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1 Introduction

Let G = (V(G), E(G)) denote a graph with V(G) as the set of vertices and E(G) as
the set of edges. We denote, respectively, by n(G) and ¢(G) the number of vertices
and the number of edges of G. All graphs considered here are finite and simple.
Undefined notations and terminology will conform to those in [1].

For a graph G and u € V(G), we denote by Ng(u) the set of all neighbors of u in
G and by d,, the degree of the vertex u. Let G and H be two graphs. We denote by
G U H the disjoint union of G and H and by mH the disjoint union of m copies of
H. Let C), and P,, denote, respectively, the cycle and path with n vertices. By S,
we denote the star with n vertices and by P, ,, the graph obtained from S, 1; and
P, by identifying the center of S, 11 with a vertex of degree 1 of P,;,. By S, ,, we
denote the graph obtained from S, 2 and S;,4+1 by identifying a vertex of degree 1
of Sp+2 with the center of Sy, 1.

For a graph G, its Fibonacci Number, simply denoted by f(G), is defined as the
number of subsets of V(G) in which no two vertices are adjacent in G, i.e., in graph-
theoretical terminology, the number of independent sets of G, including the empty
set. For example, for the graph Cy = vyvgv3vy, all this kind of subsets of V(Cy)
are as follows: ¢, {v1}, {va}, {vs}, {va}, {v1,v3}, {v2,v4}, and so, f(Cy) = 7. For
the path P,, the Fibonacci number of P, is exactly the ordinary Fibonacci number
F,+2. Perhaps this is why the number was named Fibonacci number. The concept
of the Fibonacci number for a graph was introduced in [3], and discussed later in
[2]. This number for a molecular graph was extensively studied in a monograph
[5]. There, the chemical use was demonstrated, and the number was called o-index,
or Merrifield and Simmons index. The authors of [4] gave its other properties and
applications. There have been some literature studying the Fibonacci number, or
o-index of a graph, see [5,6] and the references therein for details.

Let F,, and L, denote the n-th Fibonacci number and Lucas Number, respec-
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tively. It is well known that F), and L, satisfy the following recursive relations:
Fo=Fy 1+ Fp o Fi1=F=1n2>3

and
L,=L, 1+ Ly, o, Li=1,Ly =3, n>3.

It is not difficult to see that for n > 1 and m > 3, we have that f(P,) = Fj,, 12 and
f(Cp) = Ly,. For F,, and L,,, we have

Lemma 1. Let o = (1++/5)/2 and 8 = (1 —+/5)/2. Then F,, = (o — 8")/V/5 and
L, =a" + p" for all n > 0.

Let T be a tree, that is, T' is a connected graph without any cycles. From [2,3,4],
we can find that

Lemma 2. Let T be a tree. Then F, ;5 < f(T) < 2" '+ 1 and f(T) = F, o if and
only if T = P, and f(T) =2"! 41 if and only if T = S,,.

Let vivovs - - - vy, be a path, and let P, ,,, ¢ and T}, 5, n, denote two graphs shown
in Figures 1.
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Figure 1. Graphs P, ,, ¢ and T}, 5, n,

The authors of [2] investigated the upper and lower bounds for the Fibonacci
number of a maximal outer-planar graph. In this paper, we first investigate the
orderings of two classes of trees P, ,, ¢ and T}, n,n, by their Fibonacci numbers.
Using these orderings, we determine the unique tree with the second, and respec-
tively the third smallest Fibonacci number among all trees with n vertices. From
[4] we know that these results may have potential use in combinatorial chemistry.

The following lemmas can be found from [3,4].

Lemma 3 ([3,4]). Let G be a graph with k& components Gi, G, ---, Gi. Then
F(G) = Liz £(GY).
Lemma 4 ([3,4]). For a graph G with v € V(G), we have

where [v] = Ng(v) U {v}.

Lemma 5 ([3,4]). Let G; = (V(G,), E(Gy)) and G2 = (V(G2), E(G3)) be two
graphs. If V(G1)| = V(G32) and E(G1) C E(G3), then f(G1) > f(G3).

2 Orderings of Two Classes of Trees by Fibonacci Num-
bers

Let H and H' be two graphs. Then H = H' means f(H) > f(H') and H = H'
means f(H) > f(H').



Theorem 1. Let n =4m +14, ¢ € {1,2,3,4} and m > 2. Then
PH,UQ,G - Pﬂ,v4,G e Pns'02m+2paG - Pﬂ,v2m+1,G e Pﬂ,vsaG - Pﬂ,vlﬁ?

where p=0ifi=1or2and p=1if7=3 or 4.

Proof. Suppose that f(G —vx) = A and f(G — [vg]) = B. Then by Lemmas 2, 3
and 4,

Pooyc = AF 1 Fy o+ BFyFy gy (1)
From Lemma 1, by calculating we have
1
FoFy, = g (La+b - (_1)aLbfa) : (2)

So, by (1) and (2) we get that
PoyeG = ALnss + BLygt + (1) Ly 2441 (A — B). (3)

Note that each independent set of G — [vg] is an independent set of G — vy;
however the other way around is nor true. So, A > B. Since P, ,, ¢ = P,
by (3) we have that £ < (n+ 1)/2 and

avn—k+17G’

Pn,vg,G’ - Pn,v4,G’ e Pn,vzm,G ~- Pn,v2m+1,G e Pn,vg,G ~- Pn,vl,G
for i € {1,2} and
Pn,w,G - Pﬂ,v4,G e Pna'UQm-i-Q:G - Pﬂ,v2m+1,G e Pnav?nG - Pna'UlaG

for i € {3,4}. This completes the proof. O

Let G =2 P, or G = P3. Then from Theorem 1, we have
Tiain-s3>=Tigns5> " >=Tian6>Ti2n 4

and
Toin-a>=To3n-6> " >=Toan7>T225 5.

Note that T2,11n74 = T1,21n74. So, it follows that Tl’l,nfg - T1’3,n75 = >
Tian—6>Ti2n-a>To3n—6=" "> Toan-7>To2n-7.

For 3 <n; <mny <n3 and T}, n,n;, We can obtain the followings:

(i) T31n—5 > T3,0n—a—4 = T3 2n—6 for a > 3,

(11) T4,1,n76 - T4,a,nfaf5 b T4,2,n77 for a > 37

(iii) Ty,1,n—b—2 > Than—a—b—1 = Th2n—b—3 for a >3 and b > 5.

From (i) to (iii), one can see that for (ni,n2) & {(1,1),(1,3),(2,2), (2,4)}.

Tiin-3>=T13n-5" Thinoms = T2an—7 = To2n_5.

Furthermore, we have

Theorem 2. Let ny +n9 +n3 =n — 1 and ny > ny > n3. Then

(i) Tvapn—3 > Tign-s > > Tiom-1n-2m=1 > T12m—2n—2m >+ = Tian—6 >
Tion—a = Tozn-6 >+ = Toom-1n-—2m-—2 = Toom-—2n-—2m-1 > -+ = Toan-7 >
T2’21n75 forn=4m+1,

(ii) T1,1n—3 > Th 3n—5 > =+ = T 2m—1,n—2m—1 = T 2mmn—2m—2 > -+ > Tian—6 >
Tion-a > To3n-—6 > > Toom-1n-2m—2 > Toom-2n-o2m-1 > - = Toan_7 >
T52,n—5 for n = 4m + 2,



(i) T 1n—3 > T130—5 > === > Ti om—1,n—2m—1 > 11 pmp—2m—2 > =+ > T 4n—6 >
Tigna>Togne6 = = Toom 1n2m2 > Toomm2m-3 = -+ = Toan7 >
T2,2,n—5 for n =4m + 3,

(V) T1im-3>Ti3n-5> " >Tiom+in-2m-3 > Ti2mm—o2om-2 > >=Tian6 >
Tion—a > Tozn-—6 = - = Toom-1n-2m-—2 = Toompn—2m-3 = -+ = Toun-7 >
T2’21n75 for n = 4m + 4,

(v) Ti,in-3 > Ti3n-5 > Tninons = Toan—1 = Toon_s for (ni,n2) € {(1,1),
(1,3), (2,2), (2,4)}. O

3 Smaller Fibonacci Numbers of Trees

Suppose that Qg is the graph shown in Figure 2.
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Figure 2. Graph Q, ¢

Lemma 6. Let » > 1 and G be a tree with m vertices. For graph @), ¢, we have

QT‘,G = Pr,m
and the equality holds if and only if Q, ¢ = P ppy1-

Proof. We prove the lemma by induction on r. Clearly, the lemma is true if r = 1.
Suppose that the lemma holds for r = k —1 > 1. When r = k, by Lemmas 3 and
4 we have
F(Qrc) = f(Qr-1,6) +2° ' f(G —v) (4)
and
f(Pegn) = f(Pr—1m) + 257 f(Prca) (5)

By the induction hypothesis, f(Qkr—1,¢) > f(Pr—1,m) and the equality holds if
and only if Qx—1,¢ = Pr—1,m- On the other hand, we may assume that G —v = Ui’ H;
such that each H; is a tree and ', n(H;) = n(G —v) = m — 1. By Lemmas 2,
3 and 5, f(G —wv) > Hézl Pyr;) = Pm—1 and the equality holds if and only if
G —v = P,_1. So, from (4) and (5), the lemma is true. O

Let T be a tree with n vertices. Then, T' = S, if n = 1,2,3. By calculating, we
have

(i) for n =4, S5 = P,

(ii) for n =5, S4 > T1’1,2 > Ps,

(iii) for n =6, Sg > 5371 - 52,2 - T171,3 - T1,272, > P,

(iv)forn =T7and T & {P7,T1 23, D222}, T > T123 = To22.

(v) for n =8,9,10 and T € { P, To 205, Toun7}, T = Togn—7 = To2n 5 and
the equality holds if and only if n = 9.

Theorem 3. Let T be a tree with n vertices.
(i) fT 2 P, and n > 7, then

f(T) Z 4Fn71 + an?n

the equality holds if and only if T"= T5 5 ,, 5.
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(11) IfT Q {PnaT2,2,n—5} and n > 10, then
f(T) > 2F, + 8F),_s,

the equality holds if and only if T"= T 4 ,,_7.

Proof. By induction on n. By the above argument, it is easy to check that (i) and
(ii) of the theorem hold for trees T' with n(T") = 10.

Suppose that n(T) > 11 and (i) and (ii) of the theorem are true for all 7" with
n(T'") < n. For a tree T with n(T) = n, we distinguish the following cases:

Case 1. There exist an 7 > 2 and a tree G such that 7' = Q, . By Lemma 6,
Qr,c = Prp—r. By Lemmas 3 and 4,

f(Pr,nfr) = 21"an1"+1 + Fo .

So, one can see that P.,_, > Pr_1n—ry1 for 7 > 2. Thus we have Q, g = Prj—p =
T1,1,n—3. By (ii) of Theorem 2, we know that (i) and (ii) of the theorem are true.

Case 2. For each path wvw in T with d, = 1, we have that d, = 2 and d,, > 2.
If T has only one vertex of degree 3, by Theorem 2 we have that (i) and (ii) of the
theorem hold; otherwise, T' contains at least one vertex of degree larger than 3 or
two vertices of degree 3. From Lemma, 4,

f(T) = f(T—u) + f(T—u—w), (6)
f(Taon—5) = f(To2n—6) + f(T22,n—7) (7)

and
f(Toun—1) = f(Toun—s) + f(T24,n—9) (8)

It is not difficult to see that T'— u is a tree with n — 1 vertices and it contains at
least one vertex of degree larger than 3 or two vertices of degree 3; whereas T'—u—wv
is a tree of n — 2 vertices and T'— u — v 2 P, 5. By the induction hypothesis,
T—u>Thopneand T —u—v = Thopn_7. So, from (6) and (7) (i) of the theorem
follows.

On the other hand, if d,, = 2, then T' — v — v contains at least one vertex of
degree larger than 3 or two vertices of degree 3. By the induction hypothesis as well
as (6) and (8), (ii) of the theorem also holds. If d,, >3 and T'—u —v ¥ To 2 7, by
the induction hypothesis we have T' —u = Ty 4 ,_g and T' —u — v = T 4 ,_g. Thus,
from (6) and (8), (ii) of the theorem holds. If d,, >3 and T —u —v = T3, 7, by
n > 11 we know that 7' is one of the graphs T} and T shown in Figure 3 (Otherwise
there exists a path uvw in T such that d, = 1 and d,, = d,, = 2).

Figure 3. Graphs 77 and 75

By Lemmas 2, 3 and 4, we have
f(Tl) =2F, 1 +9F, 4 +9F, 7

and
f(TQ) =2F,_1 +2F,_3+10F,,_5 + 9F,,_s.



By F,, = F,—1 + F,,_2, it is not hard to obtain that
f(Tl) - f(TQ) =4F, 9+ Fyp_11

and
f(T) — f(Toun—7) =3F, 8 + 2F, 10.

Thus (ii) of the theorem holds. This completes the proof. O
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