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Adiabatic limit, Bismut-Freed connection,
and the real analytic torsion form
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By Xianzhe Dai® and Weiping Zhang® at Santa Barbara

Abstract. For a complex flat vector bundle over a fibered manifold, we consider the
I-parameter family of certain deformed sub-signature operators introduced by Ma-Zhang
in [MZ]. We compute the adiabatic limit of the Bismut-Freed connection associated to this
family and show that the Bismut-Lott analytic torsion form shows up naturally under this
procedure.

1. Introduction

Adiabatic limit refers to the geometric degeneration when metrics in certain directions
are blown up, while the remaining directions are kept fixed.

Typically, the underlying manifold has a so called fibration structure (or fiber bundle
structure). That is

Z—- M- B,

where 7 is a submersion and Z ~ Z, = n~!(b), for b € B, denotes the typical fiber. Given a
submersion metric on M:

g=n"gp+9gz,

the adiabatic limit refers to the limit as e — 0 of

ge = efzn*gg +gz.
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This is first introduced by Witten [W] in his famous work on global gravitational anoma-
lies.

Witten considered the adiabatic limit of the eta invariant of Atiyah-Patodi-Singer
[APS1]-[APS3]. Full mathematical treatment and generalizations are given by Bismut-
Freed [BF], Cheeger [C], Bismut-Cheeger [BC1], Dai [ D] among others. The adiabatic limit
of the eta invariant gives rise to the Bismut-Cheeger eta form, a canonically defined differ-
ential form on the base B. The eta form is a higher dimensional generalization of the eta
invariant as it gives the boundary contribution of the family index theorem for manifolds
with boundary, see Bismut-Cheeger [BC2], [BC3], and Melrose-Piazza [MP1], [MP2]. The
degree zero component of the eta form here is exactly the eta invariant of the fibers. The
nonzero degree components therefore contain new geometric information about the fibra-
tion.

Another important geometric invariant is the analytic torsion. The adiabatic limit
of the analytic torsion has been considered by Dai-Melrose [DM] (see also the topological
treatment of Fried [Fri], Freed [Fr]|, and Liick-Schick-Thielmann [LST]). In contrast to the
case of the eta invariant, the adiabatic limit here does not give rise to a higher invariant.
This is because the associated characteristic class involved here is the Pfaffian, a top form
which kills any possible higher degree components arising from the adiabatic limit.

It should be noted that there is a complex analogue of the analytic torsion for com-
plex manifolds called the holomorphic torsion. Its adiabatic limit has been considered by
Berthomieu-Bismut [BerB|. And it does produce the holomorphic torsion form of Bismut-
Kohler [BK]. The difference can be explained by the fact that the characteristic class here is
the Todd class—a stable class.

There is another way to view the higher invariants, namely via transgression. The eta
form transgresses between the Chern-Weil representative of the family index and its Atiyah-
Singer representative. Similarly, the holomorphic torsion form is the double transgression
of the family index in the complex setting. Bismut-Lott [BL] uses this view point to define
the real analytic torsion form, a higher dimensional generalization of the analytic torsion. It
is a canonical transgression of certain odd cohomology classes.

There remains the question of whether the real analytic torsion form can be ob-
tained from the adiabatic limit process. The purpose of this paper is to answer this ques-
tion in the affirmative. We show that, if one considers the Bismut-Freed connection of
the 1-parameter family of certain deformed sub-signature operators introduced by Ma-
Zhang in [MZ], its adiabatic limit essentially gives rise to the Bismut-Lott real analytic
torsion form. In fact, it is precisely the positive degree components of the real analytic tor-
sion form that is captured here. This should be compared with [DM] where the adiabatic
limit of the analytic torsion captures only the degree 0 part of the real analytic torsion
form.

More precisely, let 7 : M — B be a smooth fiber bundle with compact fiber Z of di-
mension n. We assume that the base manifold is even dimensional. Let F be a flat complex

vector bundle on M. Fix a connection for the fiber bundle, i.e., a splitting of TM,

TM=T'M®TZ,
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where 7Z denotes the vertical tangent bundle of the fiber bundle. If g is a submersion
metric on TM and A a Hermitian metric on F, we construct, following [MZ], (3.23), a
formally self-adjoint operator of Dirac type D and a skew-adjoint first order differential
operator D¥, see (3.19) for the precise definition (where we introduce further a complex
vector bundle x on the base B). These operators arise as the quantizations of the symmetri-
zation and skew-symmetrization of exterior differentiation ¥ in the sense of [BL], viewed
as an infinite dimensional superconnection on B (cf. Lemma 3.4).

We then define an analytic invariant via zeta function regularization. That is, let

| s . DE?
§(F,V)(S) = _T(S) br t TI'S[DFDF(r)e (D" (r)) ]dn

where r is any real number and
D (r) = D +V—1rDF.

The supertrace here is with respect to the Z,-grading induced by the de Rham grading
along the fibers and the Hodge grading on the base (see (3.15) which defines the grading

7).

One shows that o(F,r)(s), well-defined for $s sufficiently large, has meromorphic
continuation to the whole complex plane with s = 0 a regular point. Therefore we define
our invariant by

S(F)(r) = d(F,r)'(0).

This invariant can be interpreted as the imaginary part of the Bismut-Freed connection on
certain Quillen determinant line bundle.

Our main result is

Theorem 1.1. Let 6,(F)(r) denote the corresponding invariant associated to the adia-
batic metric g.. Under the assumption that the flat vector bundle F over M is fiberwise acy-
clic, the following identity holds:

lim 8,(F)(r) = [ L(TB,V'®)7,,

&e—0 B

where the torsion form 7, is defined by (3.41).

Unlike the Bismut-Lott torsion form, our torsion form .7, has only positive degree
components. However, up to a degree dependent rescaling, .7, is essentially the positive de-
gree components of the Bismut-Lott torsion form (cf. (3.51)).

The paper is organized as follows. We first look at the finite dimensional case in
Section 2. Thus in §2.1, we introduce flat cochain complexes, flat superconnections and
their rescalings. The family of deformed sub-signature operators is then introduced in §2.2.
After some preparatory results, we define an invariant which should be interpreted as the
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imaginary part of the Bismut-Freed connection form for the family of the deformed sub-
signature operators. Finally in §2.3, we study the adiabatic limit of our invariant. The fibra-
tion case is set up as an infinite dimensional analog and studied in Section 3. The flat super-
connection in this case is the Bismut-Lott superconnection and is recalled in §3.1. In §3.2,
we discuss the analog of the deformed sub-signature operators in the fibration case. Then
we look into the Bismut-Freed connection and define a corresponding invariant in §3.3. Fi-
nally, we study the adiabatic limit of our invariant in §3.4. Our main result is stated in The-
orem 3.8. In §3.5, we compare the Bismut-Lott real analytic torsion form with the torsion
form coming out of the adiabatic limit.

Acknowledgements. The authors acknowledge interesting discussions with Ulrich
Bunke, Xiaonan Ma, Thomas Schick and Sebastian Goette. They would also like to thank
the referee for the constructive suggestions which have helped us to improve the paper.

2. The finite dimensional case
In this section, we study the finite dimensional case where instead of a flat vector bun-
dle over a fibered manifold, we consider the situation of a flat cochain complex over an
even dimensional manifold. This fits well with the structures considered in [BL] and [MZ].
The fibered manifold case is the infinite dimensional analog which will be considered in the
next section.

2.1. Superconnections and flat cochain complex. Let (E,v) be a Z-graded cochain
complex of finite rank complex vector bundles over a closed manifold B,

(2.1) (Eo):0—-E'SE'S ... S E" 0.

n .
Let VE = @ VF be a Z-graded connection on E. We call (E, v, VF) a flat cochain complex
i=0
if the following two conditions hold:

(2.2) (VEY? =0, [VE ] =0.

Let it = P hE' be a Z-graded Hermitian metric on E and denote by v* : E* — E*!
i=0
the adjoint of v with respect to 2. Let (VE)* denote the adjoint connection of VZ with re-
spect to g£. Then (cf. [BZ], (4.1), (4.2), and [BL], §1(g))

(2.3) (VE) = V¥ + w(E,h"),
where
(2.4) w(E,hF) = (%) (VERE).
Consider the superconnections on E in the sense of Quillen [Q] defined by

(2.5) A'=VEito, A" = (VE) 0"
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Let N € End(E) denote the number operator of E which acts on E’ by multiplication
by i. We extend N to an element of Q° (B, End(E)).

Following [BL], (2.26), (2.30), for any u > 0, set

C =uM?AuN? =VE 1+,

(2.6) C) =u™NPA"uN? = (VE) + uw®,
Cu=3(CL+ €Y, Du=5(C~Cl).
Then we have
(2.7) C?=-D?, [C,D,=0.
Let
(2.8) VEe =VE 4 lw(E,hE)

2

be the Hermitian connection on (E, ) (cf. [BL], (1.33), and [BZ], (4.3)). Then
(2.9) C,=VEe 4 ‘/TE(U +0%)

is a superconnection on E, while
(2.10) D, = %a)(E,hE) + 4 (v* =)

is an odd element in C* (B, A*(B) ® End(E)).

2.2. Deformed signature operators and the Bismut-Freed connection. We assume in
the rest of this section that p = dim B is even and B is oriented.

Let g78 be a Riemannian metric on TB. For X € TB, let ¢(X), ¢(X) be the Clifford
actions on A(7*B) defined by ¢(X) = X*A — iy, ¢(X)=X*A + iy, where X* € T*B
corresponds to X via g2 (cf. [BL], (3.18), and [BZ], §4(d)). Then for any X, Y € TB,

c(X)e(Y)+c(Y)e(X) = =2<X, Y,
(2.11) EX)E(Y) + (Y)e(X) = 2(X, T,
c(X)e(Y) 4+ é(Y)e(X) = 0.

Letey,...,e, be a (local) oriented orthonormal basis of TB. Set

(2.12) t= (VD) T e(er) - cley).
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Then 7 is a well-defined self-adjoint element such that
(2.13) o = Id|z (75

Let x be a Hermitian vector bundle on B carrying a Hermitian connection V#
with the curvature denoted by R* = (V”)z. Let V™ be the Levi-Civita connection on
(TB,¢™®) with its curvature R72. Let VA7 ®) be the Hermitian connection on A(T*B)
canonically induced from V72, Let VAT B)®u®E.¢ pe the tensor product connection on
A(T*B) ® u® E given by

(214) VA(T*B)@,U@E,(’ — VA(T*B) ® Idﬂ@E
+ IdA(T*B) ® V'u ® IdE + IdA(T*B)@ﬂ ® VE’e,

Let the Clifford actions ¢, ¢ extend to actions on A(7*B) ® x4 ® E by acting as iden-
tity on 4 ® E. Let ¢ be the induced Z,-grading operator on E, ie., ¢ = (—1)" on E. We
extend ¢ to an action on A(7*B) ® u ® E by acting as identity on A(7*B) ® p.

Let T ® ¢ define the Z,-grading on (A(T*B) ® ,u) ® E. Then

(2.15) Dé;g®E = ; c(e;)VA (T BIOHBE e

defines the twisted signature operator with respect to this Z,-grading. Playing an important
role here is its deformation, given by

(2.16) DH®E :D”®E+\/7ﬁ(v+v*),

sig, u sig

with u > 0, which might be thought of as a quantization of C,,.

Let Y, be the skew adjoint element in End**(A*(7T*B) ® u ® E) defined by (cf.
[MZ], (2.18))

(2.17) Y, = %i c(e)o(E, hF)(er) + 4 (0" = v),
i=1

which might be thought of as a quantization of D,,.
Now following [MZ], Definition 2.3, for any r € R, define

(2.18) D"®E(r) = DF®E L /11y,

sig, u sig,u

From (2.15)—(2.18), one has (cf. [MZ], (2.22))

@ww,m(@))

sig, u

p A
(219)  DEII() = e(e) (V?,. (MHoeL 4
i=1

+—((1 - V=1ro+ (1 + \/—_lr)v*).

|5
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Proposition 2.1.  We have the following asymptotic expansion

D/1®E

(2.20) Try [DPPE (1) Yie " Pien ] = co(u, 1) + 1ty 1)1+ - -

sig, u

as t — 0%, The expansion is uniform for (u,r) in a compact set.

Proof.  We introduce two auxiliary Grassmann variables z|, z and write

(2.21) Tey[DEOE () Ve Pl 0]

sig, u

—([DL (=21 DL () == 0]
e ) )

=12 Tty -, o [e
where we use the convention that Tr, -, -,[a + bz1 + cz2 + dz125] = Tr,[d] when a, b, ¢, d do
not contain z; and z;. Here the minus sign comes from the order of the appearance of zj, z»

QF
and D,/ (), Yu.
Applying the standard elliptic theory to the right-hand side of (2.21), we derive an
asymptotic expansion

HRE (1)y2 r_

Tr[Dfgy (1) Yue e ] = cp o ()2 4 ep sy (w e+

sig, u

+ - Fcolu,r) +er(uyr)t+---.

On the other hand, by the Lichnerowicz formula (cf. (2.30)) and the same argument as in
[BF], we have

U®E

lim ¢ Tr[DICE (r) v,ePid ] = 0,
t—0

sig, u

It follows then that ¢;(u,r) =0 for —p/2 —2 < i < —1. Thus, the asymptotic expansion
starts with the constant term. [

Since

HRE Dﬂ@E

Tr, [DYPE (1) Yo Pl ] = T, [V, DAOE (1) Phes )]

sig, u sig,u

is easily seen to be exponentially decaying as t — +o0, the quantity on the right-hand side
of the following definition is well-defined.

Definition 2.2. We define

UQE

(2.22) Su(E,0)(r) = [ Try[DECE(r) Yye Piae ) dr.
0

sig,u

Remark 2.3. If H*(E,v) = {0}, i.e., (E,v) is acyclic, by [MZ], (2.27), which we re-
call as follows,

(2.23) (1= V=Tro + (1 +V=1r)*)> = 1+ ) (v + 0*)%,
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URE

sig.u () 18 inver-

(2.19) and proceed as in [BC1], one sees that when u > 0 is large enough, D
tible for fixed r € R. Since by (2.18) one has
aDESE (r ) _

sig, u

\% -1 Yua
or

V-1
2
also [DF] (3.8)) of the Quillen determinant line bundle of the R-family of operators

{D51g u ( )}rGR'

2.3. Adiabatic limit as u —> +o00. We first rewrite 0,(E,v)(r) as

ou(E,v)(r) is (the imaginary part of) the Bismut-Freed connection form ([BF], see

(2.24) 6u(E, v) J"Trv () Ye P20 dp,

where ¢ = 1 and
1
Y =Se(0) +5 (0"~ ),
(2.25)
D (r) = eDEEF + V—1rY*.

sig,u

We fix a square root of v—1 and let ¢ : A(T*B) — A(T B) be the homomorphism
defined by ¢ : w e A(T*B) — (2nv/—1)"" 260 The formulas in what follows will not de-
pend on the choice of the square root of v —1.

Let L(TB,V'®) be the Hirzebruch characteristic form defined by

RTE
TBy _ 1/2
L(TB, V™) = pdet (—tanh R /2>),

and ch(u, V¥) be the Chern character form defined by
ch(u, V¥) = ¢ Trlexp(—R*)].
Proposition 2.4. We have
(226)  lim Tr,[D.(r) Yee 0]

= _IL(TBaVTB) Ch(:uv Vﬂ)
B
1 V-1 =t
D, (E (v40")+ Tr(v* - U)) e (Gt ”D’y} .

Proof. As in [BF] and [BCl], we introduce an auxiliary Grassmann variable z and
rewrite

¢ Ty

(2:27) Try[De(r) Yo P0)] = T, [ Y1 2 DI 42VD )
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where for elements of the form 4 + zB with 4, B containing no z, we have as in [BF] and
[BC1] that Tr, .[4 + zB] = Tr,[B].

y (2.16) and (2.25), one has

(2.28)  D.(r)= eDéig®E + % (v+0v") + \/—_1r<§ c(w) + % (v* — v))
= e(DSSE + \/_r c( )) —|—%(v—|— v*) + \/—_lr%(v* — ).
Denote by
(2.29) V:%(v—i—v*)—kx/—_lr%(v*—v).

By Lichnerowicz formula, we have (for simplicity we denote V = VA*(T*B)®/1®E,L»)

(2.30)  tD(r) — zv/tD.(r)

+ te[ DA®E V]

sig ?

= 1 (D42F)? + te [DQ?E V—lr= c(a))

+ t<\/——1r§c(w) )2 - Z\/(ED”®E + x/—_lrgc(w) + V)

sig

1 2 e —_— ®F
. D) kTP S c(e)e(e) ® REFE< (e g
<6V1+2\/Z (e)) + 4 k™7 + 2 c(ej)c(e) @ (i, €7)

t€? o V-1
+ iRg;clfc(ei)c(ej)c(ek)c(el) + tec(e)Ve, V + 5 d

8 tezc(ei)c(e_/)vefa’.i

— 12V —1r i w(e;)V,

i=1

.+ t<\/?r ec(w) + V)

— iV =z —lr

where R”® is the Riemannian curvature and is the scalar curvature of ¢g’8, while
RH®E.¢ i5 the curvature of the connection on u ® E obtained through V# and V<.

Viee(),

kTB

Now we find ourself exactly in the situation of [BC1]. Near any point x € M, take a
normal coordinate system {x;} and the associated orthonormal basis {e;}. We first conju-
z Y xje(e;)
i=1
gate th(r) — zy/tD(r) by the exponential ¢~ 2= and then apply the Getzler transforma-
tion G . One finds that after these procedures, the operator tD*(r) — zy/tD(r) tends to, as
e — 0,

1 1
(2.31) —(6,-+ZR;B ) +4Rk1 ¢(ex)é(er) + RHEEC

+ BV 4

_ _ 2
;”Vco+< glrw%—t;V) — VitV
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>
<a +5R® ,) +ZR,§Bé(ek)é(e,) + R*

2
+ (VE*’ +—”;1rw + ﬁV) — VitV

1 2
=— <a,- +ZRUTij> +ZR,535(ek)é(e,) + (C, 4+ V=1rD,)*

(v"—v

t<%(v+v*)+\/?r . ))

On the other hand, by (2.25) it is clear that under the same procedures, Y tends to, as
e — 0,

(2.32) £ (—w + X0 - v)> = D,

From (2.27), (2.31) and (2.32), by proceeding with the by now standard local index
techniques, and keeping in mind that the supertrace in the left-hand sides of (2.26) and
(2.27) are with respect to the Z,-grading defined by 7 ® &, one derives (2.26). []

We now examine the terms appearing in the right-hand side of (2.26).

By (cf. [MZ], (2.34))

(2.33) (C,+V=1rD,))* = (1 +r*)C?* = —(1 + r*)D?
and

(2.34) v+t = 22N, D), v —v=—27N,C),
we have

1 v—1
(2.35) —Tr, t‘%D, <§ (v+v*) + Tr (v — v)) e—(C,+\/—_1rD,)2]
1 N L ,‘
=i Tr Dy (v + v*)e 00 — ENA Try[D(v* — )77
1 A
:;TrA[D,[N,D] 1+r ] rTré[Dt[N C] l+r ]
! 2

= —— Tr,[NDje (4207 _ p,ND,e1+7IPi] 4 X rdTrY[ND (1+7)}]

where in the last equality we have used (2.7) (compare also with [MZ], (2.75)).

We are now ready to prove the following main result of this section.
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Theorem 2.5. Under the assumption that the flat cochain complex (E,v) is acyclic,
H*(E,v) =0, the following identity holds:

(2.36) % Jim 0u(E,v)(r) = [ L(TB,V"®)ch(u, V*)7,,
. B

where

« 22, dt
(2.37) T, = — [ @ Tr[ND?e!+ >Dr]7.
0
Proof.  First of all, the assumption that H*(E,v) = 0 implies that the eigenvalues of
D (r) are uniformly bounded away from zero. Hence the integral in (2.24) is uniformly con-
vergent at 1 = co.

We now examine the same issue at = 0. From Proposition 2.1, one has
(2.38) Tr[D.(r) Yoo P °) = co(e,r) + c1(e, 1)t + - - -

We claim that this asymptotic expansion is in fact uniform in € as e — 0 and the coefficients
converge to that of asymptotic expansion of the right-hand side of (2.26). This can be seen
by an argument similar to that of [BC1], which is carried out in detail later for the infinite
dimensional case; see the proof of Proposition 3.6.

Our theorem now follows from Proposition 2.4, the equation (2.35) and the above
discussion. []

Remark 2.6. By Remark 2.3, one sees that under the assumption of Theorem 2.5,
V-1
2
form of the R-family of the operators {D§f®uE (r)},cg at r. On the other hand, by compar-
ing the right-hand side of (2.37) with [BLT and [MZ], one sees that 7, here gives, up to
rescaling, the nonzero degree terms of the Bismut-Lott torsion form ([BL]). Thus, we can
say that one obtains the Bismut-Lott torsion form through the adiabatic limit of the

Bismut-Freed connection. This is the main philosophy we would like to indicate in this
paper.

for each r € R, when u > 0 is large enough, 0u(E,v)(r) is the Bismut-Freed connection

3. Sub-signature operators, adiabatic limit and the Bismut-Lott torsion form

In this section, we deal with the fibration case. We will show that, for an acyclic flat
complex vector bundle over a fibered manifold, if we consider the Bismut-Freed connection
form [ BF] on the Quillen determinant line bundle associated to the 1-parameter family con-
structed in [MZ], Section 3, then the Bismut-Lott analytic torsion form [BL] will show up
naturally through the adiabatic limit of this connection form. This tautologically answers a
question asked implicitly in the original article of Bismut-Lott.

3.1. The Bismut-Lott superconnection. We first set up the fibration case as an infi-
nite dimensional analog of the case considered in the previous section. Let 7 : M — B be
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a smooth fiber bundle with compact fiber Z of dimension n. We denote by m = dim M,
p =dim B. Let TZ be the vertical tangent bundle of the fiber bundle, and let T*Z be its
dual bundle.

Let TM = THM @ TZ be a splitting of TM. Let PTZ, PT"M denote the projec-
tion from TM to TZ, THM. If Ue TB, let UY be the lift of U in TH” M, so that
U2 =U.

Let F be a flat complex vector bundle on M and let V¥ denote its flat connection.

n
Let £ =@ E' be the smooth infinite-dimensional Z-graded vector bundle over B
i=0
whose fiber over b € B is C*(Z, (A(T*Z) ® F)|Z,)‘ That is

(3.1) C*(B,E") = C*(M,AN(T*Z)®F).

Definition 3.1. For s e C*(B,E) and U a vector field on B, let VZ be a Z-grading
preserving connection on E defined by

(3.2) Vis= Lyus,

where the Lie derivative Ly acts on C*(B,E) = C*(M,N(T*Z) Q F).
If Uy, U, are vector fields on B, put
(3.3) T(U, Uy) = —P™ U, U e C*(M, TZ).

We denote by iy € Q*(B,Hom(E*, E*~")) the 2-form on B which, to vector fields U, Us
on B, assigns the operation of interior multiplication by 7'(Uj, U,) on E.

Let d? be the exterior differentiation along fibers. We consider d# to be an ele-
ment of C*(B,Hom(E®, E*™")). The exterior differentiation operator d*, acting on
Q(M,F) = C*(M,A(T*M) ® F), has degree 1 and satisfies (d™)* = 0. By [BL], Propo-
sition 3.4, we have

(3.4) dM =d* +VE +ir.

So dM is a flat superconnection of total degree 1 on E. We have

(3.5) d*)* =0, [VEd?]=o.

Let g7 be a metric on TZ. Let h¥ be a Hermitian metric on F. Let V/™* be the ad-
joint of V¥ with respect to 4¥. Let w(F, h*) and V¢ be the 1-form on M and the connec-
tion on F defined as in (2.3), (2.8).

Let o(TZ) be the orientation bundle of 7Z, a flat real line bundle on M. Let dv, be

the Riemannian volume form on fibers Z associated to the metric g™ (Here dvz is viewed
as a section of AMZ(T*Z) ® o(TZ).) Let <, YA(T*z)or be the metric on A(T*Z) ® F in-
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duced by g7, hf. Then E acquires a Hermitian metric #£ such that for «, o’ € C* (B, E)
and b € B,

(3.6) oy o Yy (b) = f<a7a/>A(T*Z)®F dvz,.

Z/)
Let VE*, d?*, (d™)*, (ir)* be the formal adjoints of VX, d%, d™, iy with respect to
the scalar product {, >,z. Set

DZ :dZ—FdZ*, VE,e — (VE—FVE*),

N —

(3.7)
o(E, hF) = VE —VE,

Let Nz be the number operator of E, i.e. Nz acts by multiplication by k& on
COC(M,AI‘(T*Z) ® F). For u > 0, set

CL: — uNZ/szquZ/z, CL/t/ —_ uiNZ/z(dM)*uNZp,

(3.8)

C,==(C,+C, D,==(C]—C)).

N
o —

Then C/ is the adjoint of C,, with respect to 2%. Moreover, C, is a superconnection on E
and D, is an odd element of C* (B, End(E)), and

(3.9) C?=-D? [C,D,=0.

Let g78 be a Riemannian metric on TB. Then ¢™ = g™ ® n*¢"® is a metric on
TM. Let V™ VT8 denote the corresponding Levi-Civita connections on TM, TB. Put
V1% = pT2y™ 4 connection on TZ. As shown in [B], Theorem 1.9, V4 is indepen-
dent of the choice of g”%. Then °V =V’ @ 7*V'8 is also a connection on TM. Let

S =V™ _0y. By [B], Theorem 1.9, <S(:)-,->,m is a tensor independent of g”. More-
over, for U, U, e TB, X, Y € TZ,

SWUMNX, U Sy = —(S(UI U, X
1
(3.10) = S Uy = KT (U U, X g,

1
SX)Y, U g = =S U, Yoy = 5(Lypg™) (X, Y),

and all other terms are zero.

Let {f,}?_, be an orthonormal basis of 7B, let {/*}”_, be the dual basis of 7*B. In
the following, it’s convenient to identify f, with f;/. Let {¢;}_, be an orthonormal basis of

(TZ,9"%). We define a horizontal 1-form k on M by

(3.11) k(fx) = —Z<S(€i)€i,fa>-
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Set

() = 33 17 S (T e )
(3.12) 1“’
T) =35 S A ST )

Let VA(T"2) be the connection on A(T*Z) induced by V72. Let VI4®F:¢ be the con-
nection on A(7T*Z) ® F induced by VA% vF:¢ Then by [BL], (3.36), (3.37), (3.42),

D7 = Y ele) VIO LS ele)olF, ) (o),

J J

1
4% —d” = =S e(e)VIPE" + 35 cle)olF.h1)(e).
(3.13) ' '

vEe =5 (VI 4 kA ).
(B, 15) = £ 1 (XS (ee fetencle) + olF) (1) )
o i,j
By [BL], Proposition 3.9, one has

_\/a V4 E.e 1
Cu— B D +V ZﬁC(T)’

(3.14)
D, = ‘/7& (d? —d?) +

w(E, hE) —FC(T).

3.2. Deformed sub-signature operators on a fibered manifold. We assume now that
TB is oriented.

1
2

Let (u, h*) be a Hermitian complex vector bundle over B carrying a Hermitian con-
nection V¥.

Let Ng, Njs be the number operators on A(T*B), A(T*M), i.e. they act as multipli-
cation by k on A¥(T*B), A¥(T*M) respectively. Then Ny = N + Ny.

Let VAT™M) be the connection on A(T*M) canonically induced from VM.
Let VAT MI®TURF (rogn AT M)@T'u®F.¢) pe the tensor product connection on
A(T*M) ® n*u ® F induced by VAT™M) 7+y# and V¥ (resp. VI©).

Let {e,},., be an orthonormal basis of 7M, and its dual basis {e“},_,. (Note that
{e;};L, denotes an orthonormal basis of 7Z—the difference lies in the letter used for the
subscript index; namely “i” vs. “a”.) Let {f,}”_, be an oriented orthonormal basis of TB.
Set

M H ...C H
ais) 2(TB) = (V=1) = c(fi")--- e,

t = (—=1)M¢(TB).
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Then the operators 7(7B), 7 act naturally on A(7*M), and
(3.16) t(TB)? =7 = 1.

Let V' : Q“(M,n*u® F) — Q"' (M, 7n* 1 ® F) be the unique extension of V¥, VF
which satisfies the Leibniz rule. Let 4V"* be the adjoint of ¢V with respect to the scalar
product <, Yo, uer) ON Q(M,7n* 1 ® F) induced by g™, h#, h" as in (3.6). As in [BZ],
(4.26), (4.27), we have

4 = 3 o ATAT IS UEF

a

(3.17) l ‘
AV = =3 i, A (VAT METHOF 1 3(F 1) (ey)).

Following [Z1], let VA(T"M) be the Hermitian connection on A(7*M) defined by (cf.
(Z1], (1.21))

- A(T 12
(3.18) VAT — AT -3 Z ¢(PTS(X)f,)ef,), X eTM.

Let V¢ be the tensor product connection on A(T*M) ® n*u ® F induced by VAT ™M),
n*V* and V¢, Following [MZ], (3.23), for any r € R, set

. m - 1.n
DHHEE = 3 elea)V, =5 2 eleo(F. 1) (),

a=1 i=1

DIF — =3 a(e)¥ +3 3 cle)ol P )
(3.19) = =1

S (T(fur f) el )el ),

o, =1
D™ ®F (r) = DT HEF 4/~ 1rD" HOF,

Bl —

From (3.19), the operators D™ HOF  pmr®F (1) are formally self-adjoint first order
elliptic operators, and D™ #“®F is a skew-adjoint first order differential operator. Moreover,
the operator D™ “®F js locally of Dirac type.

By [MZ], (3.20) and Proposition 3.4, one has
Dn*,u@F [(dV” dV“*) ( )p+1 (dV" dvu*)f],
(3.20)

bn*,u@F [(dV”* o dV”) + (_1)p+1T(dV"* o dV")T]?

l\)l'—‘ Nl

which partly explains the motivation of introducing these operators (compare with (2.25));
see also Lemma 3.4.

By (3.15), (3.16) and (3.20), one verifies (cf. [MZ], (3.28))

(3.21)  ¢DTHOF — (_)PH pru®Fy pTHF ()P pru@F
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Remark 3.2. It is important to note that by (3.21), when p = dim B is even, both
D™ #®F and D™ *®F anti-commute with 7.

Remark 3.3. When x = F = C and p = dim B is even, D™ #®F has been constructed
in [Z1] and [Z2], where it is called the sub-signature operator.

3.3. Bismut-Freed connection of the deformed family. We assume that p = dim B is
even. Moreover, we make the following technical assumption.

Technical assumption. The flat vector bundle F over M is fiberwise acyclic, that is,
H*(Zy,F|z) = {0} on each fiber Z, b € B.

1
For any ¢ > 0, we change g5 to — g B and do everything again for

1
g™ = g™ @ En*gm
We will use a subscript ¢ to denote the resulting objects.

. . . 1. 1 : .
For any r € R, one verifies directly that the coefficient of — in — D HOF (1) is given

by dZ + d%* — /—1r(d% — d%*). Since Ve Ve
(322)  (d7+d”% —V=Ir(d? —d?))’ = (1 + ) (d? +d7),

by proceeding as in [BC1], one sees that when ¢ > 0 is small enough, D* “®F (r) is inverti-
ble. In fact, the eigenvalues of D #®¥(r) are uniformly bounded away from zero.

Consider now {D7 #®F(r)} _o as an R-family of operators which anti-commute with
the Z,-grading defined by r.

Then one can construct the Quillen determinant line bundle over R and the associated
Bismut-Freed connection on it (cf. [BF]). Moreover, by the above discussion and by [BF],
3.8, we know that when & > 0 is small enough, the imaginary part of the Bismut-Freed con-
nection form is given by

1

ODFH®T (r) oI ()
2v—1

S FP J"T DI HEF (r) ——
;

dt

1 +o * F F ﬂ/l®F
=5 FP. [ Tr[DF#®F (p) DF #OF =D 207 gy

1 +o - . TURF |,
=3 F.P. [ Tr,D’ "®FD§ ”®F(r)e*t(Dﬂ /®F(’))z} dr,
0

where the supertrace is with respect to t and ‘F.P.” means taking the finite part of the (di-
vergent) integral. As usual we use the zeta function regularization. Thus, we define

+
(323)  S(F,r)(s) = — j £ Try[D] *®F DI #OF (r)e P
0

n*;t@F(r))Z

|dt.
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Remark. Note that we have built the factor 1/2 into the definition (unlike the finite
dimensional case).

In the next subsection we will study the asymptotic expansions of the integrand in
(3.23) which implies that the integral, convergent for Rs sufficiently large, has meromorphic
continuation to the whole complex plane with s = 0 a regular point. Therefore we define
our invariant by

(3.24) 3.(F)(r) = 5,(F,r)'(0).
Also in the next section we will compute the adiabatic limit of 6.(F)(r) as ¢ — 0.

We remark that the definition of J,(F)(r) itself need not make use of the technical
assumption H*(Zy, F|,,) = {0}.

3.4. The adiabatic limit and the torsion form. We begin with a lemma.

Lemma 3.4. D™ #®F js the quantization of Ds; namely, it is obtained by replacing the
horizontal differential forms in D4 by the corresponding Clifford multiplications. Similarly,
D™ HOF s the quantization of Cj.

Proof. By (3.19),

. W
D7 U®F _ —Z é(e,-)Vsl_ +§;C(ea)w(F7hF)(€0)

i=1

ﬁi: (T 1)),

o, f=1

1
4
where the connection VA M) is defined by (3.18). Thus, we now look at the connection in

a bit more detail. Since VI =V 4 S and °V = VT4 @ n*V "8 we find (for simplicity, we
denote Sy, = {S(e;)e;, f,» and so on)

VAT AT D) _ L[5, (6e)e( ) — ele)elf) + ele)élf) - ée)el£)
+ S (eURG) — cUele) + clREG) — efele)
FSup UL — elIelh) + el fefy) — e
VT LS ele) — (el

! 1 Suplc(f2)E(fp) = e(fu)elfp) + e(fa)e(fp) — e(fa)e(fp)]-

Hence

R . 1
V;}(T M) _ VC{I}(T 7z _ 3 inc(f)ele))
1

1 Sople(f2)e(fp) — c(fa)e(fp) + e(f)e(fp) — E(fa)e(fp)]:
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Therefore,
() VMM = é(e;) VAT 2)

i Sipe(ei)[e(f2)e(fp) — e(fa)e(fp) + e(f2)e(fp) — e(f2)e(fp))-

—

cleq) Ve, = eV O — 2 e(T(for fp)e(fu)e( f5) + (T (for ) e(So)e(fp)

o

(T (for 1) [c()E(f) — E(fr)e(f3)]-

The last term here, ——c( (fu, /3)) [c(f2)é(fp) — €(fx)c(fp)), vanishes by the antisymmetry.
Using the formula above together with (3.13), (3.14), (3.19), we prove our lemma. (The

other case is dealt with similarly.) []

Proposition 3.5. We have

()

(3.25) lim Tr, (DT HOF pru®F (1)~ i(D: ]

= — [ L(TB, V™) ch(u, V")

0
(C4]‘ + V- I”D4,) (1+)C, .

1
- Trg|t2D
@ K 4t~ ~ a\[

Proof. Again, we introduce an auxiliary Grassmann variable z and rewrite

DI (r)?

(3.26) Tr [Dﬂ u@FDn HOF (1) g=1(D ]

= Tr, [ 3D HOF =D " () 4=VIDT I )

The following Lichnerowicz formula was proved in [Z1], Theorem 1.1:

m

(327)  (D™HF)? = A‘+I4<+; > cleq)e(es) (R +m"R") (e, e5)
a,b=1

+%zn:1(a)(F,hF)(ei)) + - Zlc(e,)c(ej)( (F,hF))2(e[-,ej)
3 3 )| S5 ele) VM O <o F A @)
a=1 i=1

+ i]e( F)o(F, 0T (PTS(en) ) |
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Similarly, the following formulas are shown in [MZ], Proposition 3.6.

(3.28) (D™ H®F)? = Z((V‘) = Vo, )+ > éle)éle) (V) (erne)

i=1 ljl

EOLOIADEGTVALIAETS
I 2 . . =,

+ ia%ilc(ﬁc)c(ﬁ)vr(ﬁ,f,,)
- 33 S dla)elen) (VM ol F ) @)

S (B ) 4 g 3 cleaelen)(@(F, k) (e e)
a=1 a,b=1

1/ 2 oY
1 (S Attt
(3.29) (D™ HOF  prer]
— 3 nce ¢(e;) | R¢ + m* R* 1cu )2 ) (e,, e:
= 32 clenten (RO 7 RE (P ()
- SRR+ S ol KT e f))ECAIE)
+3 5clen) |V 32 T )R

Therefore one can apply the standard Getzler rescaling to (D” HeF ) and
[DF 1®F D’Z H®F) with no problem and all terms converge as € — 0.

On the other hand, in [Z1], Proposition 2.2, Zhang formulated a Lichnerowicz type
formula for #(DJ *®* ) -z (D} ®F. The only singular term (for Getzler’s rescaling) as

& — 0 appears in

2
(3.30) —ze%; <vf1 + %5 zﬁxS( fu)ei fpyelee(fs) + ch\(/f:—g) ) .

This singular term can be easily eliminated by the exponential transform, namely conjugat-
ing by the exponential
P
z Z yace(fa)

o=l

(3.31) e

We then do the Getzler rescaling G

1 1 .
Vo — VIey,, Vfa_’ﬁvfw c(ﬁ()ﬁﬁf“/\— teiy,.
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y (3.9), (3.10), (3.19), (3.30), [Z1], Proposition 2.2, and by proceeding similarly as
in [BCl1], (4 69) after the conjugation by (3.31), the G 5 rescaled operator of
t(D] JOF (r)) zV/ID] *®F (r) converges as ¢ — 0 to

(3.32) H o+ (1+rH)(Ch)? _Z<\/DZ \f)+\/_ <\/(dz* dz)+i(—\sz)>>

0
=+ (1+r*)(C}+ R") — 2i (Cyy + V—1rDy,),
where

# = z(vw (R] yﬁc) ——2<R,53 e

Finally, by the previous lemma, we see that the rescaled operator obtained from the
conjugation by (3.31) of D* #®F converges to r~'/2Dy, as ¢ — 0. Proceeding as in [MZ] and

noting 2[E = \/Zi, we obtain the desired formula. [

ot o't
Proposition 3.6. We have the following uniform asymptotic expansion
(333) TI‘S[DH ﬂ®FD7z ﬂ@F( )e H(D; ”®F( )’ ] — C_k(é‘)[_k + C_k+1(8)l_k+l 4o,

where k = 3/2 if'n (dimension of the fiber) is odd and k = 1 if n is even. Similarly,

(3.34)  —[L(TB,V™)ch(u, V*)p Tr, | 2Dys—— d
B oVt

=c it F 4 ka+1fk+1 + .-

(Cqy + V—1rDy)e” 1+

Moreover,

cipp(e) = cip ase— 0.
Proof. Using two auxiliary Grassmann variables z;, z;, we write

(335)  Tr[DFrerDIIOr(pe T )]

_ _ (D™ H®F T U®F (N A u®F
F2Tr e DT S OP-n DT ) -nbr )

Applying the standard elliptic theory to the right-hand side of (3.35), we derive an asymp-
totic expansion

T ;4®l' 2 —m/2— —m/2—
[Dn /1®FD7z y@F( )e {(D; (r) ] — Cfm/zfz(g)l /2-2 +Cfm/271(8)t /2-1 4+

To prove the vanishing of the coeflicients, we revert to one auxiliary Grassmann vari-
able z and rewrite

(3.36) £ Tr, [ D7 #OF Dg*u@F(r)efrw:*“@F(r»z]

— Tr, (D7 HEF OO =i )
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As usual, one fixes a point of M and employs the normal coordinates x around the

point. Consider the Getzler rescaling G% :

1

_Ve ’ a r

\/E a C(e ) - \/E
By (3.27), (3.28), (3.29) and tl%e same argument as in [BF], we can formulate a Lich-

nerowicz formula for (D7 #®F(r))” — z/tD* *®F (r). The only singular term with respect

to the Getzler rescaling G% as t — 0 appears in

9> (Veﬁzch/ef—g)) —’_%1( g(\%)f'

This singular term can be easily eliminated by the exponential transform, namely conjugat-
ing by the exponential

Xag = ViIxXg, Ve, — eq N —Vtig,.

m

z Y xqcleq)

al

¢
Thus, after the exponential transform and then the Getzler rescaling G - we find that
(DI ”®F(r)) — zy/IDF #®F (r) converges as t — 0 to
H(r,e) — r*o? + zv—1r Z é(ey)
a=p+1
where
» 2 m 2
%(’”78) = —¢ Z (aa + - <R5;My,ea>> - (1 —|—l’2) Z <a +- <R1)7(;My,ea>> .
a=1 a=p+1
On the other hand, after the exponential transform and then the Getzler rescaling
G%, tD* H®F converges to
—= Z éleq)eq N

—p+1

It follows that

lim £ T [DF #©F DI HET (r)e P70 = [P 5 eg)eq n e

)
1—0 a=p+1

where IB denotes the Berezin integral (cf. [MZ], p. 604).
Thus, we deduce that ¢;(¢) = 0 for —n/2 — 2 < i < —k, with k = 3/2 if n is odd. On

the other hand, if » is even, the Berezin integral on the right-hand side vanishes for parity
reason, and thus k = 1.
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Now we show that the asymptotic expansion is uniform in ¢. According to the
discussion %bove, after the conjugation by (3.4), the G ; rescaled operator of
(DT #®F(r))" — 2D} J®F (r) converges as & — 0 to

H+ (1+r*)(C} + R") — (DZ C(T)+\/_<(dz* dz)+@>>.

Similarly, the G/ rescaled operator of ﬁf*/@F converges to Dy. Since the asymptotic ex-
pansion of

Tr, [ D7 #8F DT u®F (1) =t(DI " 1))

depends only on the local symbols of the rescaled operators of (D *®* (r )) — zD] 1®F(r)

and D" "“®F the coefficients c;(e) of its asymptotic expansion converges unlformly to that
of

Trs[D4€7t(,#+(1+r2)(cfl+R“) (D7 +4 /T (d? —d?+ 4 )))].

On the other hand, since
Try[Dage” 7 T C) —=(VIDZ LRI Vil ? —d?) 5 7)))

fl/zTrS[D4eft(,7/+(1+r2)(C§[+R”) 2(DZ+ D4/ =Tr(d % ~d? + )))]

)

we obtain (3.34) and also the convergence of asymptotic coefficients. []

Corollary 3.7. The function 6,(F,r)(s) in (3.23) has a meromorphic continuation to
the whole complex plane with s = 0 a regular point.

Proof. The integral in (3.23) is convergent at ¢ = oo since

Tr[DF #8F D HEF (r)e~! (DT 0]

is exponentially decaying in ¢ as ¢t — oo. On the other hand, it follows immediately from
Proposition 3.6 that the integral is convergent at ¢t = 0 for s > k — 1. Moreover the stan-
dard method shows that J.(F,r)(s) in (3.23) has a meromorphic continuation to the whole
complex plane with simple poles at s = k — 1,k,... . However the possible simple pole at
s = 0 is canceled by that of I'(s). Hence s = 0 is a regular point. From this discussion, we
also derive the formula

(337)  Gu(F)(r) =d:(F,1)(0)

l\)l'—‘

1 -
=3 [(Tr[DF 1 DF WL (1) T — (&) ) i
0

l\.)l'—‘

o ®F ®F —H(DF Oy
f D’”‘ D’”‘ (r)e ]dl+C
1

1
where C = ¢_s(¢) if m is odd (and hence k = %) and C = EF’(l)c,l (¢) if m is even (and thus
k=1). O °
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We now define our torsion form. As in the discussion above, we first define the corre-
sponding zeta function

(3.38) (r(s) = —=— [ £ pTry[NoD2e P dr.

From [BL], Theorem 3.21, Try[Nz(1 + 2D?)e('*")27] has an asymptotic expansion as  — 0
with no singular terms (i.e. no singular powers of 7). By [BZ] and [DM], TrS[NZe(”V )Dz]
has an asymptotic expansion as ¢t — 0 starting with the #~/ term, with / = 0 if n is even
and / = 1/2 if n is odd, compare [MZ], (3.118). Hence TrS[NZDIZe(”"Z)Dr2 | has an asymp-
totic expansion as ¢ — 0 starting with the =/ term:

TrS[NZthe(lJrrz)th} ~ A A

It follows that {s(s) has a meromorphic continuation to the whole complex plane with
s = 0 a regular point. Also, for later use, we note that

(3.39) {7(0) =0,

when 7 1s odd; and
(3.40) {01 =

for i > 0 when # is even. Now we define our torsion form by
(3.41) 7, = 7(0).

In fact, we have

! , dt
(3.42) T, = —[ o(Try[NyD2e+P0] — A_,z—’)7
0

@ dt
— [@Tr,[N D200 —+C
1

where C’ = ¢(4_,T"'(1)) if n is even, and C’' = p(24_) if n is odd.

We also introduce a variant of the torsion form. From (3.34), we have for ¢t — 0
that

(3.43) Tr, |t 2D4, (Cqy +V—1rDy ) (1+r?) 4:} ~C it F+ C,kﬂka 4

\[

Here k is defined as in (3.34). Define

(344)  (5(s) = —ﬁ;ff ¢ Try [l 1Dy~ (Cyy + V—1rDy))e 2% | dt.

\[
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As before, this zeta function has analytic continuation to the whole complex plane with
s = 0 a regular point. Therefore we can define

(3.45) 7, = {(0).

T
In fact, one has

(3.46) fr_—jlgo(m{ 2D4,65}(C4t+\/—rD) (1+7%) ] C it~ >dt

0

— fgoTrs[ 2D4, d (Car + V—1rDy, )e(l“ ﬂ dt+ C",

i oVt
where C”" = 29pC_3; if m is odd (and hence k = 3/2) and C” =T"'(1)pC_, if m is even (and
thus k = 1).

We are now ready for our main result.

Theorem 3.8. Under the assumption that the flat vector bundle F over M is fiberwise
acyclic, the following identity holds:

(3.47) lim 0,(F)(r) = | L(TB,V"®) ch(1,V*)7,

Proof. The proof follows the same line as in the proof of Theorem 2.5. Using Pro-
position 3.5, Proposition 3.6, (3.37) and (3.46), one deduces that

lim 6,(F

e—0

== [ L(TB, V") ch(u,V*)7,.
B

l\)l'—‘

To derive the final result, we use

0 b
2z Cu=—[Nz, D), 2uz-Dy=~[Nz,C|]

(see [MZ], (3.81)) to rearrange the right-hand side of (3.25) as in (2.35). Namely, one
has

(Cas + V=1rDy )l *7)
V—1r

2
=T [N, D210 ~——dTr, [N D707,

| 0
3.48 —Trg|t72D
( ) r 2 4t 5~ a\/—

It follows that —24; + vV —1rdB; = 0ifi < —1/2and —24; + V—1rdB; = C;_; if i = —1/2,
where B; is the coefficient of asymptotic expansion of Tr,[N. ZD,e(‘”z)Dr2 ]. Consequently, we
obtain by using (3.42) and (3.46),

[ L(TB, V") ch(u,V*)F, =2 [ L(TB,V"®) ch(, V¥)7,. [
B B
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Remark 3.9. Theorem 3.8 is closely related to [MZ], Theorems 3.17 and 3.18. In-
deed, in [MZ] one sees the torsion forms through the transgression of the 7-forms, while
the #-forms involved come from the adiabatic limits of #-invariants. Our simple observa-
tion is that for the r-family considered in [MZ], one may also consider the process of first
taking the variation of #-function and then taking the adiabatic limit thinking r as an ele-
ment in the base. The transgressed form might then come out explicitly. It is this process
that leads us to the Bismut-Freed connection form. And thus the appearance of the torsion
like form through this process is not so surprising. Moreover it is quite reasonable that the
torsion forms appeared here are not exactly the same as those appearing in [MZ], as the
process of first taking adiabatic limit and then taking variation need not be the same as
that of first taking variation and then taking adiabatic limit.

3.5. Comparison with the Bismut-Lott torsion form. Recall that the Bismut-Lott tor-
sion form 7 (TH M, g"#,h") is defined by

(3.49)  T(THM, g™ h") = j <Trv [Nz(1 +2D2)eP] — d(H(Z,F|,))

_ (ZX(Z) rk(F) — d(H(Z,F\z))> <1 - ;) u/4> ZIZ

Now we note that the second and the third terms of the integrand, terms inserted in
(3.49) to make the integral convergent, are degree 0 terms. Hence, for i > 0,

i du
2u’

(T M g™ W) = = [ (o TN (1 + 20207}
0
where we denote by a superscript [i] the degree i component of the corresponding form.
On the other hand, since
{TrlNzDF exp(DPNY = w2 {Tr,[NzuD} exp(uD)]},
{Tr[Nzexp(D)RY = uP{Tr, [Nz exp(uD)]}",
one deduces that, for s > 0 sufficiently large,

d - A
]7u = [wH{Tr,[N2D? exp(uD?)|} du

[ {Tr,[N2D2 exp(D2)]}
0

OH8

i
u'"z

{Tr,[N, exp(uDlz)]}m du

I
0%8

u

i i d
(i — 25)u* 2{Trg[Nz CXP(”D%)]}H ju

I
0%8

o d
(i = 280 { T[Nz exp(D) [} 5

I

cf. [MZ], (3.140) and (3.141). We have used our assumption that H*(Zy, F|,,) = {0}.
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Thus, for i > 0,

+o0 du
(3.50) j {pTr,[N,(1 4+ 2D2)ePi ]}l >
0

1 +o0 .
- <i—2s ) | w Ty NzD?exp(DX)]M du.

Hence,

‘ [
{WTHM,QTZJ@F)}“]:<1+r2>1_%{(z+1n( FA)G0)+ }

as

(LG = (1) s Tué o Tr[NzD; exp(D;)]}" du.
0

In particular, using (3.39) and (3.40), we have

i ! =g g i
(3.51) (7 = (L P2 T (T M g™ Y

For the degree 0 component, one has

{739 =o.

This is a direct consequence of [BL], Theorem 3.29. Thus, up to a scaling factor on each
degree component, .7, captures the positive degree components of the Bismut-Lott real
analytic torsion form.
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