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Abstract

We present elementary proofs of thigédentities of Jackson. They are Jackson'’s terminating
analogue of Dixon’s sum, Jacksomjsanalogue of Clausen’s formula, and a generalization of both
of them. We also give an elementary proof of Jaoranalogue of terminating Watson’s summation
formula, which is actually equivalent to Andrewsjsanalogue of Watson’s formula.
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1. Introduction

We employ the notation and terminology[it3], and we always assume thatQq| < 1.
Theg-shifted factoriais defined by

n—1
(aq)o=1 (a;9),= 1_[ 1- aqk), n e N.
k=0

For brevity, we adopt the usual notation

(a1, a2, ...,am; @)y, = (a1; @)p(@2; @)y - (@ @)y
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Theg-binomial coefficienis defined by
|:ni| _ (q; @
k1 (@@ Dni
Jacksor{18] established the following three interesting theorems:

Theorem 1.1. For n >0, we have
2 2n
Z(—l)k[ k }(“’b; D@, b; )20 1g" @ P P=(a, b, ", abq"; ). (1.2)
k=0

Theorem 1.2. For n >0, we have

n

3 (a, b; @) (a, b; )i vz la,b;qV?),(ab; q), (1.2)

g% = .
= (q,abq%; @)(q, abq™?; @)y (ab, q/%; q1/2), (abq"/?; @),

Theorem 1.3. For n >0, we have

2n

2 -
> (Dt [ ,ﬂ (a.b,c.di q)p(a, b, c.d q)g g /2
k=0

— (_1)n(a’ b, c, d, qn+l, abq”, bcq”, caq”; q)ndnqn(3nfl)/2, (13)

where abcd= 173,

Jackson obtained (1.1) and (1.3) by a rather curious transformation gfdnslogue
of Dougall’'s theorenj16], and derived (1.2) as a special case gftheorem in his paper
[17]. Note that Jackson had already stated (1.1) without prodf5h It was pointed out by
Bailey [3] that (1.2) withn even is a special case of (1.3).

As usual, thépasic hypergeometric series, ¢, is defined as

it n
ai, az, ..., ar41 (a1, az, ..., ar11; 4)n2
1 q, 2| = .
r+1¢r[ by, by, ... by 9 ] ’ZFO (@, b1, b2, - by @)

Andrews[2] obtained ag-analogue of a terminating version of Watson’s summation
formula for; F,[1]:

5 [ a.b 2, =2 q] _ (aq.bq.q/c.abq/c; q*)u
473 | (abg)*?, —(abg)t?, > T (q.abq.bq/c.aq/c; ¢’
whereb = ¢ 7" andn is a nonnegative integer.

Jain[19] obtained a-analogue of terminating Watson’s summation formula due to Bailey
[5] in the form

(1.4)

i (@.b: (g™ gPg"  (aq.bq: ¢, 15)

(q¢; Di(abg; 4D (@2 @) (q.abg; ¢?),’

k=0
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and pointed out that (1.5) far — oo gives theg-analogue of Gauss’s second summation
theorem due to Andrew|d]. It is not difficult to see that (1.4) and (1.5) are equivalent to
each other.

The objective of this paper is to give elementary proofs of the above three theorems of
Jackson and Jaintsidentity (1.5). We will show that (1.1)—(1.3) and (1.5) can be recovered
from their special cases. In particular, (1.2) in the gaiseeven implies (1.3). The main idea
is that to prove a terminatingridentity with parameters it is enough to prove it for infinitely
many values of these parameters. In this way, we also obtain an intergstiegtity
(4.5) which generalizes (1.2) in the casés odd. Note that Chen and L{i#,8] and Liu
[21] developed a method of deriving hypergeometric identities by parameter augmentation,
which is powerful to deal with nonterminating hypergeometric series.

The following lemma plays an important role throughout the paper.

Lemma 1.4. Let f(a, b) =b(1—ax1)(l—ax2)(1—ax3)(1—ab?x1x2x3). Then the divided
difference

f(avb)_f(b7a)
a—>b

can be factorized into

—(1 —abx1x2)(1 — abx1x3)(1 — abxx3).

2. Jackson’s terminating g-analogue of Dixon’s sum

When considered as a basic hypergeometric series, Eq. (1.1) reads

_on . .
q y a, b 2—n (Cl,b, q)n(é],(lb, 6])2n
_ _ i q, ab| = ,
3¢2[ g% /a, ¢t 1 / } (q,ab; q),(a, b; q)z,

which is now called Jackson’s terminatigganalogue of Dixon’s sum. See Bail¢$],
Carlitz[6], and Gasper and RahmEH8, p. 50]

In this section we give an elementary proof of (1.1). The following lemma is its special
caseb =gq.

Lemma 2.1. For n >0, we have

2n

Y (DM@ @@ Qi @ Y2 = (a, 09" ),
k=0

Proof. Since

(1-a%q™) =1~ ag® ™) +ag® " (1~ aq"),
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we have

2n
(1—a%q®) Y (D@ @)@ q)zy—kg" @ /2

k=0
2n
=Y (=D @ k(@ @)zur1-xg @2
k=0
2n
+aq" Y (=M@ iga(a; @)gu_gHVEH2, (2.1)
k=0

Noticing that(a; )i (a; ¢)2n41—1g* @ *+D/2 is symmetric ik and 2 + 1 — k, we have

2n

> DM@ uas Qanpa—ig" > P2 =0,
k=1

or equivalently,

2n—1

D (DM@ Qi@ Paurg TV HZ = 0.
k=0

Therefore, the right-hand side of (2.1) is equal to

(@; Qonv1+aq" (@5 @)z1 = L+ aq")(a; @211
Namely,

2n

Y (=D @ el Qi " @ Y2 = (@3 Qanga/ (L — ag™),

k=0
as desired. O
Proof of Theorem 1.1. It is enough to prove the casés= ¢, m>1. We proceed by
induction onm. Form = 1, Eq. (1.1) holds by Lemma 2.1.

Suppose (1.1) holds fdr (=¢™). Substitutinga with aq in (1.1) and multiplying by

(1 — a)? on its both sides, we obtain

2 2n

>k [ . ] (@ D1 ) 2n—k11(b5 (b q)2y—g" > H/

k=0

=1 - a)(@: Q1. q" T abg" ), (2.2)

Since

(1—bg" (A — bg® %) = (1 - b/a)(1 — abg®) + (b/a)(1 — ag")(1 — ag®' ™),
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we get
(1 —b/a)(1 — abg®")
(a,bq; q)i(a,bq; Q)on—i = /(1_ b2 T (a,b; Di(a, by q)on—
b/a
m(a; Di+1(a5 @ 2n—k+1(05 i (b @) 20—k
Therefore, by the inductive hypothesis and (2.2), we have
2n on
Do (=DF [ L ] (a,bg; k@, bg; @)gy—rq" @D/
k=0
1—b/a)(l— abg®
- /(i)i b)2a T @, q"*, abq"; ¢,
b/a n+1 n+1
+ m(l—a)(tﬁ Dny1(b, "7, abq" " @)y
= (a, bq, qn+1’abqn+l; D
Namely, Eq. (1.1) holds fdoq (=¢”*1). This completes the proof.]
It is easy to see that
2n+1
> (=D @ 9@ 9)i1kg @I
k=0
2n+1
= > (DM@ @@ @)znro-g" @ I
k=0
2n+1
+ ag® ™Y (=D @ i@ Danr-rg TV, (2.3)
k=0
By Lemma 2.1, we have
2n+2
D DM@ k@ Donsoid" P TP = (@5 9nra(aq" T s (2.4)
k=0
By symmetry, it is obvious that
2n+1
Y DM@ i@ o1 i@ T2 =0, (2.5)
k=0
Combining (2.3)—(2.5) yields
2n+1

> (DM@ i@ 9ni1-1g @I = (1 - ¢" (@ @)pi1(@q" @),

k=0
Then, by the same argument as in the proof of Theorem 1.1, we obtain
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Theorem 2.2. For n >0, we have

2n+1

2n+1 -
2. (—1)"[ A }(a,b; Di@. b; @znyag >
k=0

= (a, b, q""™ @)p11(abg™™; @), (2.6)

Settinga = b =¢~%""1in (2.6), we get

2n+1 3

ok 2n+1 (k—n)(3k—=3n—1)/2 _ , _a\n (G5 9)3n+1
> =D q = (-]
= k (q.9.9; P

an identity due to Bailey4].

3. Jackson’sg-analogue of Clausen’s formula

Itis clear that (1.2) is equivalent to the following product form{il#,18]:

a,b . a,b . 1/2

201 [abql/z’ q, Z] 201 [abql/z’ q,29
a. b, a2pl2, _gl/2p1/2 Ua

= 4¢3 |:ab, aV2pLi2gys _qyzp12 1a; 4 22|, l2l<i, (3.1)

which is ag-analogue of Clausen’s formu]]:
2
a,b ) _ 2a,2b,a +b _
{ZFl[a+b+1/2’Z“ _3F2[2a+2b,a+b+1/2’z] Il <1.
See for exampl§l1,12]
Several proofs of (3.1) have been given by Sifg8], NassrallaH22], and Jain and

Srivastavd20]. In this section we add a new one.

Lemma 3.1. For n >0, we have

@ k@Y @k M2 — (ag*’?; q),, (3.2)
= (1—ag"(q: Dr(q: Dns (@ @41
Proof. Clearly, Eq. (3.2) is equivalent to
n 1/2. 1/2.
@7 D@ q)n—
3 (@ ilag L gy, T Dk k2 (qg112, g, (3.3)
prd (@5 Di(d; Dn—k

Whena = g7 (0<m <n), the left-hand side of (3.3) has only one nonzero term

1/2. 1/2.
(q / s Dm(q / 5 Dn—m mj2 _ (q7m+l/2; q)

@ D (g5 Dn—m
Noticing that both sides of (3.3) are polynomialsirwe complete the proof. [

@™ D@ Dnem

n-
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Remark. Eq. (3.3) is in fact the Lagrange interpolation formula fay'/2; ¢), at the
valuesg ™' (0<i <n) of a. See Fu and Lascoyg0] and Zend?24].

Proof of Theorem 1.2. It suffices to show that (1.2) holds for &ll= ¢"+%/2, m >1. We
proceed by induction om. Form =0, b = ¢%/?, Eq. (1.2) reduces to

n

3 @Y @™ Qui 2 = (aq'? q), (3.4)

= (1—ag") 1= aq"*)(q: Drq: Dn—i (1—aq"?)(a: q)ns1
Changingkton — k in (3.2), we obtain

i @Y% DG Dk w2 _ @4 D0 (3.5)

= (1—aq" ) (q: Oi(q: Onr (@ @1

Then (3.24 (3.5) yields

n

3 @2+ q" A — ag") @Y% OaY% Dui _ ,@q" %)

= (1—ag")(1 - aq"*)(g: D(q: Dn—r CHOMEN

Since the above summation is symmetrikiandn — k, we get (3.4).
Now suppose (1.2) holds fér= ¢”*+%2. Substitutinga with aqin (1.2), we obtain

X": (aq,b: i(aq, b: @k 1 (aq.b;q"?),(abg: q),

q = .
32, 32 Pk (abq, q%2; ¢%12), (abg®/?; q),,

(3.6)
i—o @-abq”*: q)(q, abq

Putting{x1, x2, x3} = {¢¥, ¢" %, ¢¥/2} in Lemma 1.4, we have

b(1—aq'?)(1— ab®q" )1 - a)* (aq.b; r(aq. b D 12
q
(1—abg")(b —a) =5 (. abg¥% q)i(q, abg¥?; q),
a(l—bg*?)(1 — a®bq"™/?)(1 - b)® Z (@, bq; i@, bg; Dni 112
(1—abq")(a — b) = (@, abg®? @)i(q, abg®? @),
n
(a,b; q)i(a,b; q),
= (1 — abqg*?)? Z 177 k 172.]( q~/?, (3.7)

i—o (@, abq™ % q)(q, abqg™"; q) i
while putting{x1, x2, x3} = {1, ¢"/2, ¢"**tD/2} in Lemma 1.4, we have

b(1—aq*?) (1 — ab?q" 2 (1 —a)®>  (aq,b; ¢*?),(abg; q),

(L —abqg")(b —a) (abq, qV/2; q1/2), (abq®/?; q),
a(l—bq¥?)(1 - a?bg" V2 (1 - b)?  (a,bq; qY/?),(abg; q),
(1— abq™)(a — b) (abq, q¥/?; q¥/2),(abq®?; q),,

(a,b; ¢¥?),(ab; q),,
(ab, q*12%; ¢*12), (abqY?; q),,

= (1 — abq?? (3.8)
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Comparing (3.7) and (3.8) and using (3.6) and (1.2), we obtain

X": (@.bg: p(a.bqg: Dk o (a,bg; ¢"?),(abg: q),

q - ]
= (q,abq*?; q)i(q, abq®?; q), i (abq, q*/%; ¢%1?),(abq®'%; q),

i.e., Eq. (1.2) holds fobg. This completes the proof.[]

For the cas@ is even in (1.2), we have

2n
) [Zn] (a, b; i(a, b; @)zn— /2
— Lk | (abg"?; q)r(abg'/?; q)zy i

— ((1, b’ qn+l’ abqnv aql/z’ bql/2§ Q)n
 (abgY?, qV/2; q), (abg*?; 4),,

(3.9)

(see Jackso[18, Eq. (3)), while for the odd case, we have

2n+1
) [Zn—l—l} (a,b; i@, b; Qoni1k g2
= |k ](abg"% q)(abg"?; q)zni1«

_ (@,b,¢"" q)a(abg" " ag'?, bg?: ),

(abqY'?; ), (qY% @) 41(abqY?; @) 2011

(3.10)

4. Jackson’s Theorem 1.3

We have seen that (1.1) and (1.2) can be recovered from their speciabcasgsind
b=¢q%?, respectively. We will show that (1.3) can also be derived from thelcasg/?",
which reduces to Jacksorgsanalogue of Clausen’s formula.

Substituting ford = ¢~ Jabc, Eq. (1.3) may be written as

2n
3 (-t [Zn] (@, b,c; @@ b, ¢ Ponk p@n—k+1)2
Py k] (abeq"; @)i(abeq”s q)2q

_ (a,b,c,abq", beq™, acq”, ¢" L q),

(abcq™; q), (abeq™; q) oy

(4.1)

Itis clear that (1.1) can be obtained from (4.1) by taking 0.

Proof of Theorem 1.3. It suffices to show that (4.1) holds for &= ¢1/2" m> —n. It
is easy to see that the case- ¢1/2" of (4.1) reduces to (3.9) omandc, as was pointed
out by Bailey[3].
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Suppose (4.1) holds far= ¢¥/2+". Substitutinga with aqin (4.1), we obtain

2n
Z(_l)k[Zn] (aq. b, c; q)r(aq, b, c: @)y K@k D/2
— k| (abeq"™™; @) (abeq"™; q)p—y

_ (agq,b,c.abq" " beq” acg™, ¢" ),

(abeq"™; 9),(abeq"t; @),

(4.2)

Putting{x1, x2, x3} = {¢¥, g%, cq"} in Lemma 1.4, we have

b(1— acg™ (1 — ab’cg®)(1 — a)?
(b —a)(1 — abg®)
" i (D [Zn] (aq,b, c; q)i(aq, b, c; q)2, K@ —k+D/2
= k| (abeq"™; q)i(abeq™ ™ @)
a(l— beg™ (1 — a?beq®) (1 — b)?
(a — b)(1 — abg®")

2n
,byq, c; v bq, ¢; q)o,— _
xZ(—l)k[zn] (a,bq,c;q)(a, bq, c; q)o—y gk @ktD)2
k=0

k| (abeq"tL; @) (abeq" s @)on i

2n
=(1—abeg")?* )y (-t [2”] (@5, ¢ )@ b. ¢ Donk kon—ts1)/2,
= k] (abeq™; q)i(abeq™: q)z,—k

4.3)
while putting{x1, x2, x3} = {1, ¢", cqz"} in Lemma 1.4, we have

b1 — acqg™)(1 — ab?cq®)(1 — a)? (aq, b, ¢, abq", beq™, acq" L, ¢ q),,
(b — a)(1— abg™) (abcq"t; q),(abeq™ ™ q)2,
a1 —beg™) (1 — a®beg®) (1 — b)? (a, bq, ¢, abg"tt, beq™tt, acq”, ¢" 9n
(@ — b)(1 — abg™) (abeq"t; q),(abeq™t ™ q)2,
,(a,b,c,abq", beq", acq”, q"; q),

(abeq™; q),(abcq™; q)on

= (1 — abcq™)

(4.4)

It follows from (4.1)—(4.4) that

2n

Z(_l)k[Zn] (a,bq,c;q)i(a,bq, c; q)on—i gKe—k+D)/2
k] (abeq"* s @)p(abeq" s q)an i

n+1

k=0

_ (a,bq,c,abq™?, beg"t, acq”, gL q),

"1 )9,

(abeq"tL; @), (abeq

Namely, Eq. (4.1) holds fabg = ¢%/2*™. This completes the proof.[]
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It is interesting that there holdscpidentity similar to (4.1) as follows:

Theorem 4.1. For n >0, we have

2n+1
Z (_1)k [Zn + 1i| (a’ b’ c q)k(av b7 [oN 6])2n+1—k qk(zn—k+3)/2
k| (abeq"™; @)i(abeq™ ™ @) i1k

k=0

n+1 n+1.

,beq"t, acq" L q),

_(@.b.c.q" ), 1(abg

(abeg™; @), (abeq"t s @) 241

(4.5)
Whene¢ = 0, Eq. (4.5) reduces to (2.6), and wher= ¢~1/27", Eq. (4.5) reduces to
(3.10). The proof of Theorem 4.1 is exactly the same as that of Theorem 1.3. Namely, we
need to use Lemma 1.4 twice, takipg, xo, x3} ={g¥, g2 1%, cq"t1} and{xy, x2, x3} =
{1, g", cq®*t1}, respectively.
It should be mentioned that Theorem 4.1 can also be deduced from Jadksmalogue
of Dougall’s theorenil 6] by utilizing a curious transformation, just as the way that Theorem
1.3 was obtained by Jacks§i8].

5. Jain’s g-analogue of terminating Watson'’s formula

The case = ¢ of (1.5) reduces to

i (@2 g (a; 1 — g Thgt 1 g2?

—2n.

= . 5.1
= @ aq: P 1—ag?*t ey

It is easy to check that, far=0, 1, ..., n,

(@72 ¢Hi(a; (L — g*+hgk
(=% Qr(aq; 411

g>+t |:(4]2n§q2)k+l(a;51)k+l_ (G5 4%)(a; @i ]

@2 Dilaq: 4P @25 @r-1(aq; g2y

T 1— aq2n+1

Hence, summing oveefrom O ton gives (5.1).

Proof of (1.5). It suffices to show that (1.5) holds for @ll=¢2" (m >1). The casé = ¢2
reduces to (5.1) and has been proved.
Suppose (1.5) holds fér= ¢2". Substitutinga with ag? in (1.5), we obtain

" q?ng" _ (aq® bgiq?),
290 (q.abg®; q?),

i (aq® b; @) (g™

5.2
= (¢ Dilabg®; ¢?)(q~ 62
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Letting {x1, x2, x3} = {0, ¢¥, ¢**1} in Lemma 1.4, we have

b(l—a)1—aq) ~~ (aq? b; 9)i(q?"; ¢*)q"

b—a = (4 Drlabg®; g2 (g2 )k
_al=b)(A—bg) \~ (@, bg? Qrla™*; Pd"
b—a = (q: O (abg® q?)(q=2"; @)
n —2n. 2 k
(a,b; (g " g
= (1—abq) . 5.3
I ,; (@3 Dr(abg: 42 (g =" @) 63
On the other hand, lettingr1, x2, x3} = {0, 1, ¢®'*1} in Lemma 1.4, we have
b(1 —a)1—aq) (ag® bg; g%, al=b)(1—bg) (aq,bg q*),
b—a (abq®; q?), b—a (abg®; q?),
bag: 2
= (1 - abg) UL (5.4
(abgq; q%),

From (5.2)—(5.4) and the inductive hypothesis (1.5) it follows that
2": (a.b4% @la™ "1 q?rg" _ (@.bg% 47,
= (@ Drlabg® ¢ (q 25 9 (abg®; 2,

Namely, Eq. (1.5) holds fabg? = ¢2"+2. This completes the proof.(]

The same method can also be used to prove a symmyeftfiaff-Saalschitz identity. See
Guo and Zeng14].
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