore,

r—k<i+|Ti|l+ - +|Tu-tl + Tl <r —1—k+|Tnl <r—1.
Thus,
Xixy e xp = xixp-x | (- Tm)eZom DTy Ty)

CZ(X(I DT T) € ) (S).

This proves (2) and the lemma follows. [

For every positive integer n, we denote by Z,, the cyclic group of n elements. Recall that Z,, (as a group) is written
multiplicatively in this paper.

Lemma8. Let n > 8, and let S be a sequence of elements in Z, with |S| > 2|log, n], where |x] denotes the

largest integer not exceeding x. Then (1) there are two disjoint non-empty subsequences S1 and Sy of S such that
[1¢S1) = [1(S2) and |S1| = |S2] < |log, n]; and (2) there are two disjoint subsequences C and D of S such that

[1¢C) =TI(D) and |C| = |D| > w (for the definition of [](S), see the first paragraph of this paper).
Proof. (1) Let k = 2[log, n], and let T be a main subsequence of S with |T'| = k. We denote by T k/2] the family
that consists of all main subsequences of T' of length |k/2]. Then

Tk = k(k—1)---(lk/2] + 1) S k2 o,
Lk/2]
Therefore, there are two distinct main subsequences 77 and 7> of T such that

[Jao =[] and 71| =72l = Lk/2].

Setting §1 = T Tz_l =T (T N Tz)_1 and $; = T2T1_1 =T (TN Tz)_l, we get the desired result.
(2) By using (1) repeatedly, we can find some disjoint non-empty subsequences

Uly Vl? U21 V21 MR Umv Vm

of § such that [[(U;) = [[(V;) and |U;| = |V;| < |logyn] for every i € {1,2,...,m}, and such that
IS(U1V i UaVy - - Uy Vi)~ < 2[logy n] —1.Nowset C = U Uz - -- Uy and D = Vi Vy - - - V. Then [[(C) = [[(D)
and |C| = |D| > B2oenHl - g

It is well known that the dihedral group D3, has a unique cyclic subgroup H of order n. Setting N = G \ H yields
that N2 € H and each x € N has order 2 in D5,. Let S be a sequence of elements in D;,. We denote by S N H
(respectively SN N) the main subsequence of S that consists of the terms in H (respectively N). The following lemma
will be used repeatedly in the proof of Theorem 3.
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Lemma9. Let S be a sequence of 3n elements in Dy,. If one of the following conditions holds, then S contains
a 1-product subsequence of length 2n.

(I) There are two disjoint 1-product subsequences Ty and T of S such that |T1| = |T»| = n.

() There are two disjoint subsequences U and V of S satisfying (1) |[U| = |V| < nand [[(U) = [[(V) € N;
and (2) ¢ +w + |U| > n, where q is the maximal non-negative integer such that (SN N)(UV)~! has a subsequence
of the type (a1, a1) ---(aq, aq), and w > 0 is the maximal non-negative integer such that (S N HYUV) ™! has a
subsequence of the type (b1, by) - - - (by, by).

Proof. If (I) holds, then T 7> is a 1-product subsequence of S of length 2n.

Suppose that (IT) holds. If [U| = |V| = n, then [UV| =2n and [[(UV) = [[(U) [[(V) = L.

Assume that |U| = |V| <nandg + |U| =q + |V| > n.Settingk =n —|U| =n—|V|,thenl <k < g and
UV (ay,ay)--- (ag, ar) is a 1-product sequence of length 2n.

Now, g + |U| = g +|V| < n. Setting £ = n—|U —q = n—|V|] —¢g,then1l < ¢ < w and
Ui, ....bp)V(b1,...,be)(a1,a1) - (aq,ay) is a 1-product sequence of length 2n. So the proof is completed.

O

The following lemmas will also be used in the proof of Theorem 3.

Lemma 10 (/7], Lemma 2.2). Let A, B be two subsets of a finite group G. If |A| + |B| > |G|, then A+ B = G,
where A+ B = {abla € A, b € B}.

Lemma 11 (/3]). Let n, u be integers with 2 < u < % + 2. Let S be a sequence of 2n — u elements in Zy. If
1 &, (S), then there are two elements a, b € Z, such that v,(S) > vp(S) > n — 2u + 3 and ab~! generates Z,,.

Proof of Theorem 3. Since s(D>,) > |D2,|+ D(D3,) — 1 = 3n (the last equality follows from Lemma 4), it suffices
to prove that s(Dy,) < 3n.Letn > 3, and let S be a sequence of 3n elements in D,,. We have to prove that S contains
a 1-product subsequence of length 2n. Let H, N, S N N and S N H be defined as prior to Lemma 9.

It is well known that D,,, is generated by two elements x and y with ord(x) = 2, ord(y) = n and yx = xy~'. Then

H={l=y",y, y2, el y”_l}, N = {x, xy, . ..,xyn_l}, and (xyi)(xyj) = yj_i

holds for any two indices i, j € {0, 1,...,n — 1}.
By rearranging the subscripts, we may assume that

SAN = (a1,a1)(az, az) - -- (ar, ar)(cy, C2, ..., Cu),

where c1, ¢z, . .., ¢, are pairwise distinct, 0 < r < @ and 2r +u = |S N N|.
Further, assume that

SNH = (blvbl)(b2vb2)(btybl)(dlad29 ""dv)v

where dy, da, . .., d, are pairwise distinct and 0 < 7 < % with2r +v =|SN H|.
We shall prove the theorem by showing that at least one of (I) and (II) in Lemma 9 holds for S. Set

ci=xy™, i=1,...,u,

where 1 < m; < n. Now we distinguish two cases in terms of whether or not r = 0.
Casel.r =0.Then [SNN| =2r4+u =u <nand |SN H| > 2n. By the Erd6s—Ginzburg—Ziv theorem, S N H
contains a 1-product subsequence T} with |T1| = n. If u < 1, then

(SNHET | =ISNH|—n=3n—|SOAN|—n=2n—u>2n—1,

and again by using the Erd6s—Ginzburg—Ziv theorem we can find a 1-product subsequence 7, of (S N H )Tl_1 with

|T>| = n and the theorem follows from Lemma 9(I). Therefore, we may assume that u > 2. Noting that c1cz, ..., c1cy
are pairwise distinct, we have | Zz (c1,¢2,...,cy)| = u — 1. We distinguish two subcases.
Subcase 1.1. 1) ,(c1,c2, ..., cy)| > u. Note that

(SNHE)T = |SNH|—n=3n—|SNN|—n=2n—u.
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Ifl e ), (SNH )T]_l), then the theorem follows from Lemma 9(I) and we are done. Assume that 1 ¢
>, (SN H)T ). 1t follows from Lemma 7 that | Y, _,((S N H)T, )| = n — u + 1, and therefore,

Z(Cl’ 62’ ce CM)
2

It follows from Lemma 10 that

leH=Y (SNHT )+ (cr.ca,....c) €Y (ST,
n—2 2 n

doSnET +

n—2

>m—u+1)4+u>n.

and thus the theorem follows again from Lemma 9(I).
Subcase 12.1) 5(c1,¢2,...,cy)| =u — 1. Then

{erca. cica, .. cre) = Y (cr.ca. ... cn) = {cact, €ae3. ... €acu).
2

By a straightforward calculation, we have

{crea, cres, ooy crey} = (™27, YT Ly,
and
{cact, cacs, ..., cocy ) = (Y™ T ymaTIm2 e
Hence,
{ymz—ml , yM3—m1 AU ymu—ml} — {ym]—mz’ ym3—m2’ e, ymu—mz}.
In particular,
ymz—mlym3—m1 . ymu—ml — yml—mzym3—m2 .. ymu—mZ.
Hence,

my—mi+m3y—my+---+my, —my =my —my+m3 —my~+---+m, —my(mod n).

This gives that u(m — m2) = 0 (mod n). Similarly, u(m; — my) = 0 (mod n) holds for every pair of j, k with
1 < j # k < u. Therefore, y™/~™* are all in the subgroup M of H with |M| = gcd(u, n), the greatest common
divisor of u and n. Therefore,

u > ged(u, n) = |M| > [{1, y™7", y™mTm Ly = .
Hence, |M| = u, u|n and

S e Cani ) = (L YTy = M (1)
2

= {yu, y?u, ..., y“bay,

Thus,

n on _ne
{c1, €0y vy e = foxy™, xy™ b xy™T2u L xymt ey,

Suppose first that u > 7. Then u — 1 > 6. We may assume that

n n n n n
) = xym|+2u , €3 = xym1+4u , cq = xym1+3u’ cs = xym1+6u , c6 = xym]-i-Su-

Then cicacs = xy™ 20 = cuesc6. Set £ = |47 Let

n n
A= (c1,c2,c3, xy™ T, L xymTEF2050

and

n n
B = (ca, cs, 6, xym|+(7+2f);’ o, xym1+(6+4f)g)_
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Clearly, A and B are two disjoint subsequences of S N N such that [A| = |[B] = 3+ 2¢ and [[(A) = [[(B) =
mi+Q2+6) % e N.

Recall that SNH = (b1, by) - - - (bs, by)(dy, . . ., dy), where dy, ..., d, are pairwise distinct. Now by Lemma 8 there
exist two disjoint subsequences C and D of (dy, ..., dy) such that [[(C) = [[(D) and |C| = |D| > %
(if v < 2|logy n] — 1, then let C and D be the empty sequence and [[(C) = [[(D) = 1). Therefore, [[(AC) =
[1(BD) = xh € N and |AC| = |BD|, where h = y"tC+0% [](C) € H. Note That

xy

—2[1 1
n=3 oAt batae

Zv—2Llog2nJ+1+3+2 u—"7 3 Zu+v—2Llog2nJ—3.
2 4 4 2

v
+35 > 1ACI=|BD| =

Therefore,

u+v—2ogn] -3 2t+u+v—2llogyn| -3

t+|AC| =t+|BD| >t
+|AC| =t +[BD| >t + 3 3

_ 3n—2[logyn] —3
- 2

Now the theorem follows from Lemma 9(II) with U = AC and V = B D. This completes the proof of this subcase
withu > 7.
Next suppose that2 <u <6.If1 € >, (SN H) Tl_l), then the theorem follows from Lemma 9(I). Assume that

>n (sincen > 23).

1¢ Y, (SNHT Y. Since [(SNH)T, | =2n —uand2 < u < 6 < % +2, then, by Lemma 11, (S N )T,
has a subsequence (a, ...,a,b, ..., b) where ab™! generates H. It follows fromn — 2u + 3 > % = D(H/M) that

—— ——

n—2u+3 n—2u+3
the sequence (ab_l, e, ab_l) contains a non-empty subsequence 7 such that [[(T) € M and |T| < % Ifk =T,
Sy S —

n—2u+3
then akb=* = (ab~H)k = [1(T) € M. Note that ab™! generates H and k < n; we must have akb=% +£ 1. So,
ab*eMm \ {1} =D 5(c1, c2, ..., cy). Without loss of generality, we may assume that a*b~* = ¢|c;. Therefore,

xym‘ak =c1a* = cb* = xymzbk.
Again, without loss of generality, we may assume that

(SNH)a,...,a,b,....,0) " =(b1,by) - (br—i, bi_r)(di, ..., dy).
e

k k
By Lemma 8 there exist two disjoint subsequences C and D of (dy, ..., d,—1) such that
v—1 v—1-=2log,n| +1
C)= D d — | > |C|=|D| > .
[Jo=]]®) an {2 J_||||_ 5
Therefore,
[[(cr.a.....0)C) =] ]ea. b. ... b)D) = xh.
—_—— —_——
k k
where h = y™"a* [[(C) = y™b*[[(D) € H and |(c1. a, ...,a)C| = |(c2, b, ...,b)D]|.
—_— [ —
k k
Note that
n v—1
n>1+-+ L—J > |(c1,a,...,a)C|=|(c2,b,...,b)D|
u 2 N—— ——
k k
S l4k4 v—1-—2llog,n] +1 k4 v —2llog, n] —1—2.

2 2
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Therefore,
—2]1 2
kA1l @)Cl =t —k+ (2, by .., b)D| > 1 4 L2082
—— — 2
k k
_ 2t+v+u—2llogyn]+2—u 3n—2logn] +2—u
N 2 N 2
3n — 2|1 —4
> 2 LOZgZ”J >n (sincen > 23).
Now the theorem follows again from Lemma 9(II) with U = (¢y,a,...,a)C and V = (c2,b, ..., b)D.
[ ——; —_——

k k
Case 2. r > 1. By Lemma 8 there exist two disjoint subsequences C and D of (dy, ..., d,) such that [[(C) = [[(D)

and [C| = |D| > Y200 MHL 1o p — |21 Since

{c1c2, ¢34, ..., c20—102¢} € H,
again by Lemma 8 there exist two disjoint subsequences A" and B’ of (cjc2, ¢3c4, .. ., cag—1¢2¢) such that [J(A) =
[I(B") € H and |A’| = |B'| > %. Therefore, there exist two disjoint subsequences A and B of
(c1,ca, ..., cop) such that

[ITw=[T=[B=[]® ecH

and
|A| = |B| =2|A"| =2|B'| > £ —2[logyn| + 1.
Now we have

[Tt@AC) = [J(@BD) = xh forsome h € H

and
I(@)AC| = |(a1)BD| = |D| + |B| + 1 > ”_zuofz'” ¢ ologyn) 4141,
Thus,
01+ 3]+ 15 |2 1enac = sl = PRI o oliog, 42
> v—ZLIOZanJ—i-l +u;1 —%—ZLlogsz—}—Z: u+v—6L210g2nJ+3'
Therefore,

— 6|1 3
F— 141+ |@)BD|>r—1+1+"2" LZOanH
2r +2t +u+v—6llogyn] +1 _ 3n—6llogyn]+1
2 N 2
> n (since n > 23).

r—141t+|(a)AC]

The theorem now follows from Lemma 9(II) with U = (a;)AC and V = (a1)BD. O
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